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In  preparing  this  text-book  the  authors  have  assumed  that 
mentiJ  discipline  is  of  the  first  importance  to  every  student 
of  mathematics.  They  have  therefore  endeavored  to  present 
the  elements  of  Algebra  in  a  clear  and  logical  form.  Yet  the 
needs  of  beginners  in  the  subject  have  been  kept  constantly  in 
mind. 

While  not  minimizing  the  importance  of  facility  and  accu- 
racy in  performing  algebraic  operations,  special  attention  has 
been  paid  to  making  clear  to  the  beginner  the  reason  for  every 
step  taken.  Each  principle  has  been  first  illustrated  by  par- 
ticular examples,  thus  preparing  the  mind  of  the  student  to 
grasp  the  meaning  of  a  formal  statement  of  the  principle  and 
its  proof.  Bules  and  suggestions  for  performing  the  different 
operations  have  been  given  after  these  operations  have  been 
illustrated  by  examples. 

The  authors  have  endeavored  to  avoid  apparent  conciseness 
at  the  expense  of  clearness  and  accuracy.  The  full  treat- 
ment of  each  topic,  the  great  amount  of  illustrative  matter 
given  to  make  clear  the  formal  statements  and  proofs  of  prin- 
ciples, the  numerous  examples  which  have  been  worked  in  the 
text,  and  the  great  number  of  exercises  have  made  the  book 
larger  than  the  ordinary  text-book  covering  the  same  topics. 
But  the  subject  matter  of  the  book  has  been  printed  in  two 
sizes  of  type.  The  matter  in  smaller  type  consists  of  the 
formal  proofs  of  principles,  of  the  more  difficult  portions  of 
each  topic  treated,  and  of  examples  whose  solutions  depend 
upon  principles  printed  in  the  smaller  type. 

The  matter  given  in  the  larger  type  is  logically  complete 
(except  for  the  proofs  of  principles),  and  can  be  tkken  up  as 
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a  first  course  in  the  subject.  Certain  portions  of  this  matter 
can  also  be  omitted  by  the  beginner  at  the  option  of  the  teacher. 
Much  of  Chapter  II.,  which  is  prepared  especially  for  the 
teachers,  can  be  omitted  on  first  reading. 

The  attention  of  teachers  is  especially  invited  to  the  follow- 
ing features  of  the  book : 

The  introductory  chapter  and  the  development  in  Chapter  II. 
of  the  fundamental  operations  with  algebraic  numbers.  The 
concrete  illustrations  of  these  operations. 

The  use  of  type-forms  in  multiplication  and  division  (Chap- 
ter VI.),  and  in  factoring  (Chapter  VIII.). 

The  application  of  factoring  to  the  solution  of  equations 

,    (Chapters  VIII.  and  XX.).     By  the  early  introduction  of  this 

/^   method  it  has  been  possible  to  give  problems  which  lead 

to  quadratic  equations  before  the  formal  treatment  of  that 

topic. 

The  solutions  of  equations  based  upon  equivalent  equations 
and  equivalent  systems  of  equations  (Chapter  IV.,  etc.).  This 
method  is  of  extreme  importance,  even  to  the  beginner.  The 
ordinary  way  of  treating  equations  is  illogical,  leads  to  many 
serious  errors,  and  is  therefore  also  pedagogically  wrong. 

The   treatment   of    irrational  equations  (Chapter   XXII.). 

The  special  suggestions  given  in  the  first  chapter  on  problems 
(Chapter  V.),  and  applied  subsequently,  to  assist  the  student  in 
acquiring  facility  in  translating  the  verbal  language  of  the 
problem  into  the  symbolic  language  of  the  equation. 

The  discussion  of  general  problems  (Chapter  XI.),  and  the 
interpretation  of  positive,  negative,  zero,  indeterminate,  and 
infinite  solutions  of  problems  (Chapter  XII.). 

The  more  than  usually  full  treatment  of  inequalities  and 
their  applications  (Chapter  XVI.). 

The  outline  of  a  projected  discussion  of  irrational  numbers 
(Chapter  XVII.). 

The  brief  introduction  to  imaginary  and  complex  numbers 
(Chapter  XIX.). 

The  great  number  of  graded  examples  and  problems.  This 
unusual  number  of  exercises  has  been  given  in  order  that  the 
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teacher  from  year  to  year  may  have  variety  with  different 
classes. 

EiTors  in  the  text  and  in  the  exercises  may  have  been  over- 
looked. Any  suggestions  from  teachers  and  students  with 
respect  either  to  errors  in  the  text  and  exercises,  or  to  the 
mode  of  presenting  the  subject,  will  be  highly  appreciated. 

The  authors  take  pleasure  in  acknowledging  their  indebted- 
ness to  Professor  William  Hoover,  of  the  University  of  Ohio ; 
to  Professor  T.  F.  Leighton,  of  the  Hyde  Park  High  School, 
Chicago;  to  Miss  Clara  J.Hendley,  of  the  Girls'  High  School, 
Philadelphia;  to  Professor  George  Q.  Sheppard,  of  the  Hill 
School,  Pottstown,  for  critical  reading  of  the  manuscript  and 
for  helpful  suggestions;  and  especially  to  Dr.  George  Bruce 
Halsted,  Professor  of  Mathematics  in  the  University  of  Texas, 
for  many  valuable  and  critical  suggestions. 

The  authors  also  desire  to  thank  their  colleagues  in  the 
mathematical  department  of  the  University  of  Pennsylvania, 
and  those  teachers  in  secondary  schools  and  colleges  who  have 
been  kind  enough  to  read  the  manuscript  in  whole  or  in  part 

Also  Messrs.  J.  S.  Cushing  &  Co.,  of  the  Norwood  Press, 

for  the  typographical  excellence  of  the  book. 

G.  E.  F. 

I.  J.  S. 
VvmsBsrrY  of  Pbnnstlyania, 
Pbujldelphia,  August,  1898. 
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CHAPTER  I. 

INTRODUCTION. 

Algebra,  like  Arithmetic,  treats  of  number.  But  the  mean- 
ing of  number,  and  the  mode  of  representing  it,  are  extended 
in  passing  from  ordinary  Arithmetic  to  Algebra. 

§  1.     GENERAL  NUMBER. 

1.  In  ordinary  A.rithmetic  all  numbers  have  particular  values 
and  are  represented  by  definite  symbols,  the  Arabic  numerals, 
1,  2,  3,  etc.  The  symbol  7,  for  instance,  stands  for  a  group  of 
seven  units. 

In  Algebra,  however,  such  symbols  as  a,  6,  x,  y,  are  used  to 
represent  numbers  which  may  have  any  values  whatever,  or 
numbers  whose  values  are,  as  yet,  unknown. 

Just  as  we  speak  of  10  miles,  of  95  dollars,  etc.,  in  Arith- 
metic ;  so  in  Algebra  we  speak  of  a  miles,  meaning  any  num- 
ber of  miles  or  an  unknoion  number  of  miles;  of  x  dollars, 
meaning  any  number  or  an  unknown  number  of  dollars,  etc. 

For  the  sake  of  brevity,  we  shall  say  the  number  a,  or  simply 
a,  meaning  thereby  the  number  denoted  by  the  symbol  a. 

2.  The  symbols  of  Arithmetic,  1,  2,  3,  etc.,  are  retained  in 
Algebra  with  their  exact  arithmetical  meanings.  The  numbers 
represented  by  letters  are,  for  the  sake  of  distinction,  called 
literal  or  general  numbers.  Other  symbols  than  letters  might 
be  used  to  represent  general  numbers,  but  letters  are  more  con- 
venient to  write  and  to  pronounce. 

3.  The  operations  of  Addition,  Subtraction,  Multiplication, 

and  Division  are  denoted  by  the  same  symbols  in  Algebra  as  in 

Arithmetic. 
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4.  The  symbol  of  Addition,  4-j  read  plus,  is  placed  between 
two  numbers  to  indicate  that  the  number  on  its  right  is  to  be 
added  to  the  number  on  its  left. 

J^.gf.,  just  as  5  -f  3,  read  five  plus  three,  means  that  3  is  to  be 
added  to  5 ;  so  a  -f  &;  read  a  plus  b,  means  that  b  is  to  be  added 
to  a.  Just  as  5  +  3  +  2,  read  five  plus  three  plus  two,  means 
that  3  is  to  be  added  to  5  and  then  2  is  to  be  added  to  that 
result  5  so  a;  +  y  +  «,  read  x  plus  y  plus  z,  means  that  y  is  to  be 
added  to  x  and  then  z  is  to  be  added  to  that  result. 

As  in  Arithmetic,  so  in  Algebra,  the  result  of  adding  one 
number  to  another  is  called  the  Sum. 

5.  The  Symbol  of  Subtraction,  — ,  read  minus,  is  placed  be- 
tween two  numbers  to  indicate  that  the  number  on  its  right 
is  to  be  subtracted  from  the  number  on  its  left. 

E,g.,  just  as  5—3,  read^"ye  minus  three,  means  that  3  is  to 
be  subtracted  from  5 ;  so  a  —  6,  read  a  minus  b,  means  that 
6  is  to  be  subtracted  from  a.  Just  as  18  —  5  —  6,  read  eighteen 
minus  five  minus  six,  means  that  5  is  to  be  subtracted  from  18 
and  then  6  is  to  be  subtracted  from  that  result ;  so  a  —  6  —  c, 
read  a  minus  b  minus  c,  means  that  6  is  to  be  subtracted  from 
a  and  then  c  is  to  be  subtracted  from  that  result. 

The  result  of  subtracting  one  number  from  another  is  called 
the  Remainder. 

6.  The  Symbol  of  Multiplication,  x,  read  multiplied  by,  or 
times,  means  that  the  number  on  its  left  is  to  be  multiplied  by 
the  number  on  its  right. 

E.g.,  just  as  5x3,  read  five  multiplied  by  three,  or  three 
times  five,  means  that  5  is  to  be  multiplied  by  3 ;  so  axb, 
read  a  multiplied  by  b,  or  b  times  a,  means  that  a  is  to  be  multi- 
plied by  b.  Just  as  5x3x7,  read  five  multiplied  by  three 
multiplied  by  seven,  means  that  5  is  to  be  multiplied  by  3  and 
then  that  result  is  to  be  multiplied  by  7 ;  so  x  x  y  xz,  read 
X  multiplied  by  y  multiplied  by  z,  means  that  x  is  to  be  multi- 
plied by  y  and  then  that  result  is  to  be  multiplied  by  z. 

The  result  of  multiplying  one  number  by  another  is  called 
the  Product 
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A  dot  (•)  is  frequently  used,  instead  of  the  symbol  x,  to 
denote  multiplication.  Thus,  the  product  of  a  by  b  is  indicated 
by  a  X  6,  or  by  a  •  6. 

The  symbol  of  multiplication  between  two  literal  numbers, 
or  one  literal  number  and  an  Arabic  numeral,  is  frequently 
omitted. 

E.g,f  the  product  x  x  yxz,  ov  j; •  y • «,  is  frequently  written, 
xyz ;  and  the  product  6  x  u  x  r,  or  6  •  a  •  r,  is  frequently  writ- 
ten, 6uv, 

But  the  symbol  of  multiplication  between  two  numerals 
cannot  be  omitted  without  changing  the  meaning. 

E.g.f  if  in  the  indicated  multiplication,  3  x  6,  or  3  •  6,  the 
symbol,  x ,  or  •,  were  omitted,  we  should  have  36,  not  18.  It 
is  better  not  to  use  the  dot  between  numerals  to  denote  multi- 
plication, since  it  might  be  mistaken  for  the  decimal  point. 

In  like  manner,  in  reading  a  product,  the  words  multiplied 
by,  or  times,  are  frequently  omitted.  Thus,  in  reading  6a6, 
instead  of  saying  six  multiplied  by  a  midtiplied  by  6,  we  fre- 
quently say  9ix  a  b. 

7.  The  Symbol  of  Division,  -r-,  read  divided  by,  is  placed 
between  two  numbers  to  indicate  that  the  number  on  its  left 
is  to  be  divided  by  the  number  on  its  right. 

E.g.,  just  as  10  -*-  5,  read  ten  divided  by  Jive,  means  that  10 
is  to  be  divided  by  5 ;  so  a  -s-  6,  read  a  divided  by  b,  means  that 
a  is  to  be  divided  by  b.  Just  as  10  -j-  5  -*-  3,  read  ten  divided 
by  Jive  divided  by  three,  means  that  10  is  to  be  divided  by  6 
and  then  that  result  is  to  be  divided  by  3;  so  x-i-y-i-z,  read 
X  divided  by  y  divided  by  z,  means  that  x  is  to  be  divided  by  y 
and  then  that  result  is  to  be  divided  by  2. 

The  result  of  dividing  one  number  by  another  is  called  the 
Qaotient. 

8.  The  use  of  letters  to  represent  general  numbers  may  be 
illustrated  by  a  few  simple  examples. 

Ex.  1.  If  a  boy  has  3  books  and  is  given  2  more,  he  has 
3  -f-  2  books.  If  he  has  a  books  and  is  given  5  more,  he 
has  a -^5  books.    If  he  has  7  books  and  is  given  b  morf\ 
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lie  has  7  -\-b  books.  If  he  has  m  books  and  is  given  n  more, 
he  has  m-\-n  books. 

Ex.  2.   If  a  boy  has  5  oranges  and  gives  away  2,  he  has  left 

5  —  2  oranges.  If  he  has  p  oranges  and  gives  away  7,  he  has 
left  p  —  7  oranges.  If  he  has  11  oranges  and  gives  away  g, 
he  has  left  11  —  g  oranges.  If  he  has  u  oranges  and  gives 
away  v,  he  has  left  u  —  v  oranges. 

Ex.  3.  If  a  man  has  100  dollars,  pays  out  20  dollars,  and 
then  receives  30  dollars,  he  has  finally  100  —  20  +  30  dollars. 
If  he  has  a  dollars,  pays  out  h  dollars,  and  then  receives  c  dol- 
lars, he  has  finally  a  —  b  -\-c  dollars. 

Ex.  4.  If  a  man  buys  5  city  lots  at  120  dollars  each,  he  pays 
120  X  5  dollars  for  the  lots.  If  he  buys  a  lots  at  150  dollars 
each,  he  pays  150  x  a,  or  150  a,  dollars  for  the  lots.  If  he 
buys  6  lots  at  b  dollars  each,  he  pays  6x6,  or  6  6  dollars, 
for  the  lots.  If  he  buys  u  lots  at  v  dollars  each,  he  pays 
V  X  w,  or  vw,  dollars  for  the  lots. 

Ex.  5.  If  a  train  runs  60  miles  in  2  hours,  it  runs  60-8-2 
miles  in  1  hour.  If  it  runs  a  miles  in  5  hours,  it  runs  a  -f-  5 
miles  in  1  hour.  If  it  runs  150  miles  in  b  hours,  it  runs 
150  -i-  b  miles  in  1  hour.  If  it  runs  p  miles  in  q  hours,  it  runs 
p  -i-q  miles  in  1  hour. 

Ex.  6.  If  a  train  runs  100  miles  in  4  hours,  how  many  miles 
will  it  run  in  5  hours  at  the  same  rate  ?  It  will  run  100  -i-  4 
miles  in  1  hour,  and  therefore  in  5  hours  it  will  run  100  -^  4  x  5 
miles.  If  it  runs  vi  miles  in  h  hours,  how  many  miles  will  it 
run  in  k  hours  at  the  same  rate  ?  It  will  run  m-^h  miles  in 
1  hour,  and  therefore  in  A:  hours  it  will  run  m-^hxk  miles. 

Ex.  7.  If  a  pupil  buys  2  note  books  at  10  cents  each  and  3 
note  books  at  12  cents  each,  how  much  does  he  pay  for  all  ? 
He  pays  10  x  2  -h  12  x  3  cents.  If  he  buys  a  note  books  at  m 
cents  each  and  b  note  books  at  n  cents  each,  how  much  does  he 
pay  for  all  ?     He  pays  ?7i  x  a  4-  n  x  6,  or  ma  -f-  nb,  cents. 

Ex.  a  If  A  earns  18  dollars  in  6  days  and  B  earns  12  dol- 
lars in  5  days,  how  much  more  does  A  earn  than  B  in  1  day  ? 
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A  earns  18  -*-  6  dollars  in  1  day  and  B  earns  12  -s-  5  dollars  in 
1  day ;  therefore  A  earns  18  -5-  6  •—  12  -f-  5  dollars  more  than  B 
in  1  day. 

If  A  earns  a  dollars  in  m  days  and  B  earns  b  dollars  in  n 
days,  how  much  more  does  A  earn  than  B  in  1  day  ?  A  earns 
a  -^  m  dollars  in  1  day  and  B  earns  b-^n  dollars  in  1  day ; 
therefore  A  earns  a  ^  ?/i  —  6  -r-  n  dollars  more  than  B  in  1  day. 

Ex.  9.  If,  in  a  number  of  two  digits,  the  digit  in  the  units* 
place  is  3  and  the  digit  in  the  tens^  place  is  5,  the  number 
is  10  X  5  -f  3. 

If  the  digit  in  the  units'  place  is  a  and  the  digit  in  the 
tens'  place  is  b,  the  number  is  10  x  ft  +  a,  or  10  5  -h  a. 

9.  Observe  that  in  the  preceding  examples  the  reasoning  is 
the  sanae  whether  the  numbers  are  represented  by  letters  or 
by  Arabic  numerals. 

The  results  of  these  operations  are  numbers  in  all  cases, 
whether  letters'  or  numerals,  or  both,  are  involved. 

Thus,  the  result  of  adding  6  to  a,  a  -f  6,  is  a  number,  just  as 
5  -f-  3,  or  8,  is  a  number. 

Likewise,  a-{-b  —  c,  ab  —cd,  3a  —  56,  a-f-ft-fa-s-d,  etc., 
are  numbers,  expressed  by  means  of  the  signs  and  symbols  of 
Algebra, 

EXEBCISBS  I. 

1.  What  number  exceeds  7  by  3  ?  What  number  exceeds  5 
by  a  ?  What  number  exceeds  a?  by  4  ?  What  number  exceeds 
m  by  n? 

2.  If  5  pupils  join  a  class  containing  20  pupils,  how  many 
pupils  are  then  in  the  class  ?  If  7  pupils  join  a  class  contain- 
ing m  pupils,  how  many  pupils  are  then  in  the  class  ?  If  n 
pupils  join  a  class  containing  p  pupils,  how  many  pupils  are 
then  in  the  class  ? 

a  A  boy  made  three  copy  books;  for  the  first  he  used  a 
sheets  of  paper,  for  the  second  b  sheets,  for  the  third  c  sheets. 
How  many  sheets  did  he  use  altogether  ? 
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4.  The  width  of  a  room  is  a  feet,  and  the  length  is  b  feet 
more  than  the  width.     What  is  the  length  of  the  room  ? 

5.  A  man  is  now  ii  years  old.  How  old  will  he  be  in  20 
years  ?     How  old  in  m  years  ? 

6.  'Wliat  number  is  less  than  15  by  8  ?  Less  than  a  by  9  ? 
Less  than  11  by  b?     Less  than  m  by  n  ? 

7.  A  has  $  1000,  and  B  has  $  200  less ;  how  many  dollars 
has  B?  If  A  has  m  dollars  and  B  has  n  dollars  less,  how 
many  dollars  has  B? 

8.  A  text-book  consisting  of  two  parts  contains  560  pages ; 
if  the  first  part  contains  300  pages,  how  many  pages  does  the 
second  part  contain  ?  If  both  parts  contain  n  pages,  and  the 
first  part  contains  250  pages,  how  many  pages  are  there  in 
the  second  part  ?  If  both  parts  contain  k  pages  and  the  sec- 
ond part  contains  q  pages,  how  many  pages  are  there  in  the 
first  part  ? 

9.  A  number  N  is  divided  into  two  unequal  parts,  the 
greater  of  which  is  6;  what  is  the  less?  If  the  less  is  a, 
what  is  the  greater  ? 

10.  T\Tiat  number  added  to  16  gives  25?  What  number 
added  to  m  gives  n  ? 

11.  What  number  subtracted  from  8  gives  5  ?  "What  num- 
ber subtracted  from  p  gives  q  ? 

12.  If  the  minuend  is  10  and  the  remainder  is  6,  what  is  the 
subtrahend?  If  the  minuend  is  a  and  the  remainder  is  6, 
what  is  the  subtrahend  ? 

13.  If  the  subtrahend  is  8  and  the  remainder  is  7,  what 
is  the  minuend  ?  If  the  subtrahend  is  x  and  the  remainder 
is  y,  what  is  the  minuend  ? 

14.  What  is  the  integer  next  less  than  8?  Next  greater 
than  8  ?  If  a  is  an  integer,  what  is  the  next  less  integer  ? 
The  next  greater  ? 
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15.  A  man  is  n  years  old;  how  old  was  he  5  years  a^o? 
How  old  was  he  m  years  ago?  How  long  must  he  live  to  be 
90  years  old  ?    How  long  to  be  p  years  old  ? 

16.  The  middle  of  three  consecutive  integers  is  7 ;  what  are 
the  first  and  third  ?  If  the  middle  integer  is  a,  what  are  the 
first  and  third  ? 

17.  What  are  the  two  even  numbers  nearest  to  6,  one  greater 
and  the  other  less  than  6  ? 

la  If  m  is  an  even  number,  what  are  the  two  nearest  even 
numbers,  one  greater  and  the  other  less  than  m?  The  two 
nearest  odd  numbers,  one  greater  and  the  other  less  than  m  ? 

19.  What  are  the  two  even  numbers  nearest  to  9,  one  greater 
and  the  other  less  than  9  ? 

20.  If  m  is  an  odd  number,  what  are  the  two  nearest  even 
numbers,  one  greater  and  the  other  less  than  m?  The  two 
nearest  odd  numbers,  one  greater  and  the  other  less  than  m  ? 

21.  If  1  pound  of  tea  costs  75  cents,  how  much  do  3  pounds 
cost  ?  If  1  pound  costs  75  cents,  how  much  do  n  pounds  cost  ? 
If  1  pound  costs  a  cents,  how  much  do  b  pounds  cost  ? 

22.  If  3  men  can  do  a  piece  of  work  in  8  hours,  in  how 
many  hours  can  1  man  do  the  work  ?  If  a  men  can  do  a  piece 
of  work  in  9  hours,  in  how  many  hours  can  1  man  do  the 
work  ?  If  6  men  can  do  a  piece  of  work  in  k  hours,  in  how 
many  hours  can  1  man  do  the  work  ? 

23.  10  X  2,  10  X  3,  etc.,  are  particular  multiples  of  10 ;  ex- 
press any  multiple  of  10. 

24.  Write  a  number  containing  a  units  and  b  tens. 

25.  Write  a  number  containing  a  units,  b  tens,  and  c  hun- 
dreds. 

26.  An  edition  of  a  book  consists  of  a  copies,  each  contain- 
ing b  pages ;  on  each  page  are  c  lines,  and  each  line  contains  d 
letters.     How  many  letters  are  there  in  the  whole  edition  ? 
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27.  The  speed  of  sound  is  1100  feet  per  second.  Wliat  is 
the  distance  of  a  cloud,  if  the  thunder  is  heard  3  seconds 
after  the  flash  of  lightning  ?  What  is  the  distance  of  a  cloud, 
if  the  thunder  is  heard  b  seconds  after  the  flash  ? 

28.  If  A  rides  a  wheel  4  hours  at  the  rate  of  10  miles  an 
hour,  and  B  rides  3  hours  at  the  rate  of  14  miles  an  hour, 
how  many  miles  do  they  both  ride  ?  How  many  more  miles 
does  B  ride  than  A  ? 

29.  If  A  rides  a  wheel  h  hours  at  the  rate  of  r  miles  an 
hour,  and  B  rides  k  hours  at  the  rate  of  a  miles  an  hour, 
how  many  miles  do  they  both  ride  ?  How  many  more  miles 
does  B  ride  than  A  ? 

30.  If  $100  is  divided  equally  among  5  men,  how  many 
dollars  does  each  man  receive  ?  If  $  100  is  divided  equally 
among  a  men,  how  many  dollars  does  each  man  receive  ?  If 
d  dollars  is  divided  equally  among  a  men,  how  many  dollars 
does  each  man  receive  ? 

31.  By  what  number  must  20  be  multiplied  to  give  40  ?  By 
what  number  must  20  be  multiplied  to  give  a?  By  what  num- 
ber must  a  be  multiplied  to  give  20?  By  what  number  must 
n  be  multiplied  to  give  b  ? 

32.  By  what  number  must  50  be  divided  to  give  10  ?  By 
what  number  must  50  be  divided  to  give  a?  By  what  num- 
ber must  a  be  divided  to  give  50  ?  By  what  number  must  n 
be  divided  to  give  b  ? 

33.  How  many  revolutions  does  a  wheel  21  feet  in  circum- 
ference make  in  passing  a  distance  of  35  yards  ?  How  many 
revolutions  does  a  wheel  c  feet  in  circumference  make  in  pass- 
ing a  distance  of  d  yards  ? 

34.  If  it  costs  $  30  to  feed  5  horses  3  days,  how  much  does 
it  cost  to  feed  6  horses  4  days?  If  it  costs  $70  to  feed  4 
horses  a  days,  how  much  does  it  cost  to  feed  b  horses  3  days  ? 
If  it  costs  a  dollars  to  feed  b  horses  c  days,  how  much  does  it 
cost  to  feed  d  horses  e  days  ? 
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35.  A  house  costs  a  dollars,  and  rents  for  b  dollars  a  month. 
What  per  cent  does  the  investment  pay  ? 

36.  In  how  many  days  can  a  typewriter  write  a  pages,  work- 
ing c  hours  a  day,  at  the  rate  of  d  pages  an  hour  ? 

37.  If  a  men  are  paid  b  dollars,  how  many  dollars  would  c 
men  receive  at  the  same  rate  ? 

3a  If  c  men  can  do  a  piece  of  work  in  a  days,  how  many 
men  can  do  the  same  work  in  b  days  ? 

39.  If  m  men,  working  h  hours  a  day,  can  dig  a  ditch  a 
yards  long,  b  feet  wide,  and  c  feet  deep,  in  d  days,  in  how 
many  days  will  n  men,  working  k  hours  a  day,  dig  a  ditch 
e  yards  long,  /  feet  wide,  and  g  feet  deep  ? 

40.  If  22  yards  of  cloth  cost  $  33,  and  7  yards  are  sold  for 
$  14,  what  is  the  gain  on  each  yard  sold  ? 

41.  If  d  yards  of  cloth  cost  c  dollars,  and  b  yards  are  sold 
for  a  dollars,  what  is  the  gain  on  each  yard  sold  ? 

10.  Parentheses,  (),  and  Brackets,  [],  are  used  to  indicate 
that  whatever  is  placed  within  them  is  to  be  treated  as  a  whole. 

E,  g,,  10  —  (2  -f  5)  means  that  the  result  of  adding  5  to  2, 
or  7,  is  to  be  subtracted  from  10;  that  is, 

10  -  (2  -I-  5)  =  10  -  7  =  3. 

But  10  —  2  -f  5  means  that  2  is  to  be  subtracted  from  10 
and  5  is  then  to  be  added  to  that  result ;  that  is, 

10  -  2  -f  5  =  8  +  5  =  13. 

In  like  manner,  [27  —  (3  +  2)  x  5]  -j-  2  means  that  the  result 
of  multiplying  the  sum  3  +  2  by  5  is  first  to  be  subtracted 
from  27,  and  the  remainder  is  then  to  be  divided  by  2; 
that  is,  ' 

[27  -  (3  +  2)  X  5]  -!-  2  =  [27  -  25]  ^  2  =  2  -^  2  =  1. 

Likewise,  the  result  of  adding  a  -f  &  to  c  is  c  -|-(a  +  6).  The 
result  of  multiplying  x-^-y  by  2  is  (ps-{-y)z.  The  result  of 
dividing  m  -f  »  by  p  is  (m  +  n)-«-p. 
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BXBBCISBS  II. 

Find  the  values  of  the  following  indicated  operations : 

1.  i8  4-(7-3).  2.  12 -(8 -4). 

a   (12  +  7) -(3 +  8).  4.   (25-ll)-(18-7). 

5.  (5  +  7)2.  a   (11-4)3. 

7.  12 +(4 -3)2.  a  17 -(5 -2)3. 

9.   (7  4.8)-4-5.  10.   (12-6)-!- 2. 

11.  18+(7-3)h-4.  12.  25-(15-7)-^2. 

la  11 -[(5 +  3) -4].  14.  12 +[8 -(4 +  3)]. 

15.  l7-[(3  +  5)-(2+4)].  la   [7  +  (ll-2)-(8-6)]x2. 

17.   [24-(8-5)-(7-4)]H-3. 

la  What  is  the  result  of  subtracting  a—  b  from  c  +  d ? 
Of  multiplying  a— 6byc  +  d?     Of  dividing  a  —  b  by  c-^d? 

19.  What  is  the  result  of  subtracting  from  8  the  product  of 
x  +  yhj  3?    Of  subtracting  from  a  the  product  oi  x  —  yhy  z? 

20.  What  is  the  result  of  subtracting  from  x  a  number  5 
greater  than  b  ? 

21.  What  is  the  result  of  multiplying  a  —  5  by  6  +  3?  Of 
adding  to  a  the  result  of  dividing  6  by  c  +  d  ? 

22.  One-third  of  a  man's  property  is  a  + 100  dollars.  What 
is  his  entire  property  ? 

2a  The  length  of  a  rectangular  field  is  a  rods,  and  its  width 
is  b  rods  less ;  what  is  the  area  of  the  field  ? 

24.  The  older  of  two  brothers  is  20  years  old ;  if  he  were 
5  years  younger,  he  would  be  three  times  as  old  as  his  yoimger 
brother.     How  old  is  his  younger  brother  ? 

25.  The  older  of  two  brothers  is  n  years  old;  if  he  were 
a  years  younger,  he  would  be  b  times  as  old  as  his  younger 
brother.     How  old  is  the  younger  brother  ? 

2a  The  younger  of  two  brothers  is  a  years  old.  How  old  is 
the  older  brother,  if  n  years  ago  he  was  m  times  as  old  as  his 
younger  brother  ? 
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11.  An  Algebraic  Bzpression  is  a  number  expressed  by  means 
of  the  signs  and  symbols  of  Algebra. 

E,g,,  a'\'b  —  c,  ab  —  cd,  etc.,  are  algebraic  expressions. 

12.  The  Symbol  of  Equality,  =,  read  is  equal  to,  has  the 
value,  etc.,  is  placed  between  two  numbers  or  expressions  to 
indicate  that  they  have  the  same  or  equal  values. 

E.g,,  3  +  2  =  6,  read  three  plus  two  is  equal  to  Jive. 

An  Equation  is  a  statement  that  two  numbers  or  expressions 
are  equal. 

E,g,,  7  X  9  =  63,  4  x  7  +  3  =  31,  etc. 

The  first,  or  left-hand  inemher,  or  side,  of  an  equation  is  the 
expi*ession  on  the  left  of  the  symbol  = ;  the  second,  or  riglU- 
hand  member,  or  side,  is  the  expression  on  the  right  of  the 
symbol  =. 

13.  The  Symbol  of  Inequality,  >,  read  is  greater  than,  is 
used  to  indicate  that  the  number  or  expression  on  its  left 
is  greater  than  that  on  its  right.     E.g.,  7  >  5. 

The  Symbol  of  Inequality,  <,  read  is  less  than,  is  used  to 
indicate  that  the  number  or  expression  on  its  left  is  less  than 
that  on  its  right.     E.g.,  3  <  4  -f  2. 


14.  An  Axiom  is  a  truth  so  simple  that  it  cannot  be  made 
to  depend  upon  a  truth  still  simpler. 

Algebra  makes  frequent  use  of  the  following  mathematical 
axioms. 

(i.)   Every  number  is  equal  to  itself.    E.g.,  7  =  7,  a  =  a. 

(ii.)    The  whole  is  equal  to  the  sum  of  aU  its  parts. 
E.g.,  7  =  34-4,  5  =  l+l-fl-|-l-fl. 

(iii.)   If  ttoo  7iumbers  be  equal,  either  can  replace  the  other  in 
any  algebraic  expression  in  which  it  occurs. 

E.g.,  If  a  -h  6  =  c,  and  b  =  d,  then  a  -f-  d  =  c,  replacing  b  by  d. 


12  ALGEBRA. 

(iv.)  Two  numbers  which  are  each  equal  to  a  third  number  are 
equal  to  each  other. 

E.g.,  if  a  =  by  and  c  =  6,  then  a  =  c. 

(v.)  Tlie  whole  is  greater  than  any  of  its  parts;  and,  con- 
versely, any  part  is  less  than  the  whole. 

E.g.,  3  -f  2  >  2  and  2  <  3  +  2. 

15.  Literal  numbers,  as  has  been  stated,  are  used  to  repre- 
sent numbers  which  may  have  any  values  whatever,  or  numbers 
whose  values  are,  as  yet,  unknown.  But  it  is  frequently  neces- 
sary to  assign  particular  values  to  such  numbers. 

Substitution  is  the  process  of  replacing  a  literal  number  in 
an  algebraic  expression  by  a  particular  value.    See  axiom  (iii.). 

Ex.  1.  If  in  a  4-  &,  a  =  3  (read  a  has  the  value  3)  and  6  =  5, 

then 

a  +  &  =  3-f5  =  8,  ora-H6  =  8. 

Notice  that  the  last  step  involved  an  application  of  axiom  (iv.). 
For  we  have  a  -h  6  =  3  -|-  5,  and  3  -|-  5  =  8 ;  therefore,  since 
a-\-b  and  8  are  each  equal  to  3  -f-  5,  they  are,  by  axiom  (iv.), 
equal  to  each  other.    That  is, 

a-f  6=8. 

The  application  of  this  axiom  will  not,  in  subsequent  work, 
be  specifically  pointed  out,  unless  for  some  special  reason. 

Ex.  2.    If  in  a  ~  (6  4-  c),  a  =  11,  6  =  2,  and  c  =  3,  we  have 
a  -  (6  +  c)  =  11  -  (2  +  3)  =  11  -  5  =  6. 

Ex.  a    If,  in  the  last  example,  a  =  3,  6  =  2,  and  c  =  5,  we 

have 

a_(6-hc)=   3-(2-h5)=   3-7. 

This  result  is,  as  yet,  meaningless,  since  we  are  not  prepared 
to  subtract  a  greater  number  from  a  less. 

If,  in  an  example,  a  particular  value  be  assigned  to  a  literal 
number,  the  same  value  must  be  substituted  for  the  number 
wherever  it  occurs  in  the  same  example. 
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Ex.  1  If,  ill  a  -f  6  -  2  a  4-  3  6  -  c,  we  let  a  =  6,  6  =  11^, 
c  =  I,  we  have 

a4-&-2a  +  36-c  =  6  +  lli-2x6-f-3xlli-f 

=  6  +  ^-12 -l-V-l 
=  38  J. 

Observe  that  in  the  work  of  the  last  example,  the  expres- 
sion a-l-6  —  2a  +  36  —  cistobe  understood  on  the  left  of  the 
symbol,  =,  in  the  second  and  third  lines. 

Ex.  5.  If,  in  the  last  example,  a  =  3,  6  =  1,  and  c  =  1,  we 
have 

a  +  6-2<i4-36-c  =  3-M-6-f3~l  =  4-6  +  3-l. 

We  cannot  further  reduce  4—6-1-3  —  1,  since  we  are  unable, 
as  yet,  to  subtract  6  from  4. 

BXBBCI8BS  III. 

What  are  the  values  of  the  following  expressions  when 
a  =  6,  6  =  4,  c  =  2: 

1.  a-^-b.  2.  a  —  6.  3,  ab.  4.  a  -h  6. 

5.  6  -f-  a.  6.  a  -f  6  +  c.         7.  a  -f-  6  —  c.       a  a  —  6  -f  c. 

9.  a  —  6  —  c.     la  abc.  H.  axb-i-c,     12.  a  h-  6  x  c. 

13.  a+(b-c),  14.  a  —  {b  +  c),    15.  a—(b—c).    16.  (a-b)c. 

17.  (a  —  6)  -H  c.  la  c  -^  (a  —  6).  19.  [a  4-  (^  —  c)2a. 

2a  [a-(6-c)]-&-6.      21.  (a -f- 6)  (c  +  1).      22.  (a-6)(c-l). 

23.  [3 -h (a  -  6)](c - 1).         24.  (7-a)(6-6)(5-c). 

25.  (12 -a) -^(7 -6).    26.  [15-(7-a)] x[(25-6)-(16-c)]. 

27.  [8  -(6  -  c)]  -^  [(15  -  a)  -  (6  -  6)]. 

28w  A  man  owes  one  creditor  150  dollars  and  another  135 
dollars;  his  yearly  income  is  1000  dollars  and  his  expenses 
are  905  dollars.     In  how  many  years  can  he  pay  his  debts  ? 

29.  A  roan  owes  one  creditor  a  dollars  and  another  b  dollars ; 
his  yearly  income  is  m  dollars  and  his  expenses  are  n  dollars. 
In  how  many  years  can  he  pay  his  debts  ? 
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30.  What  is  the  result  of  Ex.  29,  when  a  =  700,  h  =  200, 
m  =  1500,  and  n  =  1200  ?  When  a  =  200,  6  =  300,  m  =  1750, 
and  n  =  1700  ? 

31.  How  much  is  a  increased  by  b  less  than  m  multiplied 
bye? 

32.  What  is  the  result  of  Ex.  31  when  a  =  3,  6  =  2, 9n.  =  5, 
and  c  =  4  ?     When  a  =  7,  &  =  11,  m  =  8,  and  c  =  9  ? 

33.  If  X,  y,  and  z  are  three  numbers  in  decreasing  order  of 
magnitude,  find  the  product  of  the  smallest  by  a  times  the 
difference  between  the  other  two. 

34.  What  is  the  result  of  Ex.  33,  when  a;  =  15,  y  =  7,  «  =  4, 
and  a  =  3?    When  aj  =  25,  y  =  14,  «=  9,  and  a=  2? 

16.  Some  of  the  advantages  of  using  literal  numbers  are 
shown  by  the  following  examples : 

Ex.  1.  The  two  equations 

2     3^2_+3^5  ^^  A  +  A  =  6±i=  A 
7^7        7         7  11^11        11        11 

are  particular  examples  of  the  following  arithmetical  principle : 
TJie  sum  of  two  fractions  tchich  have  a  common  dpuominajtor 
is  a  fraction  whose  denominator  is  that  common  denominator, 
and  whose  numerator  is  the  sum  of  the  two  given  numerators; 
or, 

Ist  num.   ,   2d  num.      1st  num.  -\-  2d  nwm. 
cmn.  den.     com.  den.  com.  den. 

This  principle  can  be  stated  still  more  concisely  if  the  terms 
of  the  fractions,  which  may  be  any  numbers  whatever,  are  rep- 
resented by  three  symbols,  say  a,  6,  c. 

We  then  have 

a  ,  b     a  -f-6 

-  -r  -  = • 

c     c         c 

This  equation  states  by  means  of  signs  and  symbols  all  that 
is  contained  in  the  verbal  statement  of  the  principle.  It  is 
thus  a  symbolic  statement  of  a  general  principle,  and  includes 
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all  particular  cases  that  result  from  assigning  particular  values 
to  a,  b,  c. 

Ex.  2.  The  equations 

2     4^2x9     4x7^2x9+4x7 
7     9     7x9"*"7  x9  7x9       ' 

and  3     1^3x5     1x6^3x5  +  1x6 

6*^5     6x5     6x5  6x5 

are  particular  examples  of  the  general  principle : 

The  sum  of  two  fractions  which  do  not  have  a  common  de- 
nominator is  a  frajction  whose  denominator  is  the  product  of  the 
two  denominators,  and  whose  numerator  is  the  sum  of  the  product 
of  tlie  numeraJtor  of  each  fractix)n  multiplied  by  the  denominator 
of  the  other;  or, 

Ist  num.  ,  2d  num.     1st  num.  x  2d  den,  ,  2d  num,  x  1st  den. 
1st  den.       2d  den.       1st  den.  x  2d  den.       1st  den.  x  2d  den. 

1st  num.  X  2d  den.  -f  2d  num.  xlst  den. 
1st  den.  X  2d  den. 

This  principle  can  be  stated  still  more  concisely  if  the  terms 
of  the  fractions  are  represented  by  symbols  for  general  num- 
bers, say  a,  b,  c,  d. 
We  then  have 

g     c  _a  X  d  .c  X  b  __a  xd  +  c  xb 
b     d""  bxd     b  xd  b  x  d 

This  equation,  like  that  of  Ex.  1,  is  perfectly  general,  and 
holds  for  all  particular  values  that  may  be  assigned  to  the 
letters  a,  by  c,  d. 

Ex.  a  A,  traveling  4  miles  an  hour,  is  10  miles  in  advance 
of  B,  who  is  traveling  6  miles  an  hour  in  the  same  direction. 
After  how  many  hours  will  B  overtake  A  ? 

B  must  gain  10  miles  to  overtake  A.  In  1  hour  B  gains 
6  —  4,  or  2  miles ;  in  order  to  gain  10  miles,  B  must  evidently 
travel  10  -5-  2,  or  5  hours. 

If  other  data  were  given,  it  would  be  necessary  to  repeat  the 
above  reasoning  in  full  in  order  to  obtain  the  result. 
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• 

But  this  example  may  be  made  general  by  introducing  gen- 
eral numbers  instead  of  numerals. 

A,  traveling  a  miles  an  hour,  is  m  miles  in  advance  of  B, 
who  is  traveling  b  miles  an  hour  in  the  same  direction.  After 
how  many  hours  will  B  overtake  A  ? 

B  must  gain  m  miles  to  overtake  A.  In  1  hour  B  gains 
&  —  a  miles ;  in  order  to  gain  the  m  miles,  B  must  evidently 
travel  m  -7-  (6  —  a)  hours. 

This  result  is  general. 

If  any  particular  data  be  given,  the  result  can  be  obtained 
by  substituting  in  this  general  result  the  particular  values 
assigned  to  m,  6,  and  a. 

17.  Notice  the  following  advantages  secured  by  introducing 
general  numbers : 

(i.)  General  laws  and  relations  can  be  expressed  with  greaJt 
brevity,  and  yet  include  all  that  the  most  genercU  verbid  state- 
ments can  express. 

(ii.)  Sach  symbolic  statements  mass  under  the  eye  the  various 
operations  involved,  and  thus  enable  the  eye  to  assist  the  under- 
standing and  memory. 

See  Exx.  1  and  2,  which  give  the  principles  for  adding 
fractions  with  a  common  denominator  and  with  different  de- 
nominators. 

(iii.)  Such  statements  also  show  how  the  final  result  involves 
each  given  number. 

Thus,  there  is  nothing  in  the  result,  ^|,  of  adding  ^  and  ^-, 
to  indicate  in  what  way  J|  is  obtained  from  the  terms  of  the 
given  fractions.     But  the  result, 

axd-\-cxb 
b  xd 

of  adding  the  two  fractions  -  and  -,  shows  in  what  way  the 

b         d 

terms  of  these  fractions  are  involved. 
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The  result,  6,  of  Ex.  3  does  not  show  what  operations  have 
been  performed  upon  the  given  numbers  4,  10,  and  6;  while 
it  is  evident  from  the  general  result,  m  -5-  (6  —  a),  in  what  way 
the  given  numbers,  a,  b,  and  m,  are  involved. 

BXEBCISBS  IV. 

Express  in  algebraic  language  (i.e.,  by  means  of  the  sig^s  and 
symbols  of  Algebra)  the  following  principles  of  Arithmetic : 

1.  If  a,  b,  and  c  are  any  three  numbers,  their  sum  dimin- 
ished by  any  one  of  them  is  equal  to  the  sum  of  the  other  two. 

2.  If  a,  b,  c,  and  d  are  any  four  numbers,  their  sum  dimin- 
ished by  the  sum  of  any  two  of  them  is  equal  to  the  sum  of 
the  other  two. 

a  Verify  the  results  of  Exx.  1  and  2,  when  a  =  11,  6  =  13, 
c  =  9,  d  =  4.     When  a  =  5^,  6  =  2f ,  c  =  7^,  d  =  3^. 

If  z  is  the  result  of  subtracting  y  from  x,  express  in  alge- 
braic language  the  following  principles  of  subtraction : 

4.  The  minuend  is  equal  to  the  subtrahend  plus  the  remain- 
der. 

5.  The  subtrahend  is  equal  to  the  minuend  diminished  by 
the  remainder. 

6.  Verify  the  results  of  Exx.  4  and  5,  when  a;  =  12,  y  =  9, 
2=3.     When  a;=17,  y  =  3J,  2  =  13J. 

If  z  is  the  result  of  multiplying  x  by  y,  express  in  algebraic 
language  the  following  principles  of  multiplication : 

7.  The  multiplicand  is  equal  to  the  product  divided  by  the 
multiplier. 

a  The  multiplier  is  equal  to  the  product  divided  by  the 
multiplicand. 

9.  Verify  the  results  of  Exx.  7  and  8,  when  x  =  5,  y  =  15, 
z  =  75.    When  x=z7^,  y  =  2,  z  =  15. 

If  a  is  exactly  divisible  by  b,  and  q  is  the  quotient,  express 
in  algebraic  language  the  following  principles  of  division : 
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10.  The  dividend  is  equal  to  the  divisor  multiplied  by  the 
quotient. 

11.  The  divisor  is  equal  to  the  dividend  divided  by  the 
quotient. 

12.  Verify  the  results  of  Exx.  10  and  11,  when  a  =  18,  6  =  2, 
and  g  =  9.     When  a  =  75,  b  =  15,  and  g  =  5. 

If  a  is  not  exactly  divisible  by  b,  and  q  is  the  quotient  and 
r  the  remainder,  express  in  algebraic  language  the  following 
principles  of  division : 

13.  The  dividend  is  equal  to  the  divisor  multiplied  by  the 
quotient,  plus  the  remainder. 

14.  The  divisor  is  equal  to  the  dividend  minus  the  remain- 
der divided  by  the  quotient. 

15.  Verify  the  results  of  Exx.  13  and  14,  when  a  =  17,  6  =  2, 
g  =  8,  r=l.     When  a=108,  6  =  11,  g=9,  r=9. 

If  -  is  any  fraction,  and  m  is  any  integer,  express  in  alge- 
b 

braic  language  the  following  principles  of  fractions : 

16.  If  the  numerator  of  a  fraction  is  multiplied  by  any 
integer,  the  value  of  the  fraction  is  multiplied  by  that  integer. 

17.  If  the  denominator  of  a  fraction  is  multiplied  by  any 
integer,  the  value  of  the  fraction  is  divided  by  that  integer. 

la  If  both  numerator  and  denominator  of  a  fraction  are 
multiplied  by  any  number,  the  value  of  the  fraction  is  not 
changed. 

19.  If  both  numerator  and  denominator  of  a  fraction  are 
divided  by  any  number,  the  value  of  the  fraction  is  not  changed. 

If  -  and  -  are  any  two  fractions,  state  in  algebraic  language 
b  d 

the  following  principles : 

20.  The  product  of  two  fractions  is  a  fraction  whose  numer- 
ator is  the  product  of  the  numerators  of  the  given  fractions, 
and  whose  denominator  is  the  product  of  the  denominators. 
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21.  The  quotient  of  dividing  the  first  fraction  by  the  second 
is  a  fraction  whose  numerator  is  the  product  of  the  numerator 
of  the  first  fraction  by  the  denominator  of  the  second,  and 
whose  denominator  is  the  product  of  the  denominator  of  the 
first  fraction  by  the  numerator  of  the  second. 

Express  in  algebraic  language  the  following  geometrical 
principles : 

22.  The  area  of  any  triangle  is  equal  to  one-half  the  product 
of  its  base  by  its  altitude.  What  is  the  area,  when  the  base 
is  6  and  the  altitude  is  5  ? 

23.  The  area  of  a  rectangle  is  equal  to  the  product  of  ijis 
base  by  its  altitude.  What  is  the  area,  when  the  base  is  9  and 
the  altitude  is  4  ? 

18.  General  numbers  are  most  frequently  represented  by 
the  italicized  letters  of  the  English  alphabet.  But  letters  of 
other  alphabets  are  sometimes  employed,  and  there  is  often  an 
advantage  in  using  the  same  letter  with  some  distinguishing 
marks  to  represent  different  numbers  in  the  same  discussion. 

We  add  a  list  of  the  more  common  symbols  for  future 
reference. 

Greek  letters:  a,  fi,  y,  8,  etc.,  read  alpha,  beta,  gamma,  delta, 
etc.; 

with  prime  mxirke:  a',  a",  a'",  a^*^,  read  a  prime,  a  two  prime, 
a  three  prime,  a  n  prime; 

with  subscripts :  Oi,  a^,  a,,  etc.,  read  a  svb-one,  a  sub-two,  a  sub- 
three,  etc.,  or  simply  a  one,  a  two,  a  three,  etc. 

§2.    POSITIVE    AND    NEGATIVE    NUMBERS,    OH    ALGEBRAIC 

NUMBERS. 

1.  A  still  greater  extension  of  the  idea  of  number  in  passing 
from  Arithmetic  to  Algebra  is  arrived  at  by  the  following  con- 
siderations : 

In  ordinary  Arithmetic  we  subtract  a  number  from  an  equal 
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or  a  greater  number,  never  a  greater  number  from  a  less.     We 
are  familiar  with  such  operations  as  the  following : 

Mln.  -  Subt.  =  Rem. 

8-5  =  31 

7-5  =  2 

6-5  =  1 

5  -  5  =  0  J 


(i.) 


2.  In  the  equations  (i.)  of  Art.  1,  the  subtrahend  remains  the 
same,  while  the  minuend  and  the  remainder  decrease.  When 
the  minuend  is  equal  to  the  subtrahend,  the  remainder  is 
zero. 

Zero  is  therefore  the  result  of  subtracting  any  number  from  an 
equal  number.  That  is,  0  =  /?  —  /i,  of  which  particular  cases 
are  0  =  2  -  2,  0  =  7-7,  0  =  2|  -  2^. 

3.  If  the  minuend  in  equations  (i.),  Art.  1,  be  still  further 
diminished,  the  subtrahend  remaining  the  same,  we  have  the 
indicated  operations : 

Min.  -  Subt. 

4-5 

3  -  5   [  (u.) 

2  -  5  . 

Such  operations  have  not  occurred  in  ordinary  Arithmetic,  and 
cannot  be  carried  out  in  terms  of  arithmetical  numbers.  For, 
from  an  arithmetical  point  of  view,  we  cannot  subtract  from  a 
number  more  units  than  are  contained  in  that  number.  In 
general,  the  indicated  operation  a  —  b  can,  as  yet,  be  performed 
only  when  a  is  greater  than  b.  But  if  a  and  b  are  to  have  any 
values  whatever,  the  case  in  which  a  is  less  than  b,  that  is,  in 
which  the  minuend  is  less  than  the  subtrahend,  must  be  included 
in  the  operation  of  subtraction. 

4.  Now  observe  that,  as  the  minuend  in  equations  (i.).  Art.  1, 
decreases  by  1,  2,  or  more  tmits  (the  subtrahend  remaining  the 
same)  the  remainder  decreases  by  an  equal  number  of  units. 


ALGEBRAIC  NUMBERS.  21 

When  the  minuend  is  equal  to  the  subtrahend,  the  remainder 
is  0.  If  then,  as  in  the  indicated  operations  (ii.),  Art  3,  the 
minuend  becomes  less  than  the  subtrahend  by  1,  2,  or  more 
units,  the  remainder  must  decrease  by  an  equal  number  of 
units,  and  therefore  become  less  than  0  by  1,  2,  or  more  units. 

The  operation  of  subtracting  a  greater  number  from  a  less  is 
therefore  possible  only  when  numbers  less  than  zero  are  intro- 
duced. 

We  then  have  from  (i.).  Art.  1,  and  (ii.),  Art.  3 : 

Min.  —  Subt.  »  Rem. 

8-5  =  3 
7-5  =  2 
6-5  =  1 

5-5  =  0  (iii.) 

4  —  5  =  a  number  one  unit  less  than  0 
3  —  5  =  a  number  two  units  less  than  0 
2  —  5  =  a  number  three  units  less  than  0  . 

5.  Numbers  less  than  zero  are  called  Negative  Numbers. 
Numbers  greater  than  zero  are,  for  the  sake  of  distinction, 
called  Positive  Numbers. 

Positive  and  negative  numbers  are  called  Algebraic  or  Rela- 
tive Numbers. 

6.  The  Absolute  Value  of  a  number  is  the  number  of  units 
contained  in  it  without  regard  to  their  quality  (i.e.,  whether 
positive  or  negative). 

A  positive  number  may  be  indicated  by  placing  a  small  sign,  "^, 
to  the  left  and  a  little  above  its  absolute  value ;  as  "^5,  "^10,  +16 ; 
read  positive  6,  positive  10,  positive  16. 

A  negative  number  may  be  indicated  by  placing  a  small  sign, 
~,  to  the  left  and  a  little  above  its  absolute  value ;  as,  ~5,  ~10, 
"16,  read  negative  5,  negative  10,  negative  16. 

We  must,  as  yet,  carefully  distinguish  these  symbols  of 
quality  J  "*"  and  ~,  from  the  (larger)  symbols  of  operation,  -f-  and  — . 
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T   Kyimti^xjiti  (iii,),  Art  4,  can  now  be  written  as  follows: 


IHiH.  4  —  i>03.  5  =  negr.  1 
|X)*,  3  —  |)o«.  5  =  ne^.  2 
j[)0«.  2  —  J90«.  5  =  negr.  3  J 


or 


Min.  —  Subt.  -i  Rem. 

+8  -  +5  =  +3 

+7  -  +5  =  +2 
+6  -  +5  =  +1 

+5 -+5=   0 

+4  _  +5  =  -1 

+3  -  +5  =  -2 
+2  -  +5  =  -3 


(iv.) 


8.  Thus  negative  numbers  arise  in  Algebra  through  the  ex- 
tonniou  of  the  operation  of  subtraction  to  the  case  in  which 
the  minuend  is  less  than  the  subtrahend. 

A  negative  remainder  does  not  mean  that  more  units  have 
been  taken  from  the  minuend  than  were  contained  in  it ;  mch 
a  remainder  indicates  that  the  subtrahend  is  greater  than  the 
minuend  by  as  many  units  as  are  contained  in  the  remainder. 

Thus,  in  +10  -  +15  =  b  and  +87  -  +92  =  "5,  the  remainder, 
~5,  indicates  that  the  subtrahend  is,  in  each  case,  5  units 
greater  than  the  minuend. 

9.  The  results  of  the  preceding  articles,  restated  briefly,  are : 
A  positive  number  is  a  number  greater  than  zero,  by  as  many 

units  OS  are  contaiiied  tn  its  absolute  value, 

E.g.y  +2  is  two  units  greater  than  0,  +7|  is  seven  and  one-half 
units  greater  than  0. 

A  negative  number  is  a  number  less  than  zero  by  as  many  units 
cw  are  contained  in  its  absolute  value, 

E.g,,  -3  is  three  units  less  than  0 ;  -15f  is  fifteen  and  two- 
thirds  units  less  than  0. 

Zero  is  the  resxdt  of  subtracting  a  number  from  an  equal 
number. 

E.g,,       0=+7-+7  =  -6--5=+/i-+/,  =  -^--;,, 

wherein  n  denotes  any  absolute  number. 

Since  zero  can  be  neither  greater  nor  less  than  itself,  it  is 
neither  a  positive  nor  a  negative  number.     It  stands  by  itself, 
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as  the  number  from  which  positive  and  negative  numbers  are 
counted. 

10.  Positive  and  negative  numbers  are  thus  completely 
defined  and  are  represented  by  definite  symbols. 

The  numbers  of  ordinary  Arithmetic  are  the  absolute  values 
of  the  positive  and  negative  numbers  of  Algebra. 

Since  letters  are  to  represent  numbers  which  may  have  any 
values  whatever,  or  values  which  are  as  yet  unknown,  they 
can  represent  either  positive  or  negative  numbers.  Thus,  in 
one  case  a  may  have  the  value  ■*"2,  in  another  case  the  value 
~7 ;  in  the  first  case  the  absolute  value  of  a  is  2,  in  the  second 
case  the  absolute  value  of  a  is  7. 

If,  however,  a  have  a  sign  of  quality,  +  or  ~,  then  a  can  have 
only  absolute  values.  Thus,  while  a  (without  any  sign  of 
quality)  can  represent  any  number  whatever,  positive  or  tiegor 
tive,  "^a  can  represent  only  any  positive  number,  and  "a  only 
any  negative  nurn^)er. 

Likewise,  +(a  -f  2)  represents  a  positive  niunber  whose  abso- 
lute value  is  a  +  2 ;  and  ""(a  -f  2)  represents  a  negative  number 
whose  absolute  value  is  a  +  2.  In  both  numbers,  a  represents 
any  absolute  value, 

BXERCISBS  V. 

1.  What  is  the  absolute  value  of  +8  ?  Of  +17  ?  Of  "11  ? 
Of -21?  Of+17i?  Of-2i?  Of+a?  Of  "6?  Of  "(a? +  3)? 
Of+(2  +  y)?    Of-(a  +  6)?    Of+(a-6)? 

What  is  the  absolute  value  of  x, 

X  When  a?  =  -7?    3.  When  a;  =  +21?    4.  When  a=-2J? 

For  what  values  of  x  do  the  following  expressions  reduce 
toO: 

5.  a;  — +3.  6.  a?  — +51.  7.  x-'T.  a  a  — "18. 

9.  a;  — +  a.         10.  a;  — +(a-|-6).  11.  «— "(a  +  &  +  c). 

For  what  absolute  values  of  x  do  the  following  expressions 
reduce  to  0 : 

12.  27 -a?.  la  14-2aj.  14.  7 -3a?. 
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What  uro  tho  n^sults  of  the  following  indicated  operations: 
18,    ♦i      'II  16.   +17- +2.  17.  +10 -+11. 

la  •  tu  '^n.    la  +17  -  +8i.    2a  +32  -  +49. 

ai.  MOO.  ♦2(K),   22.  +199- +350. 

23,  What   IH  the   value  of  a  — +7,  when  a  =+10?    When 
(I  -  'UV     When  a  =  U? 

24,  What  ia  the  value  of  +a— +11,  when  a  =  15?    When 
11^  10 V     Whou  tt=l? 

What  Ik  the  value  of  a  —  6, 
20.   W  htm  a  =  +5,  6  =  +2  ?  26.  When  a  =  +5,  6  =  +7  ? 

Wliat  18  tlie  value  of  +a  —  +&, 
27.    W  htm  a  =  103,  6  =  205  ?         2a  When  a  =  2,  6  =  1  ? 
2a   Whtma  =  27,  6  =  93?  30.  When  a  =  10,  6  =  83? 

Wl\at  values  of  a  make  the  first  members  of  the  following 
tn|uatiun8  identical  with  the  second  members: 

ai.     a-+7=+2.         32.     a-+7  =  -2.        33.     a-+7  =  -5. 
34.    Mr)-a  =  +12.       35.  +15-a=+l.         36l  +15 -a  =20. 

What  is  the  value  of  +a  —  +6, 
37.  WMiou  a  is  3  greater  than  6?  38.  When  a  is  5  greater  than  b  ? 
sa  When  a  is  equal  to  6  ?  40.  When  a  is  1  less  than  b  ? 

41.  When  a  is  5  less  than  b  ?      42.  When  a  is  17  less  than  b  ? 

What  are  the  results  of  the  following  indicated  operations : 
43.   ^  (a  4-2)- +2.      44.   +(a  +  5)-+5.       45.   +(a  +  7)-+a. 
46.   +(a -!-&)- +6.       47.   +(a  4- ^ -f  c) -+(a  +  6). 
4a   +n-+(n  +  3).      4a   +16 -+(n +  16).   50.   +10  - +(a  +  10). 
51.   +a  —  +(a  +  b).      52.   +(m  +  w)  — +(m  +  n  -{-p). 

53.  Give  three  sets  of  positive  values  of  a  and  b  which  will 
make  a  —  6  =+2. 

54.  Give  three  sets  of  positive  values  of  m  and  n  which  will 
make  m  —  n=~5. 
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Positive  and  Negative  Numbers  are  Opposite  Numbers. 

11.  If  the  minuend  in  equations  (iv.),  Art.  7,  be  still  fur- 
ther diminished,  the  subtrahend  remaining  the  same,  we  have 
(repeating  the  latter  part  of  that  table) : 


Mln.  —  Snbt.  =  Rem. 

+3- +5  =  -21 
+2  -  +5  =  -3 
+1  -  +5  =  -4 
0  -  +5  =  -6  J 


(V.) 


The  student  is  familiar  with  the  principle  of  subtraction  in 
Arithmetic  that  the  remainder  added  to  the  subtraJiend  is  equal 
to  the  minuend.  This  principle,  like  all  principles  of  arith- 
metical operations,  is  retained  in  Algebra.  Consequently  table 
(v.)  gives : ' 


Subt.  +Rem. »  Mln. 

+5-1- -2  =+3] 
+5-f-3=^+2 
+6  +  -4  =  +l 


(vi.) 


12.  The  last  one  of  equations  (vi.),  Art.  11, 

+5 +  -5  =  0, 

furnishes  an  important  relation  between  positive  and  negative 
numbers : 

The  sum  of  a  positive  and  a  negative  number  having  the  same 
absolute  value  is  equal  to  zero ;  i.e.,  tliey  cancel  each  other  when 
united  by  addition, 

E,g,,         +1  +  -1  =  0,  +3  +   3  =  0,  - 17^  +  -^17^  =  0. 

In  general,  "*"/i  -h  "/i  =  0. 

For  that  reason,  positive  and  negative  numbers  in  their  rela- 
tion to  each  other  are  called  opposite  numbers.  When  their 
absolute  values  are  equal,  they  are  called  equal  and  opposite 
numbers. 


26  ALGEBRA. 

13.  In  Art.  9,  zero  was  defined  as  the  difference  between  two 
equal  numbers.  From  the  preceding  article  it  follows  that  0. 
is  likewise  tJie  sum  of  two  equal  and  opposite  numbers, 

■ 

14.  Although  negative  numbers  arise  through  the  extension 
of  the  operation  of  subtraction,  it  is  necessary  to  treat  them 
as  numbers  apart  from  this  particular  operafion. 

As  in  Arithmetic,  so  in  Algebra,  any  integer  is  an  aggregate 
of  like  units.    Just  as 

4=    1+    1+   1+   1, 
so  +4  = +1+ +1 -f +1  +  ■'I, 

and  -4  =  -1  +  -1  -f-  "1  +  "1. 

In  like  manner,  any  fraction  is  an  aggregate  of  like  frac- 
tional units.     Just  as         .      ,   ,  , 

and  -(1)  =  -(i)  +  -(i). 

EXERCISES  VI. 

Express  the  following  numbers  as  sums  of  like  units : 

1.  +7.  2.  -3.  3.  +6.  4.  -9. 

5.   +a.  6.   "6.  7.   +(a  +  &).  a   "(aj  +  y). 

Express  the  following  numbers  as  sums  of  like  fractional 
units ; 

9.  +(f).  la  -(I).  11.  +(|).  12.  ~{^). 

15.  Any  quantities  which  in  their  relation  to  each  other  are 
opposite,  may  be  represented  in  algebra  by  positive  and  negative 
numbers. 

Thus  credits  and  debits,  in  their  relation  to  each  other,  are 
opposite  quantities,  and  may  therefore  be  represented  by 
positive  and  negative  numbers. 
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Ex.  1.  100  dollars  credit  and  100  dollars  debit  cancel  each 
other.  That  is,  100  dollars  credit  united  with  100  dollars  debit 
is  equal  to  neither  credit  nor  debit;  or, 

100  dollars  credit  -f-  100  dollars  debit  =  neither  credit  nor 
debit. 

If  credits  be  taken  positively  and  debits  negatively,  then  100 
dollars  credit  may  be  represented  by  "*"100,  and  100  dollars  debit 
by  "100.  Their  united  effect,  as  stated  above,  may  then  be 
represented  algebraically  thus : 

+100  -f  -100  =  0. 

The  result,  0,  means  neither  credit  nor  debit 

Ex.  2.  100  dollars  credit  and  80  dollars  debit  is  equivalent 
to  20  dollars  credit;  or, 

100  dollars  credit  -|-  80  dollars  debit  =  20  dollars  credit. 

This  equation  may  be  stated  algebraically  thus : 

+100 +-80  =  +20. 

The  result,  +20,  means  20  dollars  credit. 

Ex.  3.  100  dollars  credit  and  120  dollars  debit  is  equivalent 
to  20  dollars  debit;  or,  stated  algebraically, 

+100  -f  -120  =  -20. 

The  result,  ~20,  means  20  doUars  debit. 
Oain  and  loss  are  also  opposite  quantities,  and  may  be  repre- 
sented by  positive  and  negative  numbers. 

Ex.  4.  250  doUars  gain  and  250  dollars  loss  cancel  each  other. 

If  gain  be  taken  positively  and  loss  negatively^  we  have,  in 

algebraic  language, 

+250  +  -260  =  0. 

The  result,  0,  means  neither  gain  nor  loss. 

Ex.  5.  250  dollars  gain  and  200  dollars  loss  is  equivalent  to 
50  dollars  net  gain;  or, 

+250  +  -200  =  +50. 

The  result,  +50,  means  50  dollars  net  gain. 
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Ex.  6.  250  dollars  gain  and  300  dollars  loss  is  equivalent  to 
50  dollars  net  loss;  or, 

+250  +  -300  =  -50. 

The  result,  ~60,  means  50  dollars  net  loss. 
Similarly  for  opposite  temperatures. 

Ex.  7.  If  a  body  is  first  heated  so  as  to  cause  its  tempera- 
ture to  rise  10°  and  is  then  cooled  down  10°,  its  temperature  is 
the  same  as  it  was  originally. 

If  rises  in  temperature  be  taken  positively  and  falls  in  tem- 
perature negatively^  their  united  effect  may  be  represented 

algebraically  thus: 

+10  +  -10  =  0. 

The  result,  0,  means  that  there  is  finally  no  change  in  the 
temperature  of  the  body. 

Ex.  8.  If  the  body  is  first  heated  10°  and  then  cooled  down 
.  8°,  its  final  temperature  is  2°  above  its  original  temperature ; 
or,  stated  algebraically, 

+10  4-  -8  =  +2. 

The  final  result,  +2,  means  a  rise  of  2°  in  temperature. 

Ex.  9.  If  the  body  is  first  heated  10°  and  then  cooled  down 

12°,  its  final  temperature  is  2°  below  its  original  temperature ; 

or, 

+10  +  -12  =  -2. 

The  result,  "2,  means  a  fall  of  2°  in  temperature. 
Similar  reasoning  applies  to  opposite  directions. 

Ex.  10.   A  man  walks  10  miles  due  north,  and  turning,  walks 

10  miles  d«e  south.     How  far  is  he  from  his  starting  point  ? 

If  distances  north  be  taken  positively  and  distances  south 

negatively  J  we  have 

+10 -f  "10  =  0. 

The  result,  0,  means  that  the  man  has  returned  to  his  starting 
point. 


ALGEBRAIC  NUMBERS.  29 

Ex.  U.  If  he  walks  10  miles  due  north,  and  turning,  walks  6 
miles  due  south,  he  is  still  4  miles  north  of  his  starting  point ; 

or, 

+10  +  -6  =  +4. 

The  result,  +4,  means  that  he  is  still  4  miles  nx>rth  of  his 
starting  point. 

Ex.  12.  If  he  walks  10  miles  due  n>orth,  and  turning,  walks 

14  miles  due  south,  he  is  then  4  miles  south  of  his  starting 

point;  or, 

+10  +  -14  =  -4. 

The  result,  ~4,  means  that  he  is  now  4  miles  sotUh  of  his 
starting  point. 

16-  It  is  evidently  immaterial  which  of  two  opposite  quanti- 
ties is  taken  positively  and  which  negatively,  in  any  particular 
problem.  Thus,  we  might  have  called  gain  a  negative  quantity, 
and  loss  a  positive  quantity;  where  we  had  positive  results 
before  we  should  now  have  negative,  and  vice  versa.  So  we 
could  call  distances  south  positive  and  distances  north  negative. 
We  have  only  to  interpret  results  differently. 

Thus,  a  man  gains  100  dollars  and  loses  50  dollars.  What  is 
his  net  gain  ? 

Calling  gain  positive  as  before,  and  loss  negative,  we  have : 

+100  +  -50  =  +50. 
The  positive  result  denotes  gain. 

Now  calling  gain  negative,  and  loss  positive,  we  have : 

-100  4-  ■*^50  =  -50. 

The  negative  result  now  denotes  gain,  as  the  positive  result 
before  denoted  gain. 

That  is,  whichever  of  two  opposite  quantities  be  taken  posi- 
tively, the  other  being  taken  negatively,  the  meaning  of  the 
results  is  always  the  same. 
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EXERCISES  Vn. 

State  algebraically  in  two  ways  each  of  the  following  rela- 
tions (by  Art.  16) : 

1.  100  dollars  gain  and  20  dollars  loss  is  equivalent  to  80 
dollars  net  gain. 

2.  100  dollars  loss  and  300  dollars  gain  is  equivalent  to 
200  dollars  net  gain. 

3.  250  dollars  gain  and  250  dollars  loss  is  equivalent  to 
neither  gain  nor  loss. 

4.  A  rise  of  25°  in  temperature  followed  by  a  fall  of  10° 
is  equivalent  to  a  rise  of  15°. 

5.  A  rise  of  15°  in  temperature  followed  by  a  fall  of  22° 
is  equivalent  to  a  fall  of  7°. 

6.  If  a  man  ascends  from  the  foot  of  a  ladder  20  steps,  and 
then  descends  7  steps,  he  is  13  steps  up. 

7.  If  a  man  ascends  from  the  foot  of  a  ladder  10  steps,  and 
then  descends  10  steps,  he  is  at  the  foot  of  the  ladder. 

a  If  a  man  ascends  from  some  step  of  a  ladder  5  steps,  and 
then  descends  8  steps,  he  is  3  steps  below  the  step  from  which 
he  started. 

9.  If  a  man  walks  150  feet  to  the  right  and  then  50  feet  to 
the  left,  he  is  100  feet  to  the  right  of  his  original  position. 

10.  If  a  man  walks  150  feet  to  the  right,  then  50  feet  to  the 
left,  and  then  75  feet  to  the  right,  he  is  finally  175  feet  to  the 
right  of  his  original  position. 

11.  If  a  bucket  is  lowered  to  the  bottom  of  a  well  60  feet 
deep,  and  is  then  raised  50  feet,  it  is  still  10  feet  below  the 
surface. 

12.  If  a  balloon  ascends  2500  feet,  and  then  falls  1500  feet, 
it  is  still  1000  feet  above  the  surface  of  the  earth. 

13.  If  the  minute  hand  of  a  clock  is  moved  5  minutes  for- 
ward and  then  5  minutes  backward,  the  time  indicated  is 
unchanged. 
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14.  If  the  minute  hand  of  a  clock  is  moved  20  minutes  for- 
ward and  then  12  minutes  backward,  the  indicated  time  is  8 
minutes  later  than  at  first. 

15.  If  the  minute  hand  of  a  clock  is  moved  forward  6  min- 
utes and  then  backward  16  minutes,  the  indicated  time  is  10 
minutes  earlier  than  at  first. 

16.  Two  men,  A  and  B,  run  a  race.  The  first  minute  A  runs 
5  feet  more  than  B,  the  second  minute  A  runs  8  feet  less  than 
B;  in  the  two  minutes  A  runs  3  feet  less  than  B. 


Double  Series  of  Algebraic  Numbere. 

17.  In  forming  table  (iv.),  Art.  7,  we  inferred  that  each 
remainder  was  less  than  the  remainder  next  above  it,  or,  what 
is  the  same,  greater  than  the  remainder  next  below  it. 

We  therefore  have,  from  the  column  of  remainders  in  this 
table,  the  following  relations : 


+3  is  greater  than  +2 


+2 

+1 

0 

-1 

-2 

(t 


a 


a 


u 


i( 


+1 

0 

-1 

-2 
3 


""3  is  less  than  "2 


(«) 


-2  «    ' 

u        u     -I 

-1  "    ' 

it           it          Q 

0  «    ' 

\t           tt       +J^ 

+1  «    ' 

\t       tt    +2 

+2  «    ' 

[<       tt    +3 
1     1 

(J>) 


These  statements  may  be  expressed  concisely,  by  using  the 
two  symbols  of  inequality : 

■^3>+2,  -2>n,  +1>0,  0>-l,  -l>-2,  -2>-3; 
and  -3<-2,  ^2  < -1,  -1<0,  0<+l,  +1  < +2,  +2<+3. 

It  is  more  convenient  to  combine  these  several  statements  into 
one  continued  statement,  thus : 

+3  >  +2  >  +1  >  0  >  -1  >  -2  >  -3, 
or,  -3  <  -2  <  -1  <  0  <  +1  <  +2 


>-3,| 
<+3.J 


(0) 


Evidently  table  (iii.),  Art.  4,  can  be  continued  without  limit, 
upward  by  increasing  the  minuend,  downward  by  decreas- 
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ing  the  minuend,  the  subtrahend  remaining  always  the  same. 
Then,  since  the  remainder  and  the  minuend  increase,  or 
decrease,  by  an  equal  number  of  units,  tables  (a)  and  (b) 
above  can  be  continued  upward  and  downward  without  limit. 
The  relations  (c)  may  therefore  be  continued  toward  the  right 
and  toward  the  left  without  limit. 

18.  The  Sign  of  Continuation,  •••,  read  and  so  on,  or  and  so 

on  tOy  is  used  to  indicate  that  a  succession  of  numbers  con- 
tinues without  end  in  the  way  shown  by  those  written  down, 
as  1,  2,  3,  •••,  read,  one,  two,  three,  and  so  on;  or  that  the  suc- 
cession continues  as  far  as  a  certain  number  which  is  written 
after  the  sign  •••,  as  1,  2,  3,  •••,  10,  read  one,  tioo,  three  OrS  far 
as,  or  to,  10.  In  the  first  illustration  the  series  continues  with- 
out end ;  in  the  second  it  stops  at  10. 
We  may  now  write  the  series  of  algebraic  numbers  as  fol- 

lows  * 

...  -4,  -3,  -2,  -1,  0,  +1,  +2,  +3,  +4,  ... 

In  this  series  the  numbers  increase  from  left  to  right,  and 
decrease  from  right  to  left;  or  a  number  is  greater  than 
any  number  on  its  left  and  less  than  any  number  on  its  right. 
Consequently  wc  have  in  Algebra  the  series  of  positive 
increasing  numbers 

+1,  +2,  +3,  +4,  ...  without  end, 

and  the  series  of  negative  decreasing  numbers 

~1,  "2,  ~3,  ~4,  ...  without  end. 

The  number  0  might  be  written  at  the  beginning  of  both 
series. 

Relattons  between  Positive  and  Negative  Numbers  and  Zero. 

19.  From  the  results  of  the  preceding  article,  we  obtain  the 
following  general  relations : 

(i.)  Of  two  positive  numbers,  that  number  is  the  greater  which 
has  the  greater  absolute  value;  and  thai  number  is  tlie  less  whicfi 
has  the  less  absolute  value. 
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For  example,   +5>+3,  or  +3  < +5,  since  +5  is  five  units 
greater  than  0,  and  +3  is  only  three  units  greater  than  0. 
Likewise,  +8  >  +4,  +23  <  +107. 

(ii.)  Of  two  negative  numbers,  that  number  is  the  greater  which 
has  the  less  absolute  value ;  and  thai  number  is  the  less  which  has 
the  greater  absolute  value. 

For  example,  ~3  >  "5,  or  ~5  <  "3,  since  ~5  is  five  units  less 
than  0,  and  ~3  is  only  three  units  less  than  0. 
Likewise    17  >  "20,  "5  <  "2. 

(iii.)  Any  positive  number  is  greater  than  any  negative  number. 

For  example,  +7  >  "S,  since  +7  is  seven  units  greater  than  0, 
and  ~8  is  eight  units  less  than  0. 
Likewise  +1  >  "1000,'  +2  >  "3. 

(iv.)  Any  negative  number  is  less  than  any  positive  number. 

For  example,  ~2  <  +7,  since  ~2  is  two  units  less  than  0,  and 
+7  is  seven  units  greater  than  0. 
Likewise    1000  <+l,  -27  < +5. 

BXBROISBS  VIII. 

How  many  units  is  each  of  the  following  numbers  greater 
or  less  than  0 : 

1.   +10.  2.   -3.  3.   +8.  4.   -19.  5.   +17. 

6.  +(f).  7.   -(2f).        a  +ar.  9.   -y.  10.   +(a  +  6). 

Which  number  is  greater, 
U.   +5  or +2?  12.   +3  or -5?   ,  la   "12  or  "5? 

14.     Oor+2?  15.     Oor-3?  la   "7  or  "11? 

17.   -  5  or  +4  ?  18.   -2  or  +3  ?  19.   "7  or  "5  ? 

20.  +(5  -f  a)  or  +a ?  21.   +(5  +  a)  or  "a? 

22.   -(5  +  a)  or  +a?  2a  "(5  -f  a)  or  "a? 

24.  +(6  -f  a)  or  +(2  -fa)  ?  25.  +(6  +  a)  or  -(2  +  a)  ? 

2a   -(6  -f  a)  or  +(2  +  a)?  27.   +(a  -h  1)  or  +(a  -  1)  ? 

2a   -(a  -f  1)  or  -(a  - 1)  ?  29.  -(a  -|- 1)  or  +(a  - 1)  ? 

aa  +(a  +  l)  or-(a-l)?  31.  +(1 -ha)  or +(1 +  2 a)? 
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32.   -(l-ha)or-(l-f  2a)?         3a   +(1  +  a)  or  "(1  +  2 a) ? 
34.  -(l  +  a)  or +(1  + 2a)?        35.  +(a -|- 6)  or +a ? 
36.  -(a  +  b)  or  -a?  37.   -(a  +  b)  or  +a? 

20.  We  have  defiped  negative  numbers  as  numbers  less  than 
zero ;  that  is,  as  the  result  of  enlarging  our  conception  of  the 
operation  of  subtraction.  We  afterward  find,  as  we  have  seen, 
that  they  often  have  a  meaning  when  applied  to  practical  prob- 
lems. Yet  even  if  they  had  not,  we  should  be  justified  in 
introducing  them  in  order  to  make  our  principles  general. 
Sometimes,  indeed,  negative  results  have  no  meaning,  and 
indicate  an  impossibility. 

E.g.,  a  men  are  at  work  on  a  building,  and  b  men  quit  work. 
How  many  are  still  working  ?  Evidently  a  —  6.  It  b>  a,  the 
negative  result  has  no  meaning,  and  indicates  that  we  have 
stated  an  impossibility. 

A  man  has  a  dollars  and  pays  out  b  dollars.  How  many 
dollars  has  he  left  ?     Evidently  a  —  6. 

When  6  >  a,  the  negative  result  has  no  meaning  if  the 
money  be  regarded  as  actually  handled.  But  in  dealing  with 
book  accounts,  it  is  quite  possible  that  the  debits  shall  exceed 
the  credits ;  a  state  which  would,  as  we  have  seen,  be  indicated 
by  a  negative  result  (if  credits  be  taken  positively  and  debits 
negatively).  So,  too,  when  applied  to  opposition  in  direction, 
etc.,  negative  results  are  as  intelligible  as  positive  results. 

In  fact,  there  is  no  more  objection  to  the  use  of  negative 
numbers  than  to  the  use  of  fractions,  for  each  kind  of  number 
may  indicate  an  impossible  state.  For  instance,  there  are  a 
men  in  a  company,  which  is  divided  into  b  equal  groups.  How 
many  men  are  there  in  each  group  ?  Evidently  a-i-b.  If  a 
be  not  exactly  divisible  by  b,  the  result  is  as  impossible  as 
taking  b  men  from  a  men,  when  b>  a. 

In  Arithmetic  we  proceed  to  prove  all  the  laws  of  fractions, 
without  inquiring  whether  they  can  be  applied  in  all  cases. 
So,  in  Algebra,  we  shall  proceed  to  operate  with  and  upon 
negative  numbers  without  inquiring  whether  or  not  they  will 
always  have  a  meaning  in  particular  problems. 


CHAPTER  II. 

THB  FOtTR  FUNDAMENTAL   OPERATIONS  WITH 

AXiGEBRAIC  NX7MBER. 

If,  in  the  four  indicated  operations, 

a  +  6,  a  — by  axb,  a  -s-  6, 

particular  numerical  values,  positive  or  negative^  be  substituted 
for  a  and  6,  say  +5  for  a  and  ~2  for  6,  we  have  ; 

a+&=-'5+-2;  a-6=+5--2;  ax6=+5x-2;  a-!-6=+5-t--2. 

The  indicated  operations  in  the  second  members  of  these 
equations  can  be  performed,  and  the  methods  of  carrying  them 
out  will  now  be  given. 

§  1.     ADDITION  OF  ALGEBRAIC  NUMBERS. 

1,  When  the  numbers  to  be  added  represent  only  absolute 
values,  addition  in  Algebra  differs  in  no  respect  from  addition 
in  ordinary  Arithmetic.  But,  on  account  of  the  introduction 
of  algebraic  numbers,  the  meaning  of  addition,  and  of  the 
other  fundamental  operations,  must  be  enlarged. 

The  sign  of  addition  has  already  been  used  in.  connection 
with  algebraic  numbers  (Ch.  I.,  §  2,  Arts.  11  and  12),  and  the 
definition  of  addition  of  algebraic  numbers  must  be  based  upon 
that  use ;  that  is,  upon  the  properties  of  positive  and  negative 
numbers. 

2.  Addition  of  one  algebraic  number  to  another  is  the  process 
of  uniting  it  with  the  other  into  one  aggregate. 

As  in  Arithmetic,  the  one  number  is  said  to  be  added  to  the 
other,  and  the  result  of  the  addition  is  called  the  Sum. 
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Addition  of  Nu-nbers  with  Like  Signs. 

3.  Consider  iirst  particular  examples. 
Ex.  1.  Add  +3  to  -^4. 

The  three  positive  units,  +3,  when  united  by  addition  with 
the  four  positive  units,  "^4,  give  an  aggregate  of  four  phis  three, 
or  seven,  positive  units.     That  is, 

+4  +  ^-3  =  +(4 +  3)  =  -^7. 

Ex.  2.  Add  -3  to  -4. 

The  three  negative  units,  ""3,  when  united  by  addition  with 
the  four  negative  units,  ~4,  give  an  aggregate  oi  four  plus  three, 
or  seven,  negative  units.     That  is, 

-4H--3  =  -(4  +  3)  =  -7. 

In  the  above  examples  the  representation  has  been  limited 
to  the  addition  of  integers  with  like  signs.  But  the  nature  of 
the  process,  according  to  the  definition  of  addition,  remains  the 
same,  if  one  or  both  of  the  numbers  be  a  fraction. 

Ex.  3.  +2  +  ^(f)  =  +(2  H-  f)  =  +2|. 
Ex.  4.  -2  +  -(f)  =  -(2  +  f )  =  -2|. 

4.  The  examples  of  Art.  3  illustrate  the  following  principle 
of  addition : 

To  add  one  algebraic  number  to  another,  ivith  like  sign  (i.e., 

both  numbers  positive  or  both  negative),  add  arithmetically  the 

absolute  value  of  the  one  number  to  the  absolute  value  of  the  other, 

and  prefix  to  the  sum  the  common  sign  of  quality.     Or,  stated 

symbolically, 

+a  +  +6  =  +(a  -h  *)       (i.). 

-a +  -4=- (a +  6)       (ii.). 

Observe  that  a-\-b  corresponds  to  4 -f- 3  =  7,  in  the  particular 
examples  of  Art.  3,  and  means  the  arithmetical  sum  of  the  abso- 
lute values  of  +a  and  "^6  (or  of  ~a  and  ~b),  just  a.s  7  is  the  sum 
of  3  and  4,  the  absolute  values  of  "^3  and  "^4  (or  of  ""3  and  "4). 
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The  proof  of  the  principle  is  as  follows  : 

In  (i.),  the  positive  units  and  paits  of  positive  units  represented  by  +6, 
when  united  by  addition  with  the  positive  units  and  parts  of  positive  units 
represented  by  +a,  give  an  aggregate  of  positive  units  and  parts  of  posi- 
tive units  represented  by  +(a  +  2)).     In  like  manner  (ii.)  can  be  proved. 

BXERCISBS  I. 

Find  the  results  of  the  following  indicated  additions : 

1.  +1H-+5.  2.  +20 ++2.  3.  +105  4-^3. 

4.  -7 +-12.  5.  -9 +-5.  a  -2f+-3f 

Add 

7.  +17  to +5.  a  -6  to -27.  9.  -4to-l. 

la  +127  to +108.  11.  +2fto+7f  12.  -llf  to-3f. 

13.  +13to+a.  14.  -103  to -6.  15.  +c  to +104. 

la  'X  to  "7.  17.  +6  to  +g.  la  ~m  to  "n. 

What  is  the  value  of  w  +  n, 

19.  When  m  =+5,  n  =+3?         20.  When  m=-ll,  n  ="14? 

21.  When  m  =+3^,  n  =+2f  ?     22.  When  m  =-7 J,  n  =-3f  ? 

What  is  the  value  of  +a  -h+6, 

23.  Whena=5,  6  =  3?  24.  When  a  =  17,  6  =  29? 

What  is  the  value  of  "a  +"6, 

2a  When  a  =  4,  6  =  5  ?  26.  When  a  =  11,  6  =  18  ? 

What  is  the  value  of  +(a  4-  b), 

27.  When  a  =  5,  6  =  6?  2a  When  a  =  4,  6  =  105 ? 

2a  When  a  =  2  J,  6  =  3|  ?         3a  When  a  =  1,  6  =  999  ? 

What  is  the  value  of  "(a  +  6), 

31.  When  o  =  11,  6  =  14  ?         32.  When  a  =  16,  6  =  17  ? 

3a  When  a  =  4i,  6=1?  34.  When  a  =  1|,  6  =  98f  ? 

35.  A  man  owes  A  50  dollars  and  B  20  dollars.  Express 
the  number  of  dollars  that  he  owes,  taking  debts  positively. 
Express  the  number,  taking  debts  negatively. 


38  ALGEBRA. 

36.  A  contributes  300  dollars  to  an  undertaking,  and  B 
contributes  250  dollars.  What  number  expresses  their  joint 
contribution,  if  contributions  be  taken  positively?  What 
number,  if  contributions  be  taken  negatively  ? 

37.  A  thermometer  rises  10°  in  the  forenoon  and  15°  in  the 
afternoon.  What  number  expresses  the  rise  in  temperature,  if 
falling  temperature  be  taken  negatively  ? 

5.  Just  as  any  two  positive  numbers  can  be  united  by  addi- 
tion into  one  positive  number;  so,  conversely,  any  positive 
number  can  be  expressed  as  the  sum  of  two  positive  numbers 
which  together  contain  as  many  positive  units  and  parts  of 
positive  units  as  the  given  number  contains. 

E,g,,  ^7  =  n  -h  -^6  =  +2  +  +5  =  +3  -h  +4  =  +lf  4-  -^5^. 

A  similar  statement  is  true  of  negative  numbers. 

E.g.,  -7  =  -1  +  -6  =  -2  -h  "5  =  -3  -f  -4  =  "2^  +  "4^. 

EZBBCISES  II. 

Express  as  the  sum  of  two  positive  numbers,  in  three  ways : 
1.  +18.  2.  +27.  3.  +108.  4.  +8^. 

Express  as  the  sum  of  two  negative  numbers,  in  three  ways: 

5.   -9.  6.  -15.  7.  -95.  a   -7|. 

9.  Express  +(p  +  g)  as  the  indicated  sum  of  two  positive 
numbers. 

10.  Express  ~(x  -h  y)  as  the  indicated  sum  of  two  negative 
numbers. 

11.  Express  +(3  +  m)  as  the  indicated  sum  of  two  positive 
numbers. 

12.  Express  "(n  +  5)  as  the  indicated  sum  of  two  negative 
numbers. 

la  Express  +(a  +  6  -h  c)  as  the  sum  of  two  positive  num- 
bers. 
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Addition  of  Numbers  with  Unlike  Signs. 

&  Consider  first  particular  examples. 

Ex.  1.  Add  -2  to  +5. 

The  two  negative  units,  ~2,  when  united  by  addition  with  the 
five  positive  units,  ^5,  cancel  two  of  the  five  positive  units.  There 
remain  then  five  minus  two,  or  three,  positive  units.    That  is, 

+5  4-  -2  =  +(5  -  2)  =  +3. 

Ex.  2.  Add  +2  to  -5. 

The  two  positive  units,  "•"2,  when  united  by  addition  with  the 
five  negative  units,  "5,  cancel  two  of  the  five  negative  units. 
There  remain  then  five  minus  two,  or  three,  negative  units. 

That  is,  -5  4-  +2  =  -(5  -  2)  =  "3. 

Observe  that  in  Ex.  1  the  sum,  ■*"3,  is  of  the  same  quality 
as  the  number,  '''5,  which  has  the  greater  absolute  value ;  and 
that  in  Ex.  2  the  sum,  ~3,  is  of  the  same  quality  as  the  num- 
ber, ~5,  which  has  the  greater  absolute  value. 

In  both  examples,  the  absolute  value  of  the  sum  is  obtained  by 
subtracting  the  less  absolute  value,  2,  from  the  greater,  5. 

In  the  above  cases  the  representation  has  been  limited  to 
the  addition  of  integers  with  unlike  signs.  But  the  nature  of 
the  process,  according  to  the  definition  of  addition,  remains  the 
same,  if  one  or  both  of  the  numbers  be  a  fraction. 

Ex.  a  +2  -h  -(I)  =  +(2  - 1)  =  +1^. 

Ex.  4.  -2  +  +(f )  =  -(2  - 1)  =  -If 

7.  The  examples  of  Art.  6  illustrate  the  following  principle 
of  addition : 

To  add  one  algebraic  number  to  another,  with  unlike  sign, 
subtract  arithmetically  the  less  absolute  value  from  the  greater, 
and  prefix  to  the  remainder  the  sign  of  quality  of  the  number 
which  has  the  greater  absolute  value.     Or,  stated  symbolically, 

+fl  -I-  "6  =  "^(a  —  b),  when  a  >  4      (iii.), 

+11  +  *"4  =  "(6  —  a),  when  a  <b      (iv.). 
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Since  the  quality  of  the  results  of  Exx.  1  and  2,  Art  6, 
depends  upon  the  quality  of  the  number  having  the  greater 
absolute  value,  it  is  necessary  in  adding  "6  to  "^a  to  state  which 
number  has  the  greater  d^bsolute  value. 

In  (iii.),  a  —  b  corresponds  to  5  —  2  of  Ex.  1,  Art.  6,  and  is 
the  remainder  of  subtracting  arithmetically  the  less  absolute 
value  from  the  greater;  and  +(a  —  b)  corresponds  to  +(5  —  2), 
=  +3. 

In  (iv.),  b  —  a  corresponds  to  6  —  2  of  Ex.  2,  Art.  6,  and  is  the 
remainder  of  subtracting  arithmetically  the  less  absolute  value 
from  the  greater;  and  ~(6  —  a)  corresponds  to  ~(5  —  2),  =  ~3. 

The  proof  of  the  principle  is  as  follows : 

In  (iii.),  the  negative  units  and  parts  of  negative  units  represented  by 
-6,  when  united  by  addition  with  the  positive  units  and  parts  of  positive 
units  represented  by  +a,  cancel  an  equal  number  of  positive  units  and 
parts  of  positive  units.  There  then  remain  positive  units  and  parts  of 
positive  units  represented  by  +(0  —  6). 

In  (iv.),  when  the  negative  units  and  parts  of  negative  units  repre- 
sented by  "h  are  united  by  addition  with  the  positive  units  and  parts  of 
positive  units  represented  by  +a,  from  the  former  are  cancelled  an  equal 
number  of  negative  units  and  parts  of  negative  units.  There  then  remain 
negative  units  and  parts  of  negative  units  represented  by  -(6  —  a). 

EXERCISES  III. 
Find  the  results  of  the  following  indicated  additions : 
1.     -16+    +7. 
4.   -111+^17. 
Add 
7.   -20  to +5. 
10.   +18  to  -6. 

13.   ■'■ll  to  -a,  when  a  >  11.      14.  +11  to  "a,  when   a  <  11. 
15.   "17  to  -^x,  when  x  >  17.       la  ~17  to  +«,  when  x  <  17. 
17.    +m  to  -4,  when  ?7i  >  4.         la    +m  to  "4,  when  m  <  4. 
19.     "n  to  +3,  when  n  >  3.         20.     ^n  to  +3,  when  n  <  3. 

What  is  the  value  of  p  H-  g, 
21.  Whenj9  =  +71,g  =  -53?      22.  When/>=     +25,7=34? 
2a   When  i)  = -18,  g  = +39  ?      24.  Whenp  =  -105f,g  =  +56p 


2.   +16  4- -7. 

a 

+118 +  -5. 

5.    -3|  +  +1J. 

a 

■'^ + -2i. 

a  +20  to -5. 

9. 

- 11  to  +4. 

11.   -23  to  +1|. 

12. 

-(■D  to  +(f). 
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What  is  the  value  of  ^a  +  'b, 

25.  Whena=   6,&  =  5?  26.  When  a  =  17,  6  =  23? 

27.  When  a  =  14^,  6  =  19| ?      2a  When  a  =    i,  6  =  i? 

What  is  the  value  of  +(a  —  b), 

29.  When  a  =  19,  &  =  4?  30.  When  a  =  101,  6  =  2? 

31.  Whena  =  o},  6  =  2|?         32.  When  a  =    ^yb==^? 

33.  Has  '*'(7  —  9)  any  meaning  ?     Give  reason. 

34.  Has  "♦■(a  —  b)  any  meaning,  when  a<b? 

What  is  the  value  of  "(a  —  &), 

35.  When  a  =  23,  6  =  16?  36.  When  a  =  40,  6  =  1  ? 
37.  ^Vhen  a  =  3f,  6  =  1^?  3a  When  a  =  t^,  6  =  ^? 

39.  Has  "(7  —  9)  any  meaning?    Give  reason. 

40.  Has  "(a  —  6)  any  meaning,  when  b>a? 

41.  If  a  man  receives  1000  dollars  and  pays  out  200  dollars, 
what  number  expresses  his  net  receipts,  taking  receipts  posi- 
tively ?    What  number,  taking  receipts  negatively  ? 

42.  If  a  man  ascends  20  steps  on  a  ladder,  and  descends  8 
steps,  how  many  steps  is  he  from  the  foot  of  the  ladder,  taking 
steps  upward  positively?  How  many,  taking  steps  upward 
negatively? 

43.  If  a  thermometer  rises  25**  and  then  falls  20®,  how  many 
degrees  does  it  register  above  its  original  temperature,  taking 
rises  in  temperature  positively  ?  How  many,  taking  falls  in 
temperature  positively? 

44.  If  a  balloon  ascends  500  feet  and  then  falls  300  feet, 
how  many  feet  is  it  above  the  starting  point,  if  ascent  be  taken 
positively  ?    How  many,  if  descent  be  taken  positively  ? 

&  Just  as  any  two  numbers  with  unlike  signs  can  be  united 
by  addition  into  one  number,  so,  conversely,  any  positive  or 
negative  number  can  be  expressed  as  the  sum  of  two  numbers 
with  unlike  signs. 

E.g.,  +7  =  +9  +  ~2  =  -11  4-  -"18  =  "l-h  ^8  =  +12^  +  "5^. 
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BXBBCISBS  IV. 

Express  as  the  sum  of  a  positive  and  a  negative  number,  in 
three  ways : 

1.  +17.  2.  +18.  a  +29. 

4.  -12.  5.  -24.  6.  -15f. 

7.  Express  '^(p  —  9)  as  the  indicated  sum  of  a  positive  and 
a  negative  number. 

a  Express  ^{p  —  g)  as  the  indicated  sum  of  a  positive  and 
a  negative  number. 

9.  Express  +(3  —  m)  as  the  indicated  sum  of  a  positive  and 
a  negative  number. 

10.  Express  "(n  —  5)  as  the  indicated  sum  of  a  positive  and 
a  negative  number. 

Addition  of  Three  or  More  Nnmben. 

9.  To  unite  three  or  more  algebraic  numbers  by  addition, 
add  the  second  to  the  first,  to  that  sum  add  the  third,  again  to 
that  sum  the  fourth,  and  so  on,  until  all  the  numbers  have 
been  imited  by  addition. 

Ex.  1.     +2  -f  +3  -h  -^7  =  +5  +  +7  =  +12. 

Ex.  a     -3  +  -5  -h  -2  =  -8  +  -2  =  -10. 

Ex.  a  +11  + -8 -f +2  =  +3 -I- +2=    +5. 

BZEBCISBS  V. 

Find  the  results  of  the  following  indicated  additions : 
1.  +7+-6++8.  a  -8+ +11  + -3.  a  +17+-23++4. 
4.  -25 ++18 +-3.  5.  +5 +-6 +-7 ++9.  a  -81++70+-180++12. 

Add 
7.  -2  to  +8  +  -4.       a  +18  to  -2  +  +105.       9.  -5  to  "11  +  +15. 

Find  the  results  of  the  following  indicated  additions,  first 
uniting  the  numbers  within  the  parentheses  : 
10.  +7 +  (+8 +  -3).  11.  +11  +  (-12  + +2). 

12.   (+2  + -3)  +  (-11  + +12).    la   (+5  + -8)  +  (-12  + +3). 
14.  (-1  +  -2)  +  (+5  +  -6)  +  (+13  +  -10  +  +12). 
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Add 
15.  -3 -h -^12  to -1 -f -13.  16.   -16 -f +13  to  n5  4- -108. 

17.  -120  + -"133  to +12 -f  "100.     la   -l|++7|to"6^++(^). 

19.  Add  +5  to  ■•'a  H-  ~b,  when  a>b. 

20.  Add  -5  to  ■•'a  4-  ~b,  when  a<b, 
2L  Add  +7  to  -a  +  +&,  when  a<b. 

Add  -7  to  "a  -f  '^b,  when  a  >  6. 


What  is  the  value  of  •'■a-|-"6-|-+c, 
2a  When  a=l,  6=2,  c=3?       24.  AVhen  a=ll,  6=12,  c=18? 

What  is  the  value  oi  a  +  b  +  c  +  d, 

25.  When  a  =  "3,  6  =  +5,  c  =  "4,  d  =  -7  ? 

26.  When  a  =  +10,  6  =  +12,  c  =  "13,  d  =  "14  ? 

What  is  the  value  of  a  +  &, 

27.  When  a  =  +2  -f  -3,  6  =  "8  +  +7  ? 
2a  When  a  =  -6  +  +3,  6  =  +ll-|--4? 

What  is  the  value  of  a  +  6,  wherein  a^m+n  and  b=p  +  q, 
29.  When  m  =  -1,    n  =  +2,    p  =  "3,  g  =  +4  ? 
3a  When  m  =  +8,    n  =  "3,    p  =  "5,  ^  =  -9? 
aL  When  m  =  "11,  n  =  "13,  p  =  +5,  g  =  +6  ? 
32.  When  m  =  +2,    n  =  +3,    p  =  "4,  g  =  "5  ? 

33.  The  temperature  on  Sunday  was  46®  above  zero.  On 
Monday  it  fell  5®,  on  Tuesday  3®  more,  on  Wednesday  it  rose 
10^  on  Thursday  it  fell  2%  and  on  Friday  it  rose  6**.  How 
many  degrees  did  it  register  on  Friday  above  or  below  the 
temperature  on  Sunday,  taking  rises  in  temperature  posi- 
tively ?    How  many,  taking  falls  in  temperature  positively  ? 

3C  A  man  walks  15  miles  due  east  one  day,  12  miles  due 
west  the  next  day,  and  11  miles  due  east  the  third  day.  How 
many  miles  is  he  from  the  starting  point,  if  distances  west  be 
taken  positively?  How  many,  if  distances  east  be  taken 
positively  ? 
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The  ABBOciative  and  Commutative  Laws  for  Addition. 

10.  In  the  preceding  articles  the  process  of  addition  has 
been  carried  out  from  left  to  right  from  number  to  number. 

=  +9  +  -8 

=  n. 

But  the  result  is  the  same  if  two  or  more  successive  num- 
bers be  associated  in  performing  the  additions. 

E.g.y     ^7  +  -3  +  C5-h-8)  =  +7  +  -3-h-3 

=  +4  -f  -3 
=  +1,  as  above. 

+7  +  (-3  -f  -^5  +  -8)  =  +7  +  (^2  -I-  -8) 

=  +1,  as  above. 

+7  +  (-3  +  +5)  -H  -8  =  +7  H-  -^2  +  -8 

=  -^9  +  -8 
=  "•"!,  as  above. 

The  parentheses  in  the  above  illustrations  indicate  that  the 
numbers  within  them  are  to  be  added  first,  and  the  resulting 
sums  then  added,  the  additions  in  each  case  being  performed 
from  left  to  right. 

The  preceding  examples  illustrate  the  following  principle : 

The  Associatiye  Law.  —  Tlie  sum  of  three  or  more  numbers  is 
the  same  in  whatever  way  successive  numbers  are  grouped  or 
associated  in  the  process  of  adding.     Or,  stated  symbolically, 

fl  +  *  -+-  c  =  a  -f-  (*  -f-  c) ; 
a+*-fc+</=fl+4  +  (<?+</)=fl+(*+c-|-</)=a+(6+c)-hrf. 

U.  In  an  indicated  addition,  the  number  on  the  right  of  the 
sign  +  is  to  be  added  to  the  number  on  its  left 

E.g.,  In  +5  +  "3,  =  +2, 

""3  is  added  to  +5 ;  while  in 

-3  +  ^5,  =  +2, 
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'*'5  is  added  to  "3.     But  the  result  is  the  same,  whichever  of 
the  two  numbers,  '''5  and  ~3,  be  added  to  the  other.    That  is, 

+6  4--3=-3-f+5. 

In  like  manner,  by  performing  the  indicated  additions  from 
left  to  right,  we  can  verify  that 

+4  +-7  +-3  -+-+2  =-7  -h+4  -h+2  +-3 

=+2 +-3 +-7 +-^4 
=  etc., 

in  which  the  numbers  to  be  added  are  commuted,  that  is,  the 
order  in  which  they  are  added  is  changed. 
The  above  examples  illustrate  the  following  principle : 

The  Commtttatiye  Law.  —  The  sum  of  two  or  more  numbers  is 
the  same  in  whatever  order  they  may  he  added.  Or,  stated  sym- 
bolically, 

=  d-{-G  +  *  +fl 

=  etc. 

12.  The  proof  of  the  principles  enunciated  in  Arts.  10  and  11  is  as 
follows : 

The  total  number  of  units  and  parts  of  units,  positive  and  negative,  in 
the  given  numbers  is  the  same  in  whatever  way  they  may  be  grouped  or 
arranged ;  a  given  number  of  positive  units  will  always  cancel  an  equal 
number  of  negative  units,  and  vice  versa ;  and  a  given  number  of  parts  of 
positive  units  will  always  cancel  an  equal  number  of  like  parts  of  nega- 
tive units,  and  vice  versa.  Therefore  the  final  result  will  be  the  same, 
whatever  order  or  way  of  associating  the  units  and  parts  of  units  may  be 
used. 

13.  Since  a  4-  6  =  6  +  a,  the  two  numbers  a  and  h,  when 
united  by  addition,  are  given  the  common  name  Summand. 

14.  The  Associative  and  Commutative  Laws  may  be  applied 
simultaneously. 

E,g.,  -2  ++4  +-3  +n  =  (-2  +-3)+(+4  -f  n)  =  -5  +"^5  =  0. 

In  general,  a  +  6  +  c  =  a  4- (<?  +  6)=  c  H-(a  -f  6),  etc. 
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15.  In  adding  three  or  more  numbers,  some  of  which  are 
positive  and  some  negative,  the  Commutative  and  Associative 
Laws  enable  us  to  employ  the  following  method : 

Add  all  the  numbers  of  one  sign,  then  all  the  numbers  of  the 
opposite  sign,  and  add  the  two  resulting  sums, 

E.g., 
-8  -f +3  +-6  4- -^7  ++3  =-8  -|--6  ++3  -^-"7  ++3  ="13  ++13  =  0. 

BXEBCISBS  VI. 

Find,  in  three  different  ways,  by  applying  the  Commutative 
Law,  the  values  of : 

1.  +18 +-4 ++2.      2.  +12+-13++1.       a  -20 +-3 -f +17. 

4.  -38 ++27+ +5 +-18.  5.  +72 +-18 +-4 ++9. 

Find,  in  the  most  convenient  way,  the  values  of : 
6.  +99+-16++1.  7.  -998+ +500 +-2. 

a  +333i+-125++66J. 

Find,  in  the  most  convenient  way,  the  value  of  a  +  6  +  c  +  d, 
9.  When  a  =-5,  b  =+100,  c  ="95,  d =+4. 
10.  When  a  =-763,  b=  +1000,  c  ="237,  d  ="3. 

Find  the  values  of  Exx.  4  and  5,  in  the  following  ways : 
U.  Associating  the  third  and  fourth  summands. 
12.  Associating  the  first  and  third  summands. 
la  Associating  the  second  and  fourth  summands. 

Find  the  values  of  the  following  expressions  by  the  method 
of  Art.  15 : 
14.   -^3 +-4 +-6 ++9 ++2.  15.  -5 ++7 ++19 +-15 +-22. 

la  -13++5+-15++8+-4.    i7.-(|)++(i)+-a)+-(|)++(i). 

16.  In  ordinary  Arithmetic  to  add  a  number  to  any  number 
increases  the  latter. 

E.g,,  7  +  4  =  11,  and  11  >  7. 

But  such  is  not  always  the  case  in  adding  one  algebraic 
number  to  another. 
E.g,,  +7  ++4  =+11  and  +7  +^4  =+3. 
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In  the  first  case  **"4  is  added  to  +7,  and  the  result,  ^11,  is 
greater  than  "*'7 ;  in  the  second  case  ~4  is  added  to  ■*"7,  and  the 
result,  +3,  is  less  than  "•"7. 

Also,  -7  +"^4  =-3  and  -7  4-~4  =-11. 

In  the  first  case  ■*^4  is  added  to  "7,  and  the  result,  ""3,  is 
greater  than  ~7 ;  in  the  second  case  "4  is  added  to  "7,  and  the 
result,  ""11,  is  less  than  "7. 

The  preceding  examples  illustrate  the  following  principle : 

To  add  a  positive  mimber  to  any  number  increoMS  the  latter; 
while  to  add  a  negative  number  to  any  number  decreases  the  latter. 

For,  +a++6=+(a  +  6), 
and  +(a  +  6)  >+(i,  by  Ch.  I.,  §  2,  Art.  19  (i.)  ; 

also,  if  a >  6,  -a++6  =-(a  —  &), 

and  -(a  -  6)>-a,  by  Ch.  L,  §  2,  Art.  19  (ii.)  ; 

finally,  if  a<  &,  ~a  ++6  =+(6  -  a), 
and    .  +(6  -  a)  >-a,  by  Ch.  I.,  §  2,  Art.  19  (ill.). 

Likewise,  if  a  >  6,        +a  +-&  =+(a  -  6), 
and  +(a  -  h)  <+a,  by  Ch.  L,  ^  2,  Art.  19  (i.)  ; 

also,  if  a  <  6,  +a  +-6  =-(6  —  a), 

and  -(6  -  a)<-^a,  by  Ch.  I.,  §  2,  Art.  19  (iv.)  ; 

finally,  a  +"6  =-(a  +  &), 

and  -*(a  +  ft)<-a,  by  Ch.  L,  §  2,  Art.  19  (ii.). 

17.   The  results  of  Art.  16  may  also  be  stated  thus : 

(i.)  The  sum  of  two  algebraic  numbers  is  greater  than  either  of  them 
when  both  are  positive. 

E.g.,  +7 ++4  =+11,  and +11  > +7,  +11  > +4. 

(ii.)  The  sum  of  two  algebraic  numbers  is  less  than  either  of  them 
when  both  are  negative. 

E.g.,  -7  +-4  =-11,  and  -11  <-7,  -11  <-4. 

(iii.)  When  one  of  two  algebraic  numbers  is  positive  and  the  other 
negative,  their  sum  is  less  than  the  positive  number  but  greater  than  the 
negative  number. 

E.g.,  +7 +-4  =+8,  and +3  < +7,  +3>-4. 
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Property  of  Zero  in  Addition. 

18.  We  have  +3 ++2 +-2  =^3. 

But  -^3  +■'2  +-2  =  +3  +  C2  +-2),  by  Assoc.  Law, 

=  +3  +  0,  since  +2-|--2  =  0. 

Therefore,  by  Axiom  (iv.),  +3  +  0  =  +3. 

In  general,  -^ + "'^a  -f ""«  =  -^. 

But  N-h-'a  +-tt  =  N+(-^a  +-a)=  iV^+0. 

Therefore,  by  Axiom  (iv.),    N+0  =  N:^  (i.) 

From  (i.),  by  the  Commutative  Law, 

0-\-N=N.  (ii.) 

In  particular,  0  +  0  =  0.  (iii.) 

19.  The  following  principle  will  be  useful  in  subsequent 
work: 

If  ike  same  number  or  equal  numbers  be  added  to  equal  num- 
bers, the  sums  will  be  equal. 

If  a  =  6,  and  A  =  B,  then  a-{-  A  =  b-^  B. 

For,  a  +  -4  =  a  +  ^  by  Axiom  (i.).  (1) 

Since  6  =  a,  and  B  =  Aj-we  can,  by  Axiom  (iii.),  substitute  b 

for  a,  and  B  for  A,  in  the  second  member  of  (1).     We  thus 

obtain 

a  +  A  =  b  +  B. 

§2.  SUBTRACTION  OF  ALGEBRAIC  NUMBERS. 

1.  Subtraction  is  the  inverse  of  addition.  In  addition  two 
numbers  are  given,  and  it  is  required  to  find  their  sum.  In 
subtraction  the  sum  and  one  of  the  numbers  are  given,  and 
it  is  required  to  find  the  other  number. 

As  in  ordinary  Arithmetic,  the  given  sum  is  called  the  Minu- 
end, the  given  number  the  Subtrahend,  and  the  required  num- 
ber the  Remainder. 

Ex.  1.    Subtract  -^3  from  +7  +  +3. 

We  have  (-^7  +  ""3)  -  +3  =  +7,  by  the  definition  of  subtrac- 
tion. 
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Ex.  2.    Subtract  +7  from  (+7  +  +3). 

We  have  (+7  +  +3)  -  +7  =  +3,  by  the  definition  of  subtrac- 
tion. 

Ex.  3.  Subtract  "2  from  +9  +  -2. 

We  have  ("^9  +  "2)  —  "2  =  +9,  by  the  definition  of  subtrac- 
tion. 

Ex.  4.  Subtract  -2^  from  -4 J  -f  "2f 

We  have  (-4 J  -f  -2^)  -  "2^  =  -4 J,  by  the  definition  of  sub- 
traction. 

That  is,  if  from  the  mim  of  two  numbers  either  of  the  numbers 
be  subtracted,  the  remainder  is  the  other  number. 

In  general,  if  the  given  sum  be  a  -f-  6,  we  have,  by  the  defi- 
nition of  subtraction, 

{a^b)^b^a,  (1) 

and  (m-  6)  -  a  =  6.  (2) 

2.  It  follows  directly  from  (1)  and  (2),  Art.  1,  that : 

(i.)    The  minuend  is  equal  to  the  sum  of  the  subtrahend  and 
the  remainder. 

(ii.)    The  subtrahend  is  equal  to  the  mijiuend  minus  tlie  re- 
mainder. 

BXBBOISBS  VII. 

Find  the  results  of  the  following  indicated  subtractions : 

1.  (+2-h-^9)-+2.        2.  (+2-f+9)-+9.  3.  (+4-f-6)-+4. 

4.  (-»-4-h-5)--5.        5.  (-7-f-ll)--7.  a  (-7 +-11) --11. 

7.  (+a++l)-+a.        a  (+a-|-n)--n.  9.  (-x+-7)--aj. 

10.  (-fl?+-7)--7.       11.  (-m-h+?i)  — -m.  12.  (-m-|-+?i)— +n. 

13:  (-2 + -3 -f- +8) -(-2  4- -3).  14.  (-2-h-3-h+8)-+8. 

Find  the  result  of  subtracting 
15.  +5  from  -7-h+6.  la  "19  from  +11 +  -19. 

17.  +x  from  +3++a;.  la  ^7  from  -a++7. 

19.  ~m  from  ~S+~m.  20.  "11  from  "a+'ll. 

21.  +4+-5  from  +4+-6++6.      22.  -0++6  from  +c+-a++6. 


j 
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3.  The  minuend  is^  as  a  rule,  a  single  niimber,  and  does  not 
appear  as  a  sum  of  two  numbers,  one  of  which  is  the  given 
subtrahend. 

We  must,  therefore,  derive  from  the  definition  of  subtraction 
a  principle  which  will  enable  us  to  subtract  any  one  number 
from  any  other. 

Ex.  1.   Subtract  +5  from  +7. 

In  "^7  —  +5,  the  minuend,  "'"Z,  is  to  be  expressed  as  the  sum 

of  two  numbers,  one  of  whidi  is  '*"6.     But  since  "6  +  '^'S  =  0,  and 

+7  =  +7  4-  0,  we  have 

+7  =+7 -f  (-5+^5) 

=  C7  -f -5)  -|-'*'5,  by  Assoc.  Law. 

That  is,  ~^7  is  the  sum  of  the  given  number,  '''5,  and  the 
number  +7  H-  "6.  Therefore,  by  the  definition  of  subtraction, 
"*"7  +  "6  is  the  required  remainder ;  or 

+7  -+5  =  [(-^7  +-5)  -f-'5]-+6 
=  +7 +-5  =+2. 

That  is,  to  subtract  "^ 5  from  +7  is  equivalent  to  adding  "5  to  +7. 

Ex.  2.   Subtract  "6  from  +7. 

In  +7  —  ~5,  the  minuend,  "♦"7,  is  to  be  expressed  as  the  sum 
of  two  numbers,  one  of  whicli  is  "6.  But  since  +5  -|-  ~6  =  0, 
and  +7  =  +7  +  0,  we  have 

+7=+7-f  C5+-5) 

=  ("^7  -I-+5)  -I--5,  by  Assoc.  Law. 

That  is,  "^7  is  the  sum  of  the  given  number,  ~5,  and  the 
number  "•"7  +  "'^S.  Therefore,  by  the  definition  of  subtraction, 
•^7  +  "^5  is  the  required  remainder ;  or 

+7  -  -5  =  [(+7  +  -^5)  +  -6]  -  -5. 

=+7-1- +5  =+12. 

That  is,  to  subtract  ~5  from  ■*'7  is  equivalent  to  adding  "*"5  to  "•"7. 

The  preceding  examples  illustrate  the  following  principle 
of  subtraction: 

To  8ubtra>ct  one  number  from  another  number,  reverse  the  sign 
of  quality  of  the  fortner  {the  subtrahend),  from  -^  to  —yor  from 
—  to  -f ,  and  add. 
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Or,  stated  symbolically, 

E.g.,  +2-^3  =+2 +-3,  ="1. 

+2 --3  =+2 ++3,  =+5. 
-2-+3=-2+-3,  =-5. 
-2 --3  =-2  4-^3,  =+1. 

4.   The  proof  of  the  principle  enunciated  in  Art.  3  is  as  follows : 
Let  N  denote  any  number  positive  or  negative.    Then  in 

J\r  is  to  be  expressed  as  the  sum  of  two  numbers,  one  of  which  is  +&. 
But  since        -6  ++6  =  0  and  iV  =  JV  +  0,  we  have 

J\r=iV+(-6++6) 

by  the  Associative  Law. 

That  is,  iVis  the  sum  of  the  given  number,  +&,  and  the  number  iV+~~&' 
Therefore,  by  the  definition  of  subtraction,  N+-h  is  the  required  re- 
mainder; or 

/y-+6  =  /lf+-6.  (1) 

That  is,  to  subtract  +b  from  N  (any  number)  is  equivalent  to  adding 
-b  to  N. 

In  .V--6, 

iV'  is  to  be  expressed  as  the  sum  of  two  numbers,  one  of  which  is  — 6. 

But  since         +6  +-6  =  0  and  iV=  iV  -|-  0,  we  have 

JV^=2V  +  (+6+-?>) 

by  the  Associative  Law. 

That  is,  JVis  the  sum  of  the  given  number,  -6,  and  the  number  iV++6. 
Therefore  by  the  definition  of  subtraction,  iV++&  is  the  required  re- 
mainder; or 

ilf--6  =  ilf++6.  (2) 

That  is,  to  subtract  "b  from  N  {any  number)  is  equivalent  to  adding 
+bto  N. 

BXBBCISES  VIII. 

Find  the  results  of  the  following  indicated  subtractions  : 
1.     +18-     +5.  2.  -28-  +17.  3.  +105-  +14. 

4.  -204- +203.  5.     +7-     +8.  6.     +11-  +25. 
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7.     +20-  +30.  a  +41-  -50.  9.     +5-     "18. 

10.     -30-  -35.  U.  -66--100.  12.  -108--110. 

13.     -3-  -2.  14.  -108 --59. 

15.  -85 --79.  16.     +44 --40. 

Subtract 
17.     -5  from    -8.         la  +11  from    "6.        19.  +19  from  -27. 
20.  -16  from  +11.         21.  -33  from  -52.        22.     "1  from  +10. 
2a     +3  from  +a,  when  a  >  3.     24.  +3  from  +a,  when  a  <  3. 
25.  -17  from  -«,  when  a;  >  17.  26.  -17  from  "x,  when  x  <  17. 
27.  -11  from  +x.  2a   +14  from  -y, 

29.  +m  from  +3,  whenm  >  3.      30,   +«i  from  +3,  when  m  <  3. 
31.   -n  from  "17,  when  n  >  17.  32.  'n  from  -17,  when  n  <  17. 
33.  -w  from  +9.  34.  +v  from  -11. 

What  is  the  value  of  m  —  n, 
35.  Whenm  =+4,  ?i=+3? 
37.   ^Vhenm=-7,  n=+8? 
39.  When  m  =-4,  ?i  =-9  ? 

What  is  the  value  of  +a  —  +&, 
41.  When  a  =  7,  6  =  4? 

What  is  the  value  of  +a  —"6, 
43.  When  a  =  1,  6  =  2? 

What  is  the  value  of  -a  — +6, 
45.  When  a  =  7,  6  =  11  ? 

What  is  the  value  of  -a  —  "6, 
47.  When  a  =  2,  6  =  5? 


36.  When  m  =+5,  n  =+6 ? 
3a  Whenm  =-11,  n=+3? 
40.  When  m  =-8,  ?i  =-2  ? 

42.  When  a  =  3,  6  =  5? 

44.  When  a  =  7,  6  =  8? 

46.  When  a  =  3,  6  =  8? 

4a  When  a  =  8,  6  =  4? 


5.  The  following  illustrations  may  help  the  student  to  under- 
stand the  two  relations : 

JVT- +a  =  ^-f-~a  and  1^ --a  =  :^ -\--^a, 

Ex.  1.  A  man's  net  profits  last  year  were  1200  dollars.  This 
year  his  income  is  150  dollars  less,  and  his  expenditures  are 
the  same.     What  are  his  net  profits  for  this  year  ? 
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This  yearns  net  profits  are  equal  to  last  year's  net  profits  minus 
150  doUars  income. 

If  net  profits  and  income  be  taken  positively,  and  expendi- 
tures negatively,  the  last  statement,  expressed  algebraically,  is 

+1200  -+150  =+1200  +-150. 

That  is,  to  take  away  150  dollars  income  is  equivalent  to  add- 
ing 150  doUars  expenditures, 

Ex.  2.  A  man's  net  profits  in  business  last  year  were  1200 
dollars.  This  year  his  income  is  the  same  and  his  expendi- 
tures are  150  dollars  less.  What  are  his  net  profits  for  this 
year? 

This  year's  n£t  profits  are  equal  to  la^t  year's  net  proJUs  minus 
150  dollars  expenditures. 

The  algebraic  statement  of  this  relation  is 

+1200  --150  =+1200  -I-+150. 

That  is,  to  take  away  150  doUars  expenditures  is  equivalent  to 
adding  150  dollars  profits, 

6.  The  following  examples  illustrate  the  meaning  of  results 
in  the  subtraction  of  algebraic  numbers. 

Ex.  1.  Two  men,  A  and  B,  starting  from  the  same  point,  P, 
walk  at  different  rates  in  the  same  direction,  A  8  miles  to  the 
point  Q,  B  11  miles  to  the  point  R,  How  far  is  B  then 
from  A? 

+11 


oR(B) 


+8  QiA)      +8 

Fig.  1. 

As  we  have  seen  in  Chapter  I.,  distances  in  one  and  the 
same  direction  may  be  represented  by  numbers  of  the  same 
sign.  Let  distances  toward  the  right  be  taken  positively,  as 
in  Fig.  1,  and  consequently  distances  toward  the  left  nega- 
tively. 
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The  distance  of  B  from  A  is  then  represented  by  QR,  and 

QB==PR-PQ 
=+11- +8 
=+3. 

The  positive  result,  +3,  shows  that  B  is  3  miles  to  the  rigJU 
of  A. 

In  general,  however  far  either  may  walk,  the  distance  of  B 
from  A  will  always  be  obtained  by  subtracting  A's  distance 
from  the  starting  point  from  B's  distance  from  the  same  point. 

Ex.  2.  If  A  walks  15  miles  and  B  walks  11  miles,  both  to 

the  right,  their  distances  from  P  are  still  both  positive,  as  in 

Fig.  2. 

+16 

■  Po  o  o  Q(A) 

+11  B{B)      -4 

Fio.  2. 

We  then  have  QR  =  PR-  PQ 

=+11 -+16 

=-4. 
The  negative  result,  "4,  shows  that  B  is  now  4  miles  to  the 
left  of  A. 

Ex.  a  If  A  walks  8  miles  to  the  right  and  B  walks  11  miles 
to  the  left,  A's  distance  from  P  is  positive  and  B's  distance 
from  P  is  negative,  as  in  Fig.  3. 

-19 


(B)Bo  9 —  o  «(^4) 

-11  P  +8 

Fio.  3. 

We  then  have  QR  =  PR-  PQ 

=-11  -+8 
=  19. 
The  negative  result,  ~19,  shows  that  B  is  now  19  miles  to  the 
left  of  A. 
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Ex.  4.  If  A  walks  8  miles  to  the  left  and  B  walks  11  miles 
to  the  right,  A's  distance  from  P  is  now  negative  and  B's  dis- 
tance from  P  is  now  positive,  as  in  Fig.  4. 

+19 

{A)  Qo  o-  ^^B{B) 

-8  P  +11 

Fio.  4. 

We  then  have  Q5  =  PB  -  PQ 

=+11  --8 
=+19. 

The  positive  result,  +19,  shows  that  B  is  now  19  miles  to  the 
right  of  A. 

Ex.  5.  Finally,  if  A  walks  8  miles  to  the  left  and  B  11  miles 
to  the  left,  their  distances  from  P  are  both  negative,  as  in 
Fig.  5. 


-11 


(B)i?cv 


-3      A{q)  -8 

Fig.  5. 

We  then  have  QR^^PR-  PQ 

=  -11  --8 
=-3. 

The  negaiive  result,  '3,  shows  that  B  is  3  miles  to  the  left 
of  A. 

Thus,  however  far  the  men  may  walk,  or  in  whichever  direc- 
tion (along  one  and  the  same  line),  a  uniform  method  of  ob- 
taining the  distance  of  B  from  A  leads  to  iutelligible  results. 
They  therefore  give  intelligible  meanings  to  all  the  principles 
of  subtraction. 

BXBBCI8BS  IX. 

1.  A's  assets  are  3100  dollars  and  B*s  are  2700  dollars. 
What  number  expresses  the  excess  of  A's  assets  over  B's,  if 
assets  be  taken  positively  ?  What  number,  if  assets  be  taken 
negatively  ? 
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2.  A's  assets  are  a  dollars  and  B's  are  b  dollars.  What 
number  expresses  the  excess  of  A's  assets  over  B's,  if  assets 
be  taken  positively  ?  What  number,  if  assets  be  taken  nega- 
tively ? 

What  are  the  meanings  of  the  results  of  Ex.  2, 

3.  When  a=3500,  6=2750  ?       4.  When  a=2000,  6=2000  ? 

5.  When  a  =  2600,  b  =  3000  ? 

6.  A's  assets  are  2000  dollars,  and  B  owes  500  dollars. 
What  number  expresses  the  excess  of  A's  fortune  over  B's,  if 
assets  be  taken  positively  ?  What  number,  if  debts  be  taken 
positively  ? 

7.  The  temperature  within  a  room  is  65^  above  zero,  and 
out  of  doors  it  is  3°  below  zero.  What  number  expresses  the 
excess  of  temperature  within  the  room  over  that  out  of  doors, 
if  temperature  above  zero  be  taken  positively  ?  What  number, 
if  temperature  below  zero  be  taken  positively  ? 

a  The  temperature  in  Chicago  on  a  certain  day  was  a°  and 
in  Philadelphia  6°.  What  number  expresses  the  excess  of 
temperature  in  Chicago  over  that  in  Philadelphia? 

What  is  the  meaning  of  the  result  of  Ex.  8,  taking  tem- 
perature above  zero  positively, 

9.  When  a  =+90,  b  =+68  ?      10.  When  a  =+65,  b  =+98  ? 
U,  When  a  =-12,  6  =-4?        12.  When  a  ="5,    6  ="8? 
13.  When  a  =+5,    b=  2?        14.   When  a  ="6,    6  =+3? 

15.  Two  trains,  on  a  north-and-south  track,  start  at  the  same 
time  from  the  same  station.  After  a  certain  time  the  first  is 
a  miles  and  the  second  is  b  miles  from  the  starting  point. 
How  far  is  the  first  train  then  from  the  second  ? 

What  is  the  meaning  of  the  result  of  Ex.  15,  taking  dis- 
tances north  positively, 

16.  When  a  =+50,  6  =+32?      17.  When  a  =+75,  6  =+81  ? 
la  When  a  =+40,  6  =-20?      19.   When  a  =  "32,  6  = +58  ? 

20.   When  a  =  "63,  b  =  '55? 
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21.  The  city  A  is  in  latitude  a®  and  the  city  B  is  in  latitude 
6®.  What  number  expresses  the  difference  in  latitude  between 
A  and  B  ? 

What  is  the  meaning  of  the  result  of  Ex.  21,  taking  lati- 
tude south  positively, 

22.  When  a  =+22,  b  =+17  ?  23,  When  a  =+28,  6  =+21  ? 

24.  When  a  =+44,  6  =-4?  25.  When  a  ="23,  6  =+11? 

2&  When  a  =-14,  6  =-16? 

Saoceasive  Addittons  and  Bubtracttons. 

7.  Successive  subtractions  are  carried  out  by  applying  the 
principle  of  subtraction  at  each  step  of  the  process. 

E.g.,  +7  --2  ~+4  --8  =+9  -+4  -"8 

=+5 --8 
=+13. 

In  like  manner  successive  additions  and  subtractions  are 
performed. 

E.g.,  +9  +  -5  -  +2  +  -"4  =  +4  -  +2  ++4 

=+2  ++4 

=+6. 

8.  The  following  definition  is  based  upon  the  principle  that 
every  operation  of  subtraction  is  equivalent  to  an  operation  of 
addition. 

An  Algebraic  Sum  is  an  expression  which  consists  of  a  chain 
of  indicated  additions  and  subtractions. 

E,g.,  a  —  b,x-^y  —  z,  etc.,  are  algebraic  sums. 

BXERCISBS  X. 

Find  the  results  of  the  following  indicated  operations : 
1.  -2-|--'3-+4.         2.  +11-+13  4--12.         3.  -7--ll-f-2. 
4.  +5_-3  4.-i5_+27.  5.  -11 --12 +-16 -+29. 

Add 
a  +5  to  -8  --3.       7.  -2  to  +17  --4.       a  -6  to  "12  +-3. 
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Subtract 

9.  -8  from  +16 --12.  10.  +7  from  --8 -+15. 

U.  -9  from  +8  +"4. 

Find  the  results  of  the  following  indicated  operations,  first 
uniting  the  numbers  within  the  parentheses : 

12.  (-2  --6)4-(-6  H-+3).  13.  (+8  --2)H-(-ll  -+2). 

14.  (+18  4--2) - (+8  --2).  15.  (+11  --8) - (-2  -+3). 

Add 

16.  -2  +-3  to  +4  --6.  17.  +6  --5  to  -15  --2. 

Subtract 

la  -2  -f-~3  from  "12  -+18.      19.  +4  --6  from  -19  ++17. 

What  is  the  value  of  a  —  6, 

2a  When  a  =-2  +"3,   6  =+11  -+4  ? 

21.  When  a  =+5 --4,  6=-18-+7? 

What  is  the  value  of  +a  — +6  —  "c  +"d, 

22.  When  a  =  l,     6  =  2,     c  =  4,  d  =  7? 

23.  When  a  =  19,  6  =  14,  c  =  9,  d  =  4  ? 

What  is  the  value  of  a  +  6  —  c  —  d+e, 

24.  When  a^-'o,  6  ="6,  c=+7,  d=-8,  e=+9? 

25.  When  a  =-4,  6  ="7,  c=-5,   d=+8,  e=-9? 

What  is  the  value  of  a  — 6,  wherein  a=m+n  and  b=p—q, 

26.  When  m=-l,  n=+2,  p=-3,     9= +4? 

27.  When  m=+5,  n=-e,  p=~ll,  g=-12? 

2a  A's  assets  are  1500  dollars  and  his  liabilities  are  100 
dollars ;  B's  assets  are  1200  dollars  and  his  liabilities  are  130 
dollars.  What  number  expresses  the  excess  of  A^s  fortune 
over  B's,  if  assets  be  taken  positively  ?  What  number,  if  liar 
bilities  be  taken  positively  ? 

29.  In  the  morning  the  thermometer  registered  62°  above 
zero;  by  noon  it  had  risen  6^  by  3  o'clock  it  had  risen  4° 
more,  and  by  8  o'clock  it  had  fallen  5°.    What  number  ex- 
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presses  the  temperature  at  8  o'clock,  if  rises  in  temperature  be 
taken  positively?  What  number,  if  falls  in  temperature  be 
taken  positively  ? 

9.  It  is  frequently  desirable  to  speak  of  a  number  as  an 
additive  or  a  subtradive  number;  that  is,  as  a  number  to  be  added 
or  subtracted.  In  that  case  we  prefix  the  corresponding  sign 
of  operation  to  the  number,  and  understand  that  it  is  to  be 
added  to  or  subtracted  from  any  number,  including  0,  that  may 
be  placed  on  its  left.     Thus, 

-^"^2  means        addpos.  2  and  +~2  means         add  neg,  2 ; 

--■*"2  means  subtract  pes.  2  and  —"2  means  subtraA^t  neg,  2. 

In  general, 

-f"*^6  means         addpos,  b  and  -|-~6  means        add  neg.  h. 

—"^b  means  subtract  pos.  b  and  —~b  means  subtra^^  neg.  b. 

Since  to  subtract  any  number  is  equivalent  to  adding  its  oppo- 
site, we  have 

—+6  = +-6  and  --6  =  ++6, 

in  accordance  with  the  meanings  given  above. 

10.  If  an  additive  or  subtractive  number  stand  first  in  a 
chain  of  additions  and  subtractions,  or  first  within  parentheses, 
it  may  be  regarded  as  added  to  or  subtracted  from  0.    Thus, 

iVr+(++2  -+3)=  i\r  +  (0  ++2  -+3), 

jVr+(-+2  -+3)=  N+(0  -+2  -+3). 

The  sign  of  operation  of  an  additive  number  in  such  a  case 
may  be  omitted. 
E,g,,  iV+(4--3)  =  iV'4--3. 

The  Associative  and  Commutative  Laws  for  Subtraction. 

11.  Since  every  operation  of  subtraction  is  equivalent  to  an 
operation  of  addition,  it  follows  that  the  Associative  and  Com- 
mutative Laws  which  were  proved  for  addition  hold  also  for 
subtraction,  and  for  successive  additions  and  subtractions. 
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Ex.  1.       +^8  --^3  =  +^8  +-3,  since  -+3  =  +"3 

=  +-3  -h+8,  by  Comm.  Law 

=  -+3  ++8,  since  -f  "3  =  -"^3. 

Observe  that  in  changing  the  order  of  the  operations  the  sign 
of  operation,  -\-  or  —,  must  be  transferred  with  ea^h  number.  In 
a  chain  of  additions  this  precaution  was  unnecessary,  since  in 
that  case  all  the  signs  of  operation  were  the  same,  namely,  +. 

Ex.  2.    +9  --5  +-2  -+4  =n4  -f -2  -+4  =-^12  -+4  =  +  8, 
the  successive  operations  being  performed  from  left  to  right. 

Or,  in  a  different  order, 

+9  +-2  --5  -+4  =+7  --5  -+4  =+12  -+4  =+8,  as  above. 

Or,  in  a  still  different  order, 

+9  -+4  --5 -f--2  =+5  --5  +-2  =+10  +"2  =+8,  as  above. 

As  an  illustration  of  the  Associative  Law,  let  the  second  and 
third  numbers  of  Ex.  2,  as  first  written,  be  associated.  As  in 
applying  the  Commutative  Law,  the  numbers  must  be  taken 
with  their  signs  of  operation. 

Thus,  --5  -h-2  =  +-^5  +-2  =  ++3. 

Consequently,  in  this  way  of  associating  the  numbers,  we 

have 

+9  --5  -I- -2  -+4  =+9  ++3  -+4  =+12  -+4  =+8,  as  above. 

Or,  associating  the  third  and  fourth  numbers,  we  have 

+-2  -+4  =  +-2  -f -4  =  -f--6. 
Consequently, 

+9  __-5  -I- -2  -+4  =+9  --5  +-6  =+14  -f-6  =+8,  as  above. 

The  method  of  applying  the  Associative  Law  can,  however, 
be  simplified  by  a  proper  use  of  parentheses.  We,  therefore, 
in  the  next  article,  consider  the  simpler  cases  of  the  use  of 
parentheses. 

EXBRCI8BS  XI. 

Find  in  three  different  ways,  by  applying  the  Commutative 
Law,  the  values  of : 

1.   +8-f-3-+4.         2.   -17 -+12 -f -5.  3.  +28 --14 +-2. 

4.  +4-+2-h-l.         5.  +4--3-+4+^3-+o+-7--8-+ll. 
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6.  -31  --17  -h-36  -I-+46  -"ll  -+19  -f  "49  +-^11. 

7.  -45-h-^31--15-+12+-5--9-»--8++4. 

Find,  in  the  most  convenient  way,  the  values  of : 
a  +103--12-+3.  9.   -799--11+-1. 

la  -388+-804-+12--4. 

Find,  in  the  most  convenient  way,  the  value  of  a  —  6  -f  c  —  d, 
U.  When  a  =+188,  6  ="12,  0=104,  d=-4. 
12.  When  a  =+507,  6  ="95,  c=-7,  d=-5. 
Find  the  values  of  Exx.  6  and  7  in  the  following  ways : 
la  Associating  the  third  and  fourth  summands. 

14.  Associating  the  second,  fifth,  and  eighth  summands. 

15.  Associating  the  first,  third,  seventh,  and  eighth  sum- 
mands. 

la  Associating  the  first  and  third,  and  the  fifth  and  seventh 
summands. 

Removal  of  Parentheaes. 

12.  Pai'entheses  have  already  been  used  to  inclose  an  ex- 
pression which  is  to  be  treated  as  a  single  number.     Thus, 

+7  _-  (+5  _+2) 

means  that  the  result  of  the  operation  +5  — +2  is  to  be  sub- 
tracted from  +7,  or 

+7  -  (+5  _+2)  =+7  -+3  =+4. 

But  if  the  parentheses  be  omitted  from  the  above  expres- 
sion, we  have 

+7  -+6  -+2  =+2  -+2  =  0,  not  +4,  as  above. 

It  will  now  be  shown  how  parentheses  may  be  removed 
without  changing  the  value  of  the  expression. 

13.  We  have  +9-f- (+5 -f +6)  =+9 -f +5 +-^6, 

since  to  add  the  sum  +5  -|-+6  is  equivalent  to  adding  succes- 
sively the  single  numbers  of  that  sum. 

Again,  +9  +  (+5  -+6)  =+9  +  (+5  -h  -6),  since  -+6  =  +"6, 

=  +9  -f-^o  -{-"6,  removing  parentheses, 
=+9  ++5  _+6,  since  +"6  =  -+6. 
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The  preceding  examples  illustrate  the  following  principle : 

When  the  sign  of  addition^  -{-,  precedes  parentheses^  they  may 
be  removed,  and  the  signs  of  operationj  -|-  and  —,  within  them  be 
left  unchanged  ;  that  is^ 

^  +  (a  +  6)  =  *-f  a-h*, 
irH-(a-6)  =  ^  +  a-*, 
^-|-(fl  +  A  —  c)  =  ^  +  a  +  6  —  c,  etc. 

For,  iV'-f  (+a-|-+6)=  JV-|.+a  +  +6, 

since  to  add  the  sum  +a  +  +&  is  equivalent  to  adding  successively  the  single 
numbers  of  that  sum. 

A'  +  (+a-+6)=  Ar  +  {+a+-6),  siuce  -+6  =  +  -6, 

=  JV-|-+a  +-6,  removing  parentheses, 

=  JV++a  — +6,  since  -\--b  =  — +5. 

Evidently  the  preceding  proofs  do  not  depend  upon  the  signs  of  quality 
of  the  numbers  within  the  parentheses,  nor  upon  how  many  numbers  are 
inclosed. 

14.  We  have   +9 -(+5 ++6)  =+9- +5- +6, 

since  to  subtract  the  sum  +6  -h+6  is  equivalent  to  subtracting 
successively  the  single  numbers  of  that  sum. 

Again,  +9  -  (+5  -  +6)  =+9  -  (+6  -f--6),  since  -+6  =  +-6, 

=+9  —  "^5  —  ~6,  removing  parentheses, 
==+9  -+5  -\--^6,  since  -"6  =  ++6. 

The  preceding  examples  illustrate  the  following  principle : 

When  the  sign  of  subtraction,  ^ ,  jjrecedes  parentheses,  they  may 
be  removed,  if  the  signs  of  operation  within  them  be  reversed  from 
-^  to  —,  and  from  —  to  -{- ;  that  is, 

^-(-ffl-h*)  =  ^-a-6, 

ll  —  (a  +  b  —  c)  =  ll/—  a—b  +  c,  etc. 

For  iV-(+a  4+6)=  N--^a  -+6, 

since  to  subtract  the  sum  +a  ++6  is  equivalent  to  subtracting  successively 
the  single  numbers  of  that  sum. 
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JV~(+a  -+6)=  J\r-(+a  +-6),  since  -+6  =  +-ft, 

=  JV— +a  —~bj  removing  parentheses, 

=  JV-+a  ++6,  since  --6  =++6. 

Evidently  the  preceding  proofs  do  not  depend  upon  the  signs  of  quality 
of  the  numbers  within  the  parentheses,  nor  upon  how  many  numbers  are 
inclosed. 

BXSBCI8BS  Xn. 

Find  the  values  of  the  following  expressions,  first  removing 
parentheses : 

1.  +12 -f  (+4  4- -6).  2.  -16 +  (-6- +2). 

a  -22 -h  (+1H--2).  4.  -12 +  (-4 --6). 

5.  +28 +  (-5- +6).  a  +18  +  (-2 +-3 --6). 

7.  +8  +  (-2 -+3) -h  (+6 --6).         a  +11  -  (+12 +-5). 

a  -13  -  (-11 +-3).  la  +15-(-6-+2). 

11.  -i7_(-3_-5).  12.  -21  -  (-4 +-6 --6). 

la  +14 -(+6- +6 --7). 

14.  +6  -  (+8  -+2)  -h  (-12  -+8)  -  (-2  +*-^). 

15.  m-\-(n  —J?),  when  m  =-4,  n  ="6,  p  =+5. 

la  05  —  (y  —  «),  when  a? =+3,  y  =~4,  2  =+6. 

17.  a  —  (6  -f-  c)  +  (d  —  e),  when  a  ="5,  6  =-6,  c  =  +7,  d  ="8, 
c=-9. 

InaertlGii  of  Parentheses. 

15u  The  insertion  of  parentheses  is  the  converse  of  the 
process  of  removing  them. 

(i.)  An  eoopreasion  may  he  indoaed  within  parentheses  pre- 
ceded by  the  sign  of  addition,  if  the  signs  of  operation,  -f-  and  — , 
preceding  the  numbers  indosed  within  the  parentheses  remain 
unchanged. 

E,g.,    ++7  -+6  +-3  --4  =  -f +7  +  (-■'S  +-3  --4) 

=  4.+7-+5-f  (+-3--4) 
=  ++7-+5-f-3  +  (--4). 

(ii.)  An  expression  may  be  inclosed  within  parentheses  pre- 
ceded by  the  sign  of  subtraction,  if  the  signs  of  operation  preceding 
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the  numbers  inclosed  within  the  parentheses  he  reversed^  from 
4-  to  —  and  from  —  to-\-, 

E.g.,    ++7  -+5  -h-3  --4  =  ++7  -  (++5  --3  +"4) 

=  ++7«+5-(--3+-4) 

=  ^.n-+5+-3-(+-4). 

The  insertion  of  parentheses  is  a  direct  application  of  the 
Associative  Law. 

EXBRCISBS  XIII. 

Insert  parentheses  in  the  expression  "^8  —  ~6  H-~3  —"^7, 

1.  To  inclose  the  last  three  numbers  preceded  by  the  sign  -|-; 
preceded  by  the  sign  —. 

2.  To  inclose  the  last  two  numbers  preceded  by  the  sign  -j-; 
preceded  by  the  sign  — . 

3.  To  inclose  the  first  and  third  numbers  preceded  by  the 
sign  -f ;  preceded  by  the  sign  — . 

Insert  parentheses  in  the  expression  — +15  —  ■*^46  ++29  -|-~37 
--42, 

4.  To  inclose  the  first  and  third  numbers  preceded  by  the 
sign  -h;  preceded  by  the  sign  — . 

5.  To  inclose  the  second,  third,  and  fifth  numbers  preceded 
by  the  sign  -f ;  preceded  by  the  sign  —. 

6.  To  inclose  the  first,  fourth,  and  fifth  numbers  preceded 
by  the  sign  4-,  and  the  second  and  third  preceded  by  the 
sign  — ;  the  first,  fourth,  and  fifth  numbers  preceded  by  the 
sign  — ,  and  the  second  and  third  preceded  by  the  sign  +. 

16.  In  ordinary  Arithmetic,  to  subtract  a  number  from  any 
number  decreases  the  latter. 

E,g.,  7  -  4  =  3,  and  3  <  7. 

But  such  is  not  always  the  case  in  subtracting  one  algebraic 
number  from  another. 

E.g-y  "-7  -'^4  =+3,  and  +7  -"4  =+11. 

In  the  first  case  +4  is  subtracted  from  +7,  and  the  remainder, 
+3,  is  less  than  +7 ;  in  the  second  case  ""4  is  subtracted  from  +7, 
and  the  remainder,  +11,  is  greater  than  +7. 
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Also,  -7  -+4  =-11,  and  "7  --4  =-3. 

In  the  first  cases  ■*"4  is  subtracted  from  ~7,  and  the  remainder, 
-11,  is  less  than  ~7 ;  in  the  second  case  "4  is  subtracted  from 
"7,  and  the  remainder,  -3,  is  greater  than  ~7. 

The  preceding  examples  illustrate  the  following  principle : 

To  subtract  a  positive  number  from  any  number  dec7'eases  the 
latter;  while  to  subtract  a  negative  number  from  any  number 
increases  the  latter. 

For,  if  a  >  6,  +a  -+6  =+(a  -  6), 

and  +(a  -  h)  <+a,  by  Ch.  I.,  §  2,  Art.  19  (i.)  ; 
aUo,  if  a  <  6,  +a  — +6  =-(6  -  a), 

and  -(6  -  a)  <+a,  by  Ch.  I.,  §  2,  Art.  19  (iv.)  ; 
finaUy,  -a  -+6  =-(o  +  6), 

and  -(a  +  6)  <-a,  by  Ch.  I.,  §  2,  Art.  19  (U.). 

Likewise,  +a  —  ~6  = + (a  +  6) , 

and  +(a  +  6)  >+a,  by  Ch.  I.,  §  2,  Art.  19  (i.)  ; 
also,  if  o  >  6,  -a  —-6  =-(a  —  6), 

and  -(a  -  h)  >~a,  by  Ch.  I.,  §  2,  Art.  19  (U.)  ; 
finally,  if  a  <  6,  -a  --6  = + (6  -  a), 

and  +(6  -  a)  >-a,  by  Ch.  I.,  §  2,  Art.  19  (iii.). 

17.  The  results  of  Art.  16  may  also  be  stated  thus  : 

(i.)  The  remainder  of  subtracting  one  algebraic  number  from  another 
is  less  than  the  minuend  when  the  subtrahend  is  positive. 

E.g.,  +7  -  +4  =r  +3,  and  +3  <+7. 

(ii.)  The  remainder  of  subtracting  one  algebraic  number  from  another 
is  greater  than  the  minuend  when  the  subtrahend  is  negative. 

E.g.,  +2  --3  =+6,  and  +6  >+2. 

18.  The  result  of  subtracting  b  from  aisa  —  b,  wherein  a  is  the  min- 
uend and  b  is  the  subtrahend.    Therefore,  by  Art  2  (i.), 

6  +  (a  —  ft)  =  a. 

If  a  —  6  be  positive,  then  6  -f  («  —  6),  =  a,  is  greater  than  6 ;  or  a  >  6, 
if  a  —  6  be  positive. 

If  a  —  6  be  negative,  then  6  -f  (a  —  6),  =  a,  is  less  than  b;  or  a  <  6,  if 
a  —  6  be  negative. 

The  preceding  results  may  be  stated  thus : 
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(i.)  //  the  remainder  be  positive,  the  minuend  t«  greater  tfian  the 
subtrahend. 

(ii.)  If  the  remainder  be  negative,  the  minuend  is  less  than  the 
subtrahend. 

Property  of  Zero  in  SabtractioiL 

19.  From  §  1,  Art.  18,  we  have 

If,  therefore,  from  N,  which  is  the  sum  of  N  and  0,  be  sub- 
tracted either  N  or  0,  the  remainder  is  0  or  N,  by  the  definition 
of  subtraction. 

That  is,  N-N=Oy  (1) 

and  N-0=^N.  (2) 

In  particular,  0  —  0  =  0.  (3) 

Observe  that  (1)  agrees  with  the  definition  of  0  previously 
given  (Ch.  I.,  §  2,  Art.  2). 

20.  From  Ch.  I.,  §  2,  Art.  12,  we  have 

+iV4-"iV=0.  (4) 

Therefore,  0-+iV'=-iVr,  (5) 

and  0^-N=^K  (6) 

That  is,  any  negative  number  may  be  regarded  as  the  re- 
mainder of  subtracting  from  0  a  positive  number  having  the 
same  absolute  value ;  and  any  positive  number  may  be  regarded 
as  the  remainder  of  subtracting  from  0  a  negative  number 
having  the  same  absolute  value. 

2L  The  following  principle  will  be  useful  in  subsequent 

work. 

If  the  same  number  or  equal  numbers  be  subtracted  from  equal 
numbers,  the  remainders  will  be  equal. 

U  a  =  b  and  A  =  B,  then  a  —  ^  =  6  —  J5. 

For  a  -  ^  =  a  -  ^,  by  Axiom  (i.)  (i) 

Since  b  =  a  and  J5  =  -4,  we  can,  by  Axiom  (iii.),  substitute  b 
for  a,  and  B  for  A,  in  the  second  member  of  (1).  We  thus 
obtain  a—A  =  b-B. 
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§  3.     MULTIPLICATION  OF  ALGEBRAIC  NUMBERS. 

1.  In  ordinary  Arithmetic,  multiplication  by  an  integer  is 
defined  as  an  abbreviated  addition.  Thus,  to  multiply  4  by  3, 
the  number  4  is  used  three  times  as  a  summand ;  or 

4x3  =  4  +  4  +  4. 

Now  the  number  3  stands  for  an  aggregate  of  three  units; 

or  3  =  1+1  +  1. 

We  thus  see  that,  just  as  3  is  obtained  by  taking  the  unit,  1, 
three  times  as  a  summand,  so  the  value  of  4  x  3  is  obtained 
by  taking  4  three  times  as  a  summand. 

2.  We  are  thus  naturally  led  to  the  following  definition  of 
multiplication : 

To  multiply  one  number  by  a  second  number  is  to  find  a  third 
number  which  is  obtained  from  the  first  just  as  the  second  is  ob- 
tained from  the  positive  unit. 

3.  The  aboye  definition  is  an  extension  of  the  meaning  of 
arithmetical  multiplication  when  the  multiplier  is  an  integer, 
and  gives  an  intelligible  meaning  to  arithmetical  multiplica- 
tion when  the  multiplier  is  a  fraction. 

Thus,  I  is  obtained  from  the  unit,  1,  by  taking  one-third  of 
the  latter  twice  as  a  summand ;  or 

In  like  manner,  to  multiply  5  by  f ,  we  take  one-third  of  5 
twice  as  a  summand ;  or 

4.  The  extended  definition  of  multiplication  given  in  Art.  2 
is  applicable  to  the  multiplication  of  algebraic  numbers. 

As  in  Arithmetic,  the  number  multiplied  is  called  the  Multi- 
plicand, the  number  that  multiplies  the  Multiplier,  and  the  re- 
sult the  Product 

Si  There  are  two  cases  to  be  considered  in  the  multiplica- 
tion of  algebraic  numbers. 
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(i.)  The  Multiplier  Positive.  —  Consider  first  particular  ex- 
amples. 

Ex.1.  Multiply +4  by +3. 

By  the  definition  of  multiplication,  the  product, 

is  obtained  from  '''4  just  as  ^3  is  obtained  from  the  positive 
unit.  But  '''3  is  obtained  from  the  positive  unit  by  taking  the 
latter  three  times  as  a  summand;  or 

+3=n-fn-f+l. 

Consequently  the  required  product  is  obtained  by  taking  +4 
three  times  cls  a  siimmand;  or 

+4x+3=+4-f+4-|-+4 
=+(4  +  4  +  4) 
=+(4  X  3) 
=+12. 
Ex.  2.  Multiply  -4  by  +3. 

By  the  definition  of  multiplication,  the  product, 

-4  X  +3, 

is  obtained  from  ~4  just  as  ■*"3  is  obtained  from  the  positive 
unit.  Consequently,  the  required  product  is  obtained  by 
taking  ~4  three  times  as  a  summand;  or 

-4  X -^3  =-4 +-4 +-4 

=-(4  +  4  +  4) 
=-(4  X  3) 
=-12. 

(ii.)  The  Multiplier  Negative.  —  Consider  first  particular  ex- 
amples. 
Ex.  3.  Multiply  +4  by  "3. 
By  the  definition  of  multiplication,  the  product, 

+4  X  -3, 

is  obtained  from  "'"4  just  as  -3  is  obtained  from  the  positive 

unit.     But 

-3  =-1  +1  -f -1  =  -■'I  -■'I  -■'I ; 
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that  is,  -3  is  obtained  by  subtracting  the  positive  unit,  "*"1,  three 
times  in  succession  from  0.  Consequently,  the  required  product 
is  obtained  by  subtracting  the  multiplicand,  "^4,  three  times  in 
su^xes^ion  from  0 ;  or 

+4x-3  =  -+4-+4~+4 

=  +"4 +-4 +-4 
=-(4  X  3). 

Ex.  4.  Multiply  -4  by  "3. 

By  the  definition  of  multiplication,  the  product, 

-4x-3, 

is  obtained  from  ""4  just  as  ~3  is  obtained  from  the  positive 
unit.  Consequently,  the  required  product  is  obtained  by  sub- 
tracting the  multiplicand,  ~4,  three  times  in  succession  from  0;  or 

-4  X -3  = --4 --4 --4 

=+(4  X  3). 

6.  In  Art.  5  the  examples  were  limited  to  the  multiplication 
of  integers  having  the  same  or  opposite  signs. 

But  the  essential  part  of  the  residts  therein  obtained  is  the  sign 
of  the  product. 

Since  this  sign  depends  only  upon  the  signs  of  the  multi- 
plicand and  multiplier,  and  not  upon  their  absolute  values, 
the  sign  of  the  product  in  each  example  would  have  been  the 
same  as  above,  if  the  multiplicand  and  multiplier,  either  or 
both,  had  been  fractions. 

Those  examples  illustrate  the  following  Rule  of  Signs  for 
Mnltiplication : 

The  product  of  two  numbers  having  like  signs  is  positive;  and 

the  product  of  two  nunibers  having  unlike  signs  is  negative.    Or, 

stated  symbolically, 

+a  X  +6  =  +(fl6), 

-a  X  -6  =  +(a*). 

-a  X  +*  =  -(a*), 

+a  X  ""*  =  "(a*), 
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7.  The  proof  of  the  principle  enunciated  in  Art  6  is  as  follows : 

The  product  +a  x  +6, 

wherein  a  and  b  are^  as  yet,  limited  to  integral  values,  is  obtained  from 
+a  jast  as  +b  is  obtained  from  the  positive  unit.  But  +b  la  obtained 
from  +1  by  taking  the  latter  b  times  as  a  summand;  or, 

+6  =  +1  -f  +1  +  +1  +  +1  +  —  b  summands. 
Therefore  the  required  product  is  obtained  by  taking  +a  as  a  summand 

b  times;  or, 

+0  X  +6  =  +a  +  +a  +  +a  +  •••  6  summands 

=  +(a  +  a  +  a  •••  6  summands) 
=  +(a6). 
Consequently,  +a  x  +6  =  +(a6). 

In  like  manner,  the  product    -ax  +&, 

wherein  a  and  b  are^  as  yet,  limited  to  integral  values,  is  obtained  from 
•-a  just  as  +5  is  obtained  from  the  positive  unit.  Therefore,  the  required 
product  is  obtained  by  taking  "a  as  a  summand  b  times ;  or, 

-a  X  +6  =  "a  +  -a  +  "a  +  •••  6  summands 

=  ~(a  ■\-  a  -^  a-^  •••  6 summands)  =  -(a6}. 

Consequently,  -ox+6  =  '"(a6). 

The  product  +a  x  *-6, 

wherein  a  and  b  are,  as  yet,  limited  to  integral  values,  is  obtained  from 
+a  just  as  ~6  is  obtained  from  the  positive  unit. 

But  -ft  =  -1  +  ~1  +  -1  +  •••  6  summands 

=  —  +1  —  +1  —  +1  -  •..  6  summands; 

that  is,  -b  is  obtained  by  subtracting  the  positive  unit,  +1,  b  times  in  suc- 
cession from  0.  Consequently  the  required  product  is  obtained  by  svh- 
trading  the  multiplicand,  +a,  b  times  in  succession  from  0 ;  or, 

+a  X  -6  =  —  +a  —  +a  ~  +a  —  •••  b  summands 
=  +  -a  +  ~a  +  -a  -f  •••  6  summands 
=  -(a  X  b). 
In  like  manner,  the  product    -a  x  ~& 

is  obtained  from  ~a  just  as  "b  is  obtained  from  the  positive  unit.  Conse- 
quently the  required  product  is  obtained  by  subtracting  the  multiplicand, 
-a,  b  times  in  succession  from  0  ;  or, 

-a  X  -6  =  —  "a  —  ~a  —  -a  —  •••  6  summands 
=  +  +a  +  +a  +  +a  +  •••  6  summands 
=  +(a6). 

Since  the  essential  part  of  the  above  proof  is  the  sign  of  the  product, 
the  results  hold  when  a  and  6  have  fractional  values. 
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BZBBOISES  XIV. 

Find  the  values  of  the  following  indicated  multiplications : 


1.  +2X+3. 

5.  +6X+2. 

9.  -17  X +3. 

la  +15  X -2. 

17.  -7  X  -9. 


2.  +6X+7. 

a  -3  X  +7. 
10.  -2  X  +3. 
14.  +21  X  -6. 
la  -18  X  -3. 


3.  +9X+7. 

7.  -11  X  +9. 

11.  +6  X  -6. 

15.  +33  X  -3. 

19.  -22  X -6. 


4.  +8  X  +6. 

a  -8  X  +5. 

12.  +7  X  -4. 

la  -6  X  -11. 

2a  -41  X  -2. 


Find  the  values  of: 
21.  (+16  X -4)  +  (-12  X +1).  22.  (+16  X -3)  -  (+6  X +7). 

23.  (-1  X +11)  -  (-22  X +2). 

24.  (-16  X  +2)  +  (+17  X  +5)  -  (-16  X  +7). 

25.  (+2  X  +13)  -  (+2  X  -5)  -  (-7  X  +4). 

2a  (+12  X  -3)  +  (+16  X  -4).  27.  (+18  X  -4)  -  (+16  x  "6). 

2a  (-62x-2)-(+12x-3). 

29.  (-4  X -7)  -  (+11  X -3)  +  (+16  X -2). 

3a  (-7x-6)  +  (-llx-4)-(+14x+3). 
Multiply : 
31.  +6  by +4.     32.  +8  by +3.     33.  "17  by +4.   34.  -11  by +5. 
35.  +12  by  -4.  3a  +18  by  -6.  37.  "iT  by  "8.     3a  -11  by  "3. 

What  is  the  value  of  m  x  n, 
39.  When  m^^-^-S,  n  =  +7  ? 
41.  Whenm=+4,    n==-&? 

What  is  the  value  of  +a  x  +6, 
4a  When  a  =  19,  6  =  3? 

What  is  the  value  of  -a  x  +6, 
45.  When  o  =  13,  6  =  2? 

What  is  the  value  of  +»  x  "*y, 
47.  When  a?  =  3,  y  =  8  ? 

What  is  the  value  of  "x  x  "y, 
49.  When  a?  =  7,  y  =  10  ? 


4a  When  m  =  -4,  n  =  +3  ? 
42.  When  w  =  -ll,  n  =  -3? 

44.  When  a  =  4,  6  =  16  ? 

4a  When  a  =  9,  6  =  6? 

4a  When  aj  =  16,  y  =  4  ? 


50.  When  a?  =  11,  y  =  8  ? 
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What  is  the  value  of  '^^(xy)^ 
SL  When  x  =  Sy  y  =  7?  52.  When  x  =  4,  y  =  9? 

What  is  the  value  of  ~(xy), 
sa  When  x  =  5y  y  =  10?  54.  When  a?  =  6,  5^  =  11? 

What  is  the  value  of  (a  +  6)  x  c, 

55.  When  a  =  ^o,  6  =  *3,    c  =+4  ? 
5&  When  a  =  ^7,  6  =  -10,  c  =  +8? 

What  is  the  value  of  (a^b)  x  Cy 

57.  When  a  = +4,  6  =  +3,  c  =  -5? 
5a  When  a  =  -8,  6=  "2,  c  =  -7? 

What  is  the  value  of  (a  —  6)  (c  +  d)> 

59.  When  o  =  -2,  6  =  +4,  c  =  -5,  d  =  +6? 
6a  When  a  =  +5,  6  =  -8,  c  =  ^,  d  =  +10? 

What  is  the  value  of  (a  4-  &)  (c  —  d), 

6L  WTien  a=-18,  6  =  -5,  c  =  -^4,  d  =  +7? 
62.  When  a  =  n,    6  =  -3,  c  =  -5,  d  =  ^2? 

Concrete  IIlnstniti<»s. 

ft  At  12  M.  a  train  passes  the  station  A,  on  an  east  and 
west  track,  running  at  the  rate  of  20  miles  an  hour. 

How  far  is  the  train  from  the  station  A  two  hours  later  ? 

Call  time  after  12  M.  positive,  and  consequently  time  before 
12  M.  negative.  Also,  rate  of  the  train  toicard  the  east  posi- 
tive, and  hence  rale  toward  the  west  negative, 

(i.)  If  the  train  is  running  east,  both  time  and  rate  are 
positive.     We  thus  have 

+20  X  -^2  =  +40. 

From  the  conditions  of  the  problem  we  know  that  the  train 
is  eoM  of  A,  Consequently,  the  positive  result,  +40,  shows  that 
distances  measured  east  from  A  must  be  taken  positively,  and 
hence  distances  west  negatively. 

Thus,  having  made  definite  assumptions  in  regard  to  time 
and  rate,  we  are  not  at  liberty  to  take  distances  east  positively 
or  negatively,  as  we  please. 


MULTIPLICATION  OF  ALGEBRAIC  NUMBERS.       73 

To  emphasize  the  last  statement;  call  time  after  12  M.  negor 
tive,  and  consequently  time  before  12  M.  positive,  leaving  the 
other  assumptions  unchanged.    We  then  have 

+20  X -2= -40. 

But;  as  before,  the  train  is  east  of  A»  Consequently,  the 
negative  result,  '40,  shows  that  distances  east  of  A  must  now 
be  negative. 

Returning  now  to  the  original  statement, 

+20  X  +2  =  +40, 

we  conclude  that  the  train  is  40  miles  east  of  Aj  at  B  say 
(Fig.  6). 

^DIRECTION   OF  TRAIN  DIRECTIOH  OF  TRAIN-> 

o 0 o 

C  -40  A  +40  B 

Fig.  6. 

(ii.)  But  if  the  train  is  running  west,  time  is  positive,  and 
rtUe  is  negative.    We  therefore  have 

-20  X  +2  =  -40. 

Distances  east  having  already  been  determined  as  positive, 
and  hence  distances  west  as  negative,  the  negative  result,  -40, 
shows  that  the  train  is  now  40  miles  west  of  A,  at  C  say 
(Fig.  6). 

(iii.)  How  far  was  the  train  from  A  two  hours  before  12  M., 
if  the  train  is  running  east  ? 

Tim>e  in  this  case  is  negative,  and  rate  is  positive.  Con- 
sequently, +20  X  -2  =  -40. 

The  negative  result,  -40,  shows  that  the  train  was  still  40 
miles  west  of  A,  at  C  say  (Fig.  7). 


•>DIRECTION   OF  TRAIN 

DIRECTION  OP  TRAIN<r 

C                  -40 

A 

Fio.  7. 

+40                  B 

(iv.)  How  far  was  the  train  from  A  two  hours  before  12  M., 
if  the  train  is  running  west  ?  Both  time  and  rate  are  negative. 
Therefore  -20  x  "2  =  +40. 
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The  positive  result,  '^40,  shows  that  the  train  was  40  miles 
east  of  A,  at  B  say  (Fig.  7). 

Continued  Products. 

9.  The  results  of  the  preceding  articles  may  be  applied  to 
determine  the  value  of  a  chain  of  indicated  multiplications, 
i.e.,  of  a  continued  product. 

E.g.,  +a  X  +6  X  +c  =  +(a6)  x  +o  =  +(a*o), 

"•"a  X  +6  X  ~o  =  +(aA)  x  ~c  =  ~(abo), 

-^ax'b  x'c  =  "(ab)  x  ""c  =  '*'(abc), 

"ax'b  x^c^  "^(ab)  x  ~c  =  ~(abc). 

These  equations  illustrate  a  more  general  rule  of  signs  than 
that  given  in  Art.  6 : 

A  continued  product  which  contains  no  negative  number,  or  an 
even  member  of  negative  numbers,  is  positive;  one  that  contains 
an  odd  number  of  negative  numbers  is  negative. 

In  practice  the  sign  of  a  required  product  may  first  be  deter- 
mined by  inspection,  and  that  sign  prefixed  to  the  product  of 
the  absolute  values  of  the  numbers  in  the  continued  product 

E.g.,  the  sign  of  the  product 

(+2)  X  (-3)  X  (-7)  X  (+4)  X  (-5) 

is  negative,  since  it  contains  three  negative  numbers ;  the  product 
of  the  absolute  values  is  840.    Consequently, 

(+2)  X  (-3)  X  (-7)  X  (+4)  X  (-5)  =  -840. 

BXSRCI8B8  XV. 

Pind  the  values  of  the  following  continued  products : 
1.  -2  x+4  x-3.       2.  -5  x-6  x+7.       a  +12  x-2  x-5  x+4. 
4.  -7  x-11  x+2  x-3.  5.  -15  x+2  x+4  x-6  x-6. 

What  is  the  value  of  abc, 
6.  When  a=-3, 6=+6,  c=-7?    7.  When  a=-4,  6=+l,  c=+2? 
What  is  the  value  of  abed, 

a  When  a  =-2,  b  =+3,  c  =-4,  d  =+6  ? 

9.  When  a  ="7,  b=z^2,c  =-3,  d  ="5  ? 
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The  Commutative  Law  for  Multiplication. 

10.  In  an  indicated  multiplication,  the  number  which  follows 
the  symbol  of  multiplication  is  the  multiplier.    Thus,  in 

-4  X  +3  =-4  +-4  +-4,  =-12, 

the  multiplier  is  "^3 ;  while  in 

+3  x-4,  =  ~+3  -+3  -+3  -+3,  =-12, 

the  multiplier  is  "4.    But  the  result  is  the  same,  whichever  of 
the  two  numbers,  ''^3  or  "4,  is  used  as  the  multiplier. 

The  above  example  illustrates  the  following  principle : 

The  Commutative  Law.  —  The  product  of  two  numbers  is  the 
same,  if  either  he  taken  as  the  multiplier  and  the  other  as  the 
multiplicand  ;  or,  stated  symbolically, 

a  X  6  =  6  X  a. 

U.  It  follows  from  the  rule  of  signs.  Art.  6,  that  the  signs  of 
the  multiplier  and  multiplicand  may  be  interchanged  without 
affecting  the  sign  of  the  product 

E.g.j  +3  x-4  =-(3  x  4)  ="12,  and  "3  x+4  =-(3  x  4)  ="12. 

This  principle  is  called  the  Commutative  Law  of  Signs, 
We  have,  therefore,  to  prove  the  Commutative  Law  only  for 
the  multiplication  of  absolute  numbers. 

Take  first  a  particular  example :  4x3  =  3x4. 

Consider  the  following  arrangement  of  units  in  rows  and 

columns: 

1111 

1111 

1111 

The  total  number  of  units  in  this  arrangement  is  obtained 
either  by  multiplying  the  number  in  each  row,  4,  by  the  num- 
ber of  rows,  3,  giving  4x3;  or  by  multiplying  the  number 
of  units  in  each  column,  3,  by  the  number  of  columns,  4,  giving 
3x4. 

Consequently,  4x3  =  3x4. 
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In  general,  consider  the  following  arrangement  of  units  in  rows  and 

colomns: 

a  units  in  each  row 


b  rows 


r  1  1  1  1 
1111 
1111 


The  total  number  of  units  in  this  arrangement  is  obtained  either  by 
multiplying  the  number  in  each  row,  a,  by  the  number  of  rows,  6,  giving 
a  X  ft ;  or  by  multiplying  the  number  in  each  column,  6,  by  the  number 
of  columns,  a,  giving  6  x  a. 


Consequently, 


a  X  b  =  b  X  a. 


wherein  a  and  b  are  absolute  integers. 

Consider  next  the  case  in  which  a  and  6,  either  or  both,  denote  abso- 
lute fractions. 

8  X  f  =  }  +  {,  by  the  definition  of  multiplication, 

_3+3_3x2 
6  6 

=  ?2L?,  sinceSx  2  =  2x3 
6 

_2+2+2_2 , 2 . 2_2^o 

4      2  4  4 

Also,  -  X  ^  =  - — 5  +  r — r ,  by  the  definition  of  multiplication, 
6     3     5x3     6x8 

_4  +  4_4  x  2 
~5x8     5x3 

=  i-^»  since  4x2  =  2x4  and  5x3  =  3x5, 
3x5 

_2  +  2  +  2  +  2_     2 


3x5 


3x5     3x5     3x5     3x5     3     o 


Similar  reasoning  can  be  applied  to  the  product  of  any  two  absolute 
fractions. 

Consequently,  the  Commutative  Law  for  multiplication, 

a  xb  =  b  X  a^ 

holds  for  all  values  of  a  and  6,  positive  or  negative ^  integral  or  fractional. 
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BXBBCISBS  XVI. 

1.  £xpress  the  sum,  +4+M-f'^4,  as  a  sum  of  summands 
each  equal  to  ^3. 

2.  Express  the  sum,  '~5+'5-\-~5-\-~'5f  as  a  sum  of  summands 
each  equal  to  ""4. 

a  Express  the  sum,  ■*'5-|-'^5H —  11  summands,  as  a  sum  of 
o  summands  each  equal  to  "^11. 

4.  Express  the  sum,  ~7  +~7  -h  •••21  summands,  as  a  sum  of 
7  summands  each  equal  to  ^21. 

5.  Express  the  sum, +(|)4--^(i)++(|)+"'(i)+-'(i),  as  a  sum 
of  2  summands  each  equal  to  +({). 

6.  Express  the  sum, -(f)+-(f)+-(|)4--(|)+-(f)-l--(f),  as 
a  sum  of  3  summands  each  equal  to  *"(}). 

7.  Express  the  sum,  +9 -f  "♦"Q ++9-h  •••  a  summands,  as  a 
sum  of  9  summands  each  equal  to  "^a, 

a  Express  the  sum,  ~5  +~5  +  >"  x  summands,  as  a  sum  of 
5  summands  each  equal  to  ~x. 

The  Asaociathre  Law  for  Multiplication. 

12.  In  finding  the  value  of  a  continued  product  in  Art.  9, 
the  indicated  operations  were  performed  successively  from  left 
to  right. 

E.g.,  (+4  X  -^3)  X  -2  =  +12  X  -2  ="24. 

But  the  same  result  is  obtained  if  +3  be  first  multiplied 
by  ""2  and  then  +4  be  multiplied  by  the  product. 

E.g.,  +4  X  (+3  X  -2) = +4  X  -6  ="24. 

The  parentheses  in  the  above  illustrations  indicate  that  the 
numbers  within  them  are  to  be  multiplied  first,  the  multipli- 
cations in  each  case  being  performed  from  left  to  right. 

The  above  examples  illustrate  the  following  principle : 
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The  Associatiye  Law.  —  The  product  of  three  numbers  is  the 
same  in  whichever  way  two  successive  numbers  are  grouped  or 
associated  in  tJie  process  of  multiplying;  or  stated  symbolically, 

(ab)c  =  a(6c). 

13.  For  tlie  reason  stated  ia  Art.  11,  it  is  sufficient  to  prove 
this  law  for  absolute  numbers. 
Take  first  a  particular  example : 

4x3x2  =  4x(3x2). 

Consider  the  following  arrangement  of  3's  in  rows  and  col- 
umns : 

3  3 

3  3 

3  3 

3  3 

Each  row  contains  3x2  units ;  and,  since  there  are  4  rows, 
the  total  number  of  units  is 

(3  X  2)x  4,  or  4  x(3  X  2),  by  Art.  10. 

But  each  column  contains  3  x  4,  or  4  x  3  units ;  and,  since 
there  are  2  columns,  the  total  number  of  units  is  (4  x  3)  x  2. 

Therefore  (4  x  3)  x  2  =  4  x  (3  x  2). 

The  parentheses  on  the  left  of  the  sign  of  equality  may 
be  omitted,  since  they  indicate  only  the  ordinary  way  of 
performing  the  multiplications  successively  from  left  to  right. 

In  general,  consider  the  foUowing  arrangement  of  6*8  in  rows  and 

columns : 

c  columns  of  h^s 


a  rows  of  5*8 


b  b  b 
b  b  b 
b    b    b 


Each  row  contains  b  x  c  units ;  and,  since  there  are  a  rows,  the  total 
number  of  units  is 

(b  X  c)x  a^  or  a  x(b  X  c),  by  Art.  10, 
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But  each  column  contains  b  x  a,  or  a  x  b  units ;  and,  since  there  are 
e  columns,  the  total  number  of  units  is 

(a  X  6)  X  c. 

Therefore  (a  x  6)  x  c  =  a  x  (6  x  c). 

In  the  above  representation,  the  values  of  a,  by  and  c  are  limited  to 
absolute  integers.  It  can  be  shown,  however,  as  in  Art.  11,  that  the  law 
holds  also  for  absolute  fractional  values  of  a,  6,  c. 

Ea   ^^^w6_2x4..6_2x4x6_2xC4x6)_2/4     6\ 

We  conclude,  therefore,  that  the  Associative  Law  for  multiplication 
holds  for  all  values  of  a,  6,  c,  positive  or  negative,  integral  or  fractional. 


EXBRCI8BS  XVn. 

Find,  in  the  most  convenient  way,  the  values  of ; 

1.  -17x+5x-2.  2.  +38x-2|x-4.        a  -139  x  "3  x +33 J. 

4.  +228  X +225  X -4.    5.  "139  x  "8  x +12f    6.  -17x-16|x-3. 

Find,  in  the  most  convenient  way,  the  value  of  abc : 
7.  When  a  =%  b  =+33^,  c  ="9. . 
a  When  a  =+19,  b  =-66|,  c  ="3. 

14.  The  Associative  and  Commutative  Laws  may  be  ex- 
tended as  follows: 

ITie  value  of  a  product  of  three  or  more  numbers  remains  the 
same  (/J  in  performing  the  indicated  multiplications,  the  order  of 
the  numbers  be  changed,  or  if  two  or  more  numbers  be  associated 
in  any  way. 

E.g.,  +2x-3x-4=+2x-4x-3=-4x+2x-3=etc. 

+2x-3x-4x+6=+2x(-3x-4)x+5=+2x-3x(-4x+5)=etc. 

In  general, 

abc  =  aob  =  bca  =  bao  =  cab  =  cba. 

abed  =  a{bcd)  =  a{bc)d  =  ab{cd). 

The  two  laws  may  be  applied  simultaneously. 
E.g., 

+2x-3x-4x+6=+2x(+6x-3)x-4=-3x(-4x+2x+5)=etc. 

In  general,         abGd=  a(cb)d  =  G(adb)  =  etc. 
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The  proof  is  as  follows  : 

(1.)  The  Commutative  Law  for  the  product  of  three  numbers. 

We  have  abc  =  a  (6c),  by  the  Associative  Law, 

=  a(cb),  since  be  =  cb, 

^acb. 

Again,  abc  =  6ac,  since  ab  =  ba, 

=  b(^ac)t  by  the  Associative  Law, 
=  b{ca)f  since  ac  =  cat 
=  bca. 

In  like  manner  the  identity  of  the  other  products  can  be  shown, 
(if. )   The  Associative  Laio  for  the  product  of  four  numbers. 
Consider  the  following  arrangement  of  6c*s  in  rows  and  columns 

d  columns 


be 

be 

be    , 

be 

be 

be    , 

a  rows 

be 

• 
• 

be 

•        • 

be    , 

«            m 
• 

Each  row  contains  5c  x  d,  or  bed,  units ;  and,  since  there  are  a  rows, 
the  total  number  of  units  is  (bed)  x  a,  or  a  x  (bed),  by  the  Commutative 
Law  for  the  product  of  two  factors. 

But  each  column  contains  be  x  a,  or  abe,  units ;  and,  since  there  are 
d  columns,  the  total  number  of  units  is  (abc)  x  d,  or  abed. 

Therefore,  abed  =  a(bed) . 

Similarly,  the  identity  of  the  other  products  can  be  shown. 
In  like  manner  the  Commutative  and  the  Associative  Laws  can  be  ex- 
tended to  a  continued  product  of  any  number  of  numbers. 

E,g.,  abed  =  aebd  =  etc. 

abede  =  a(bcd)e  =  a(bcde)  =  etc. 

ISi  Since  the  multiplier  and  the  multiplicand  can  be  inter- 
changed without  affecting  the  value  of  the  product,  they  are 
both  given  the  common  name  Factor.  Thus,  a  and  b  are  the 
factors  of  the  product  a  xh. 

For  a  similar  reason,  each  number  in  a  continued  product  is 
called  a  factor  of  the  product. 

Thus  a,  h,  c,  and  d  are  factors  of  abed. 
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BXEBCISB8  XVIII. 

Find  in  three  different  ways,  by  the  Commutative  Law,  the  • 
values  of  : 

1.  -«x+7x-3.  2.  ^x''5x''2.  a  -4X-6X-2. 

Find  in  the  most  convenient  way  the  values  of : 
4.  +5x+17x-2.  5.  +8x-5x-12f      6.  -125  x  "17  x +8. 

7.  -333^  X +29  X -3.    a  -37|x-10x-4.     a  "225  x  "37  x +4. 

Find,  in  the  most  convenient  way,  the  value  of  abed, 
10.  When  a  =  -37^,  6  =  +5,    c  ="3,     d=  +8. 
U.  When  a  ="12^,  b  ="16,  c =+33^,  d  ='6, 

Find  the  value  of  the  continued  product 

-7x+2x+3x-4x+10: 
la  Associating  the  second  and  third  factors. 
la  Associating  the  third  and  fourth  factors. 

14.  Associating  the  last  three  factors. 

15.  Associating  the  last  four  factors. 

Find,  in  the  most  convenient  way,  the  values  of : 
la  -7x+26x-4x-9.  17.  +9  X +13  X -12^x^8. 

la  abed,  when  a  =+7,  6  =~33|,  c  ="3,  d  ="4. 

16.  Since  (aJb)  x  c  =  (ac)b  =  a(bc), 

the  product  db  is  multiplied  by  c,  if  either  a  or  &  be  multiplied 
by  c. 

In  like  manner    (abc)d  =  (ad)bc  =  <i(bd)c  =  ab(cd). 

Hence  f oUows  the  principle : 

A  product  of  ttoo  or  more  factors  is  muUiplied  by  a  number  if 
any  one  of  the  factors  be  multiplied  by  that  number, 

BXBBOISBS  ZIZ. 

Midtiply : 
1.  -75x-22^by-4.    a  -125  x -13  by +8.    a  +71fx-8by-7. 
4.  +5x-33ix-6by-3.  5.  -7x+260x-6  by  "4. 
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17.  The  following  principle  will  be  useful  in  subsequent 
work: 

If  equal  numbers  he  muUipLied  by  the  same  number  or  by  equal 
numbersy  the  products  will  be  equal. 

lia  =  b,  and  A  =  B,  then  aA  =  bB. 

For,  aA  =  aA,  by  Axiom  (i.),  (1) 

Since  b  =  a  and  B  =  A,we  can,  by  Axiom  (iii.)*  substitute  b 

for  a,  and  B  for  A,  in  the  second  member  of  (1).    We  thus 

obtain 

a  A  =  bB. 

$4-   DIVISION  OF  ALGEBRAIC  NUMBERS. 

1.  Diyision  is  the  inverse  of  multiplication.  In  multiplication 
two  factors  are  given,  and  it  is  required  to  find  their  product. 
In  division  the  product  of  two  factors  and  one  of  them  are 
given,  and  it  is  required  to  find  the  other  factor.  As  in  ordi- 
nary Arithmetic,  the  given  product  is  called  the  Dividendi  the 
given  factor  the  Divisor,  and  the  required  factor  the  Quotient. 

E.g.,  Since  -28  =^4  x  +7, 

therefore,         -28  -^-+7  =-4,  and  "28  +-4  =+7. 

2.  From  the  definition  of  division  we  infer  the  following 
principle : 

If  the  product  of  two  factors  be  divided  by  either  of  the  factors, 
the  quotient  is  the  other  factor. 

In  general,  if  the  given  product  be  a  x  &,  we  have,  by  the 
definition  of  division, 

(a  X  6)  H-  6  =  a,  and  (a  x  A)  -f-  a  =  6. 


EXERCISES 

Find  the  values  of  the  following  indicated  divisions : 
1.  (-27x+3)-h+3.  2.   (-27  X -^3) -!--27. 

a  (-16  x-8)-f--8.  4.  (-15  x-8)-^-16. 

5.  (^2i  X  +6i)  ++2f  &  (+2i  X  -5f )  -h-6f . 
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3.  The  dividend  is,  as  a  rule,  a  single  number  and  does  not 
appear  as  the  product  of  two  factors,  one  of  which  is  the 
divisor. 

Since  the  absolute  value  of  the  product  of  two  factors  is 
equal  to  the  product  of  their  absolute  values,  it  follows,  from 
the  definition  of  division,  that  the  absolute  value  of  the  quotient 
is  equal  to  the  quotient  of  the  absolute  values  of  the  dividend 
and  the  divisor. 

By  the  definition  of  division,  the  equations  of  §  3,  Art  6, 
may  be  written 

+(ii6)  -!-+ a  =+4 ;  '(ab)  -h"a  =+6 ; 

-(a6)-*-+ii=-6;  +(a6)-^-a=-6. 

From  these  equations,  we  derive  the  following  Rule  of  Signs 
for  Diyision : 

Like  mgns  of  dividend  and  divisor  give  a  positive  quotient; 
unlike  signs  of  dividend  and  divisor  give  a  negative  quotient. 

E.g.,  +8  -^-+2  =+4 ;  S  -^'2  =+4 ; 

-8  -J-+2  =-4 ;  +8  -I.-2  ="4 

BZEBOISB8  XXI. 

Find  the  values  of  the  following  indicated  divisions : 
X.  +27-f.+9.      2.  -50-^+3.        a  +81^-9.       4.  -33-«-+ll. 
5.  -34-*. +17.    6.  +62 +-4.        7.  +75 ++16.     a  "106 +"7. 

Find  the  values  of: 

a  (-16++2)-h(+18-4--3).         la  (-24-i--8)-(-36-h+6). 

U.  (+12 ++4)- (-28 -f. -7). 

12.  (-16 +-5) -(+100 +-26)  +  (-200  H- +8). 

la  (+6  +-2)  +  (-72  +-4)  +  (+9  +-3). 
Divide : 

14.  +18  by  -6.    15.  -24  by  +3.    la  "20  by  "3.     17.  +72  by  +8. 

What  is  the  value  of  m  -i-  n, 
la  When  m  =+8,    n=+4?  19.  When  m  =-36,  n  =+9? 

aa  When  m  =+72,  n  =-4?  21.  When  m=-76,  n  =-16? 
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What  is  the  value  of  +a  -^"b, 

22.  When  a  =  8,  6  =  4?  2a  When  a  =  36,  6  =  9 ? 

What  is  the  value  of  "a  -f-"6, 

24.  When  a  =  22,  6  =  11  ?  25.  When  a  =  16,  6  =  8  ? 

What  is  the  value  of  (a  +  6)  -s-  c, 

2&  When  a  =-17,  6  =+2,  c=+5? 

27.  When  a  =+39,  6  =-4,  c=-7? 

What  is  the  value  of  (a  —  6)  -!-  (c  -h  d), 

2a  When  a  =+18,  &=-2,  c=+3,  d=+2? 
29.  When  a  =-23,  6  =+5,  c=-4,  d=-3? 

4.  In  a  chain  of  indicated  divisions,  the  operations  are  to 
be  performed  successively  from  left  to  right. 

E.g.j  -16  -*.  +4  -h  -2  =  -4  -*-  -2  =  +2 ; 

+210  + -3 -f. -2 -J- +5  = -70  H- -2 -f- +5  =  +35 +  +6  =  +7. 

Likewise,  in  a  chain  of  indicated  multiplications  and  divi- 
sions, the  operations  are  to  be  performed  successively  from 
left  to  right. 

E,g.,  -376  X  +3-+.-5  x  +2 -^  "9  =  "1125 -«- -5  x  +2  ■+--9 

=  +225  X  +2 -^-9  =  +450 ^-9  =  -50. 

BXBBCISBS  XXn. 

Find  the  values  of : 

1.  +210 -s- -5 -H -7 -T- +2.  a  -420 -J- +7 -h +2 -«- -3. 

a  +375 -J- -5  X +2 -?- -3.  4.  +15  x -6 -*- -2  ^- +5  x +4. 

5.  -280  -4-  -4  X  +2  X  -3  -h  -42. 

What  is  the  value  of  a  -i-  6  x  c, 
6.  Whena=-32,6=+4,c=-5?    7.  Whena=+28,6=-7,c=+2? 

What  is  the  value  of  a -i-b  x  c-i-d, 

a  When  a  = +125,  6  = -5,  c  =   +4,  d  =  -10? 
9.  When  a  =   "49,  6  =  "7,  c  =  +18,  d  =  "2  ? 
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5.  From  the  definition  of  division,  we  have 

Quotient  x  Dmsor  =  Dividend. 

Since  the  quotient  of  a  divided  by  &  is  a  -»-  &,  we  have 

(a  -!-  6)  X  6  =  a,  or  fl  -^  6  X  6  =  a.  (1) 

From  (1)  and  the  equation  which  defined  division,  namely, 

a  X  6  -^  6  =  a  (2) 

we  derive  the  following  principle : 

If  a  given  number  he  first  divided  and  then  multiplied  by  one 
and  the  same  number,  or  be  first  multiplied  and  then  divided  by 
one  aiid  the  same  number,  the  result  is  the  given  number.  That 
is,  these  successive  operations  are  equivalent  to  multiplying  (or 
dividing)  by  ^1 ;  or,  stated  symbolically, 

/irx6-3-6  =  4f-*-*x6  =  /irxn  =  ^-f-n  =  >if. 

That  is,        x6-*-6  =  H-6x*  =  xn=^n,  (3) 

whatever  number  be  placed  on  the  left  of  the  two  indicated 
operations. 
E.g,,      -11  X  +3  -f-  +3  =  -11,  +11  -i--5x-5  =  +11. 

The  Conimntative  Law  for  DivlBlon. 

6u  In  a  chain  of  divisions,  or  of  multiplications  and  divisions, 
the  successive  operations  are  to  be  performed,  as  has  been 
stated,  in  order  from  left  to  right. 

E.g.,  -14  -.  +2  X  -7  =  -7  X  -7  =  +49. 

+  8  -«-  -4  -f-  +2  =  -2  -4-  +2  =  -1. 

But,  if  the  operations  in  the  above  examples  be  performed 
in  a  different  order,  the  symbol  of  operation,  x  or  -h,  being 
carried  with  its  proper  constituent,  we  have 

-14  X  -7  -f-  +2  =  +98  -H  +2  =  +49,  as  above. 
+8  -*-  +2  +  -4  =   +4  -i-  -4  =   -1,  as  above. 

The  above  examples  illustrate  The  Commutative  Law : 

(i.)  To  multiply  any  number  by  a  second  number  and  then  to 
divide  the  product  by  a  third  number,  gives  the  same  result  as  first 
to  divide  the  given  number  by  the  third  number  and  then  to  mul- 
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tiply  the  resulting  quotient  by  the  second  number;  and  vice  versa; 
or,  stated  symbolically, 

^x6-^c  =  ^-l-cx6,  or  x6-«-c  =  -»-cx6. 

(ii.)  If  a  given  number  be  divided  successively  by  two  numbers, 
the  result  is  the  same  whicfiever  of  the  two  divisions  is  first  per- 
formed; or,  stated  symbolically, 

These  principles  are  proved  as  follows: 
(i.)  If  in  Ny.b-^e, 

iVbe  replaced  by  iV-i-  c  x  c,  =  i^,  by  (8),  Art.  6,  we  have 
JVx  6-i-c  =  iV-4-c  X  c  X  6  -t-c 

=  JV-*-  c  X  6  X  c  -I-  c,  since  xcx&=:x&xc, 
=  JV-h  c  X  6,  since  x  c  -i-  c  =  x  +1,  by  (3),  Art  6. 
(ii.)  If  in  N-^h-i-c, 

JVbe  replaced  by  iV^  c  x  c,  =  iV,  by  (3),  Art  6,  we  have 
iV-s-6  +  c  =  JV^-cx  C  +  6-I-C 

=  JV-t-c-«-6xc-4-c,  since  xc-i-6=-*-6xc,  by  (i.), 
=  JV-*-  c  -*-  6,  since  x  c  -*•  c  =  x  +1,  by  (3),  Art.  5. 

In  like  manner,  it  can  be  shown  that  the  Commutative  Law  holds  for 
any  number  of  successive  multiplications  and  divisions. 

BXEBCISBS  XXm. 

Find,  in  two  different  ways,  by  the  Commutative  Law,  the 
values  of : 

1.  -25x-12-h+6.      2,  +100X-4++26.    a  -1000-j--125x+12. 

Find,  in  the  most  convenient  way,  the  values  of : 
4.  -25  x -12-!- +5.      5.  +100  X  "7 -J. -25.    6.  -1000  x -11 ++125. 
7.  +33i-H-20x+3.    a  -30-I--9  X -12.      9.  -10-*-+17x-34. 

Find,  in  the  most  convenient  way,  the  value  of  a-f-6-hcxd, 

10.  When  a  =  +170,  6  =  -3,  c  =  +17,  d  =  -6. 

11.  When  a  =  "125,  6  =  "7,  c  =  +26,  d  =  -14. 
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The  Associative  Law  for  Division. 

7.  By  Art.  4,  we  have 

+8  -I-  -4  -h  -2  ==  -2-1-  -2=:  +1. 

But  if  the  operation  -4  -*-  "2  be  performed  first,  we  have 

+8  -*.  (-4  -*-  -2)  =  +8  -^  +2  =  +4,  and  not  +1,  as  above. 

It  would  thus  appear  that  the  Associative  Law  does  not 
hold  for  division.  But  principles  very  much  like  those  used 
in  grouping  or  associating  successive  additions  and  subtrac- 
tions by  means  of  parentheses  can  be  employed  for  grouping 
or  associating  successive  multiplications  and  divisions.  These 
principles  stated  formally  are : 

(i.)  A  cliain  of  multiplications  and  divisions  may  be  inclosed 
tcUJiin  parentheses  preceded  by  the  symbol  of  multiplication,  if  the 
symbols  of  operation^  x  and  -i-,  preceding  the  numbers  inclosed 
within  the  parentheses  be  left  unchanged;  or,  stated  symbolically, 

^  X  a  -?-  A  =  #  X  (a  -^  6). 

(ii.)  A  chain  of  multiplications  and  divisions  may  be  inclosed 
within  parentheses  preceded  by  the  symbol  of  division,  if  the  sym- 
bols of  operation,  x  and  -s-,  preceding  the  numbers  inclosed 
within  the  parentheses  be  reversed  from  x  to  -i-  and  from  •+■  to 
x ;  or,  stated  symbolically, 

K  '^a'^b  =  N  -^{axb),  and  II  -^axh^H  -^{a-^b), 
E.g,,  -32  X  +4  -^-2  ="128  -*--2  = + 64, 

and  -32  x  (+4  -!--2)  =-32  x  -2  =  +64 ; 

+32  -f--4  X  +2  =-8  X  +2  =-16, 
and  +32  -*-  (-4  ++2)  =+32  -$-"2  ="16 ; 

-32  +-4  -S--2  =+8  ^--2  =-4, 
and  -32  -^  (-4  x  -2)  =-32  -«-+8  =-4 ; 

+64  +-8  X  -4  -!-+2  =-8  X  -4  ++2  =+32  ++2  =+16, 
and      +64  +  (-8  -«--4  x  +2)  =+64  -i-  (+2  x  +2)  =+64  h-+4  =+16. 
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The  proof  is  as  follows  : 
If  in  jV'-r-  a  -5-  6, 

iVbe  replaced  by  iV-^  (a  x  6)  x  (a  x  6),  =  N,  by  (3),  Art  6, 
we  have  N-t-  a  -t-  6  =  iV-4-  (a  x  6)  x  (a  x  6)  -i-  a  -s-  6 

=  iV-?-(ax6)x6xa  +  a  +  &, 

since  xax6=:x6xa, 
=  iV-5-  (a  X  6)  X  6  +  &,  since  x  a  -s-  a  =  x  +1, 
=  iV-j-  (a  X  6),  since  x  6  -^  6  =  x  +1.         (1) 
Again,  if  in  X  x  a  -i-  6, 

N  be  replaced  by  iV  x  (a  ^-  6)  -i-  (a  -^  6),  =  J^, 
we  have  Nx  a-i-b=z  Nx  {a  -i-  b) -h  (a  -i-  b)  x  a  -^  b 

=  iV  X  (a -5-  6)  -4- (a  +  6)-j-  6  x  a, 

since  xa-f-6=-5-6xa, 
=  iVx  (a-5-6)-^[(a  +  6)x  6]x  a,  by  (1), 
=  JV  X  (a  -H  6)  -*-  a  X  a,  since  (a  -i-  6)  x  6  =  a 
=  JV  X  (a  -4-  6),  since  -s-  a  x  o  =  -?-  +1.  (2) 

Finally,  if  in  iV-j-  a  x  6, 

JVbe  replaced  by  JV -s-  (a  -s-  6)  x  (a  +  6),  =  JV, 
we  have  iV+ax6=iV-4-(<i-f-6)x(a-s-6)-i-ax6 

=  iV-i-(a-*-6)xa-*-6  +  ax6, 

since  x  (a  -^  6)=  x  a-s-  6,  by  (2), 
=  JV-f-(a*4-6)-f-6xa-^ax6, 

since  xa-4-6  =  -f-6xa, 
=  iV-t-  (a  -^  6)  -f-  6  X  6,  since  x  a  -:-  a  =  x+1, 
=  N-i-(a-i-b)j  since  -^  6  x  6  =  x  +1.  (3) 

In  like  manner  these  principles  can  be  extended  to  include  any  num- 
ber of  successive  multiplications  and  divisions. 

8.  If  a  number  preceded  by  the  symbol  x  or  -«-  stand  first 
in  a  chain  of  multiplications  and  divisions,  or  first  within 
parentheses,  it  is  to  be  regarded  as  multiplying  or  dividing  +1. 

Thus,        i^  X  (  X  +2  ^+3)  =  JVr  X  (+1  X  +2  -h+3), 

and  J^  X  (++2  ++3)  =  JV  x  (+1  ■*-+2  -*.+3). 

The  symbol  of  operation  x  in  such  a  case  may  be  omitted. 
For  nxN=X, 
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Thus,  +30  -!--^6 -I--3  =+30 -!-  (+5  x  -3)  =+30  -*--15  ="2, 
and        +30  ++5  +-3  =+30  x  (-I-+5  -!--3)=+30  x  (+1  -j-+5-i--3) 

=+30  x-(tV)  ="2,  as  above. 

BXBBCISBS  XXIV. 

Find  the  values  of  the  following  expressions,  inclosing  the 
last  two  numbers  within  parentheses  preceded  by  the  symbol  x : 

I.  +30X-12-J-+3.  2.  -125  X +4-*- -2. 

a  +35+ +5 +-3.  4.  +140 -h-15 -f--2f 

5.  -1000-*--250x+2.  6.  -1000-!-+64x+8. 

7.  Find  the  values  of  the  expressions  in  Exx.  1-6,  inclosing 
the  last  two  numbers  within  parentheses  preceded  by  the 
symbol  -h. 

9.  Since        (qb) -f-c  =  a-s-cx&  =  6-4-cxa, 

the  product  ab  is  divided  by  c,  if  either  a  or  6  be  divided  by  c. 
In  like  manner, 

(abc)  -«-  d  =  a  -«-  d  X  (be)  =  6  -s-  d  x  (ac)  =  c  -5-  d  x  (ab). 

Hence  follows  the  principle : 

A  product  of  two  or  more  factors  is  divided  by  a  number,  if 
any  one  of  the  foictors  be  divided  by  that  number. 

IOl  An  even  number  is  one  whose  absolute  value  is  exactly 
divisible  by  2. 
E.g.,  2,  4,  6,  etc. 
Since,  by  the  preceding  article, 

2n-!-2  =  2-5-2xn  =  lxn  =  n, 

2  n  is  always  an  even  number  when  n  is  an  integer. 

II.  The  converse  of  the  Associative  Law  evidently  enables 
us  to  remove  parentheses  which  contain  a  succession  of  multi- 
plications and  divisions. 

(i.)  When  the  symbol  x  precedes  parentheses,  they  may  be 
removed  and  the  symbols  of  operation,  x  and  -^,  within  them 
be  left  unchanged. 
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E.g., 
+120  x(-15-H+3  x-2)=+120  x(-6  x-2)=+120  x +10  =+1200; 
and 

+120  x-16  ++3  x-2  =-1800  -^+3  x-2  =-600  x-2  =+1200, 
as  above. 

(ii.)  When  the  symbol  -$-  precedes  parentheses,  they  may  he 
removed,  if  the  symbols  of  operation,  x  and  -*-,  within  them  be 
reversed  from  xto  -¥-  and  from  -^  to  x . 

E.g,, 
+120  H-  (-16  -S-+3  x-2)  =+120  -*-  ("5  x-2)  =+120  ++10  =+12 ; 
and  +120  -*--16  x  +3  -f--2  ="8  x  +3  -*--2  =-24  -!--2  =+12, 
as  above. 

Observe  that  (i.)  and  (ii.)  cannot  be  applied  if  the  paren- 
theses contain  additions  and  subtractions,  besides  multiplica- 
tions and  divisions. 

E,g,,  -64  +  (+8  x+2-+4-s-+2)=-64-!-(+16-+2)=-4^; 

but    -64 '-!-  +8  -I-  +2  -  +4  X  +2  =  -8  -^  +2  -  +8  =  "12,  not  -4f 

BXEBCISB8  XXV. 

Find  the  values  of  the  following  expressions,  first  removing 
the  parentheses : 

1.  +25x(+12^--4).      2.  -20x(-5-5-+2).      a  +100+(+26x-2). 
4.  -600-^(-200-!--25x+3-^-4).   5.  +300-s-(-150-8-+6x+8^--4). 

12.  In  a  succession  of  additions,  subtractions,  multiplica- 
tions, and  divisions,  the  multiplications  and  divisions  are  first 
to  be  performed,  and  then  the  additions  and  subtractions. 

E.g.,  +2  X  -3  -f-4  x  +5  ="6  +-20  =-26. 

When  a  different  order  of  performing  the  operations  is  pro- 
posed, the  required  order  must  be  indicated  by  the  insertion 
of  parentheses. 

E.g.,  +2  X  (-3  -f--4)  X  +5  =  +2  X  -T  X  +6  =-70, 

not  "26,  as  before. 
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Likewise^ 

+12  -S--4  +-2  x-18  --3  X -^5  =-3  ++36  --15  =+48 ; 

+12  +  (-4  +-2)  X  (-18 --3)x+5  =+12 h--6  x'lS  x+5  =+150j 

and         (+12  +-4  +"2)  x  "18  --3  x  +5  ="5  x  "18  --15 

=+90 --15  =+105. 

BXBBCISBS  ZXVI. 

Find  the  values  of  the  following  expressions : 
1.  +180  +-36  +-4  X  -2.  2,  -25  X  +4  -+36  -i--12. 

3.  +48  x-2  --96  +-24.  4.  -7  ++15  ++3  x-2  -"28  ++4. 

5.  +11  --4  X  +5  ++2  ++33  H--3  X  +2. 

a  -l--2x+3++4x-5-i-+2. 

13.  The  following  principle  will  be  useful  in  subsequent 
work: 

If  equal  numbers  be  divided  by  equal  numbersy  or  by  the  same 
numbe)',  except  0,  the  quotients  wiU  be  equal. 

If  a  =  6  and  A  =  3,  then  a  -s-  -4  =  6  -h  B. 

For,  a  -*-  -4  =  a  -f-  -4,  by  Axiom  (i.).  (1) 

But,  since  b  =  a  and  B  =  ^,  we  can  substitute  b  for  a,  and  B 
for  Af  in  the  second  member  of  (1).    We  thus  obtain 

a  -H  -4  =  6  -*-  5. 

{  6.    ONE  SET  OF  SIGNS  FOR  QUALITY  AND  OPERATION. 

1.  In  conformity  with  the  usage  of  most  text-books  of 
Algebra  we  shall  in  subsequent  work  use  the  one  set  of  signs, 
+  and  — ,  to  denote  both  quality  and  operation.  For  the  sake 
of  brevity  the  sign  +  is  usually  omitted  when  it  denotes 
quality;  the  sign  —  is  never  omitted. 

Thus,  instead  of  +2,  we  shall  write  +  2,  or  2 ; 
instead  of  *2,  we  shall  write  —  2. 

2.  We  have  used  the  double  set  of  signs  hitherto  in  order  to 
emphasize  the  difference  between  quality  and  operaJtion,     It 
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should  be  kept  clearly  in  mind  that  the  same  distinction  still 
exists. 

We  now  have 

^-f-+2  =  JV'+(-|-2)  =  -yH-2,  omitting  the  sign  of  quality,  + ; 

N+~2  =  N'\-{—2),  wherein  -f  denotes  operation,  and  —  denotes 

qvdlity, 

N^'*'2  =  N—(+2)  =  N—2,  omitting  the  sign  of  quality,  +  ; 

JV — "2  =  JV  —  (  —  2),  wherein  the  first  sign,  — ,  denotes  operation^ 

the  second  sign,  — ,  denotes  quality, 

3.  In  the  chain  of  operations 

(+2)  +  (-6)-(+2)-(-ll) 

the  signs  within  the  parentheses  denote  quality,  those  without 
denote  operation.    That  expression  reduces  to 

(+  2)  -  (+  5)  -  (+  2)  +  (+ 11), 

or  2  —  6  —  2  -f  11,  dropping  the  sign  of  quality,  -f . 

In  the  latter  expression  all  the  signs  denote  operation,  and 
the  numbers  are  all  positive. 

4.  A  number  with  the  sign  +,  or  the  sign  —,  standing  by 
itself,  apart  from  any  chain  of  additions  and  subtractions, 
admits  of  two  meanings:  It  may  be  regarded  either  as  a  posi- 
tive or  a  negative  number  (i.e.,  as  so  many  units  greater  or 
less  than  zero) ;  or  as  indicating  that  the  number  is  to  be 
added  to  or  subtracted  from  any  number,  including  0,  that 
may  be  placed  on  its  left. 

E.g.,  —  3  may  be  regarded  as  negative  3 ;  i.e.,  as  a  number 
three  units  less  than  0;  or  as  indicating  that  3  is  to  be  sub- 
tracted from  any  number  that  may  be  placed  on  its  left, 
including  0. 

5.  The  second  meaning  given  to  a  number  with  the  sign  -f , 
or  the  sign  — ,  is  preferable  when  the  number  stands  first  in  a 
chain  of  additions  and  subtractions. 

E.g.,  in  —54-3  —  2 

all  the  signs  are  then  signs  of  operation. 
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Likewise,  in  +3  =  4-1+1  +  1,  and  —  3  =  -  1  - 1  —  1,  the 
signs  +  and  —  everywhere  denote  operation. 

6.  For  reference  in  subsequent  work,  we  give  a  summary  of 
the  more  important  results  of  this  chapter  with  the  one  set  of 
signs,  +  and  — . 

(L)  From  Ch.  I.,  §  2,  Art.  12, 
+n  +~n  =  0  becomes  +  ii  +  (—  n)  =  0,  orn  +  (—  n)  =  0. 

(11.)  From  Ch.  II.,  §  1. 

(1)  Art.  3,  Ex.  1 :  +4  ++3  =+(4  +  3)  =+7 

becomes  +4  +  (+3)  =  +  (4  +  3)  =  +7,  or4  +  3  =  7. 

(2)  Art.  3,  Ex.  2 :  "4  +"3  ="(4  +  3)  ="7 
becomes  -  4  +  ( -  3)  =  -  (4  +  3)  =  -  7. 

(3)  Art  6,  Ex.  1 :  +5  +"2  =+(5  -  2)  =+3 
becomes  +  6  +  ( -  2)  =  +  (5  -  2)  =  +  3, 
or  6  +  (-  2)  =  5  -  2  =  3. 

(4)  Art.  6,  Ex.  2 :  "6  ++2  =-(6  -  2)  ="3 
becomes  -  6  +  ( +  2)  =  -  (5  -  2)  =  -  3, 
or  -.5  +  2  =  -(5-2)  =  -3. 

In  general : 

(6)  Art.  4 :  +a  ++6  =+ (a  +  b) 

becomes  +  a  +  (+  6)  =  +  (a  +  6),  or  a  +  6  =  a  +  6. 

(6)  Art.  4 :  "a  +-&  ="-(a  +  b) 
becomes              —  a  +  (—  ft)  =  —  (a  +  6). 

(7)  Art  7 :  +a  +'b  =+(a -  6),  when  a>b, 
becomes              +  a  +  (—  6)  =  +  (a  —  6), 

or  a  +  (—  6)  =  a  —  6. 

(8)  Art  7 :  +a  +"6  =-(6  -  a),  when  a  <  6, 
becomes              +  a  +  (—  6)  =  —  (6  —  a), 

or  a  +  (—  6)  =  —  (6  —  a). 


■     » 
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(III.)  From  CI 

L  II.,  §  2. 

(1)  Art.  3,  Ex. 

1:           +7^+6  =+7 +-6  =+2 

becomes 

+  7-(+6)=-f7-f  (-6)-  +  2, 

or                      7 

-6  =  74-(-6)  =  2. 

(2)  Art.  3,  Ex. 

2:           +7 --6  =+7 ++6  =+12 

becomes 

^-7-(-5)=  +  7  +  (-|-5)  =  +  12, 

or 

7  -  (_  6)  =  7  +  6  =  12. 

III  general : 

(3)  Art.  3 : 

^-+6  =  iV-h-6 

becomes 

N-  (+  6)  =  iV^-f-  (-  6), 

or 

N^b==N+(-b). 

(4)  Arts: 

N--b  =  N+^b 

becomes 

N-(-b)  =  N+(+b), 

or 

jV-(-.6)  =  Jvr+6. 

(IV.)  From  Ch.  II.,  §  3. 

(1)  Art.  6  (i.), 

Ex.  1:    +4x+3=+(4x3)=n2 

becomes 

4.4x(+3)  =  -f  (4x3)=  +  12, 

or 

4  X  3  =  12. 

(2)  Art.  6  (i.). 

Ex.2:    -4x+3=-(4x3)=-12 

becomes 

-4x(H-3)=-(4x3)=-12, 

or 

-4x3  =  -12. 

(3)  Art.  5  (ii.), 

Ex.  3:  +4  x-3  =-(4  x  3)  ="12 

becomes 

+  4x(-3)  =  -(4x3)=~12, 

or 

4x(-3)=-12. 

(4)  Art.  6  (ii.). 

Ex.  4 :  -4  X -3  =+(4  X  3)  =+12 

becomes 

(-4)(-3)=-h(4x3)  =  4-12, 

or 

(-4)x(-3)  =  12.        ^ 

In  general : 

(6)  Art.  6: 

+ax+6=+(a6) 

becomes 

(+a)x(4-ft)  =  +(aft), 

or 

a  xb  =  ab. 
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(6)  Arte: 

-a  x''"6=~(a6) 

becomes 

(-  «)(+  i^)  =  -  (flb)f 

or 

(— a)6  =  — oft. 

(7)  Art.  6: 

+ax"6=!~(a6) 

becomes 

(+a)(-6)=-(a6), 

or 

a(-6)=-a6. 

(8)  Art.  6 : 

-a  x"6=+(a6) 

becomes 

(«a)(-6)=  +  (a6), 

or 

(-  «)(-  b)  =  oft. 

(V.)  From  Ch. 

ITT.,  §  4. 

(1)  Art  3: 

+(a6)-*-+a=+6 

becomes 

+(a6)+(+a)=:  +  6, 

or 

a5  -H  a  =  6. 

(2)  Art.  3: 

-(a6)-h-a=+6 

becomes 

.-(a6)-!-(-a)=+6, 

or 

—  a6-*-(— a)=6. 

(3)  Art.  3: 

-(a6)-^+a=:-6 

becomes 

-(a6)+(+a)  =  -6, 

or 

—  a6  -H  a  =  —  6, 

(4)  Art.3: 

+(a*)-4--a=-6 

becomes 

+(a&)H.(-a)=-&, 

or 

a6-*-(— a)=  — 6. 

BSXBROISBS  XXVn. 

Find  the  values  of  the  expressions  in  Exx.  1-19,  first  chang- 
ing them  into  equivalent  expressions  in  which  there  is  only 
the  one  set  of  signs,  +  and  —  : 

1.  +2 ++3.        2.^+lH-+4.         a  +14  4- "9.        4.   +17 +-3. 

5.  -8 ++5.        a     -7-f+6.         7.     -4 +-6.        a     -7 +-2. 

9.  +1-+2.      la     +8-+4.       11.     -^5 --2.      12.  +14 --7. 

la  -8- +3.      14.  -16- +6.       15.     -2 --5.      la  -13 --10. 

17.  +a+-6— +c       la  +a?— -2^— +«.       la  +u  +  +v--w. 
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Find  the  values  of  the  expressions  in  Exx.  20-27,  first  chang 
ing  them  into  equivalent  expressions  in  which  there  is  only 
one  set  of  signs,  +  and  — ,  and  then  removing  the  parentheses : 

20.  +5  4-C4+-'3).  21.  -9 -I- (+11 -f-5). 

22.  +7  4- (-5 ++3).  23.  +17-(+5-f-8). 

24.  -8  -  (-12 -h+4).  25.  +11 -(-7 --4). 

26.  +5-(-3-h-4)  +  (-2-+8).  27.  -7 -(-5 --8) +  (+6 --7). 

Find  the  values  of  the  expressions  in  Exx.  28-52,  first 
changing  them  into  equivalent  expressions  in  which  there  is 
only  one  set  of  signs,  4-  and  — : 

2a  +3  X  +4.        29.  +7  X  +9.  30.   -9  x  +11.      31.  -17  x  +3. 

32.  +18  X  -4.      3a  +19  X  -6.         34.   "4  x  "7.        35.   "5  x  "12. 

36.  +18H-+2.      37.   +16-*- +6.         3a   -18-1- +3.      39.   "28-*- +7. 

40.  +36-I--5.      41.  +106 -I- -15.     42.  -96 -h -6.      4a  -27 -♦--a 

44.  +2  X  -3  X  +6.        45.  -11  X  +2  X  -4.      46.  +17  X  -4  X  -3. 

47.  +18 -4- -3  X -6.      4a  -27x-3-f-+9.      49.  +42  H--6  H-+2. 

50.  +18-f-(+9-»--3).     51.  -36-s-(-3x+6).    5a  +16 x  ("18-!- +9). 

Which  of  the  signs  +  and  —  denote  operation,  and  which 
quality,  in  Exx.  53-59 : 

5a   4.2-F(-f-3).        54.   -f7-(-t-8).         55.   -11 +  (-4). 

56.   -17 -(+5).       57.    +26 -(-4).       5a    -38 -(-6). 

59.    -17-(-2)-h(-4). 

Find  the  values  of  the  expressions  in  Exx.  60-79,  first 
changing  them  into  equivalent  expressions  in  which  the  signs 
H-  and  —  denote  only  operation : 

«X  -f  6-h(-l-8).         61.  7-f-(-h9).  6a  3 +(-4). 

63.  6  -|-(-  2).  64.  16  -|-(-  3).  ^65.  -  18  +(- 19). 

66.  -3-1- (-6).  67.  -11 -(-18).         6a  -15 -(-32). 

69.  7  +(-  3)-(-  6).  70.  - 12  -h(-  ll)-(- 19). 

71.  -3-|-(-2)-(-|-15). 

7a  +3-h(+6)-(+8)~(-12)-h(-15). 


THE  SIGNS  OF  QUALITY  AND  OPERATION.        97 

7a  -4-(-19)  +  (-3)  +  (+7)+(-9). 

74.-2  -(-  3)-(- 1)+(-  9)+(+  12)+(- 19)-(-  37). 

75.  2 +[+3 -(-6)].  76.  8 -[-3 -(-2)]. 

77.  -17 -[+2 -(-3)]. 

7a  26-[+17-(+2)+(-8)-(-19)]. 

79.  _38-[-29-(-ll)-(+15)-(-12)]. 

What  are  the  values  of  a+b—c+d—e  and  a—(b—c+d—e), 
90.  When  a  =  3,  b  =  -5,  c  =  -8,  d  =  -9,  e  =  7? 
8L  When  a  =  -9,  6  =  6,  c  =  -9,  d  =  -ll,  e  =  -12? 

Find  the  values  of  the  expressions  in  Exx.  82-91,  first  chang- 
ing those  in  the  brackets,  [  ],  into  equivalent  expressions  in 
which  the  signs  +  and  —  denote  only  operation : 

8X5  [-3 +(-2)].  8a(-7)[4-(-3)]. 

84.  [-ll_(-2)]-s-(-13).      85.  9[23-(-2)+(-5)-(-9)]. 

86.  [68+(-12)-(-4)]-»-5. 

87.  (- 11)[16  -(+  2)-(+  8)  +  (- ll)-(- 12)]. 

88  -15 +[-3 +(-2)].        89.  -|-28+[-3 -(- 10)]. 
9a  [-16-(-3)]-f-(+4).     91.  [+33-(-6)]^-(-19). 

What  is  the  value  of  a(6  —  c  +  d), 

92.  When  a  =  5,  6  =  -9,  c  =  — 11,  d  =  8? 

9a  When  a  =  -2,  6  =  11,  c  =  -12,  d  =  -9? 

94.  When  a  =  -13,  6  =  -2,  c  =  3,  d  =  -3? 

95.  When  a=22,  6  =  ~11,  c  =  -8,  d  =  -4? 

What  is  the  value  of  a  -5-(6  +  c  —  d  +  e), 

96.  When  a  =  —  5,  6  =  —  3,  c  =  4,  d  =  —  5,  e  =  —  7? 

97.  When  a  =  12,  6  =  -  2,  c  =  -  9,  d  =  13,  e  =  28  ? 

9a  When  a  =  -12,  6  =  -10,  c  =  -.12,  d=15,  e  =  -23? 

Change  the  expressions  in  Exx.  99-104  into  equivalent  ex- 
pressions, in  which  there  are  both  sets  of  signs  '''  and  ~  and  + 
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and  —f  and  in  each  one  of  which  the  third  and  fourth  numbers 
are  preceded  by  the  sign  of  addition : 

99.  4_r  +  il_8.  100.   -18-16  +  2-7. 

lOL  41-11  +  15-7.  102.  125+4-7-11. 

103.  81-9+4-2.  104.   -15  +  23-14  +  5. 

Find  the  results  of  the  following  indicated  operations : 
105.  4-7.  106.    -3  +  11.  107.    +18-22. 

loa    +1-55.  109.  2-4  +  6.  HO.  5-8-2. 

111.  1-17  +  2.  112.  1-4  +  5-6  +  8-11. 

113.   -2-3+17-25-18+1.        114.   -3x4. 
115.   -  7  X  11.  ua  15  X  (-  8).  117.  7  X  (-  9). 

iia 

121. 
124. 
127. 
129. 
131. 
133. 


-4)x(-5).      119.  (_9)x(-17).      120.  15x(-12). 

_9)x(-8).     122.  18-^(-2).  123.  36 -^(- 4). 

-15)-h5.  125.  (-48)-^12.  126.  96-^(-6). 

_  144) +(-12).  12a  (-200)-!-(-25). 

-1000)-*- 8.  130.  45+(-5)x3. 

-  96)  X  12 -J- 4.  132.  33x12 +(-3). 

-2)x(-3)+(-4)x5-7x(-3). 


134.  5x(--8)-16-f-(-4)+2x(-5). 

§6.    POSITIVE  INTEGRAL  POWERS. 

1.  A  continued  product  of  equal  factors  is  called  a  Power  of 
that  factor. 

Thus,  2  X  2  is  called  the  second  power  of  2,  or  2  raised  to  the 
second  power;  aaa  is  called  the  third  power  of  a,  or  a  raised  to 
the  third  power. 

In  general,  aaa  •••  to  n  factors  is  called  the  nth  power  of  a, 
or  a  raised  to  the  nth  power. 

The  second  power  of  a  is  often  called  the  square  of  a,  or  a 
squared;  and  the  third  power  of  a  the  cube  of  a,  or  a  cubed, 

2L  The  notation  for  powers  is  abbreviated  as  follows : 

a'  is  written  instead  of  oa ;  a'  instead  of  aau ; 
a"  instead  of  aaa  •••  to  n  factors. 
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3.  The  Bijfie  of  a  power  is  the  number  which  is  repeated  as 
a  factor. 

E.g.f  a  is  the  base  of  a',  a',  •••,  a". 

The  Bzponent  of  a  power  is  the  number  which  indicates  how 
many  times  the  base  is  used  as  a  factor,  and  is  written  to  the 
right  and  a  little  above  the  base. 

E,g,,  the  exponent  of  a'  is  2,  of  a^  is  3,  of  a"  is  n. 

•  

The  exponent  1  is  usually  omitted.    Thus,  a}  =  a. 

AnJ^xponent  must  not  be  confused  with  a  subscript.  Thus, 
a'  s wa#  for  the  product  aaa ;  while  Oj  is  a  notation  for  a 
single  number. 

4.  The  definition  of  a  power  given  above  requires  the  ex- 
ponent to  be  a  positive  integer.  In  a  subsequent  chapter 
this  definition  will  be  extended  to  include  powers  with  nega- 
tive and  fractional  exponents. 

Notice  that  the  words  positive  integral  refer  to  the  exponent 
and  not  to  the  value  of  the  power,  which  may  be  negative  or 
fractional. 

E.g.,    (-  2)» =(-  2)(-  2)(-  2) 8 ;  (i)»  =  f  X  |  =  f 

5.  The  base  of  a  power  must  be  inclosed  within  parentheses 
to  prevent  ambiguity : 

(i.)    When  the  hose  is  a  negative  number.    Thus, 

(-.5)«=(-5)(_5)  =  25;  while  -5*  =  - (5  x  5)  =  - 25. 

(ii.)   When  the  base  is  a  product  or  a  quotient.    Thus, 

(2  X  5)»=  (2  X  5)(2  X  6)(2  X  5)  =1000; 

while  2  X  5«  =  2(6  X  6  X  6)  =  260. 

Likewise    f!Y=M  =  J   while  |^  =  ?4?  =  i 
\Sj      S     S     9  3  3        3 

(iii.)    When  the  base  is  a  sum.    Thus, 

(2  4- 3)«=  (2 +  3)  (2 +3)  =  6x5  =  26; 
while  2  + 3«  =  2  +  3x3  =  2  +  9  =  11. 

(iv.)    When  the  base  is  itself  a  power.     Thus, 

(2^*=  2»  X  2»=  (2  X  2  X  2) (2  X  2  X  2)  =  64, 
while    2«'  =  2»>*»  =  2*  =  2x2x  2x2x2x2x2x2x2  =  512. 
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In  the  following  powers  which  numbers  are  the  bases? 
Which  numbers  are  the  exponents  ? 

1.   2«.  2.  3«.  3.   (-11)*.  4.   (2a)». 

5.  i-6xy,       6.   (xyy.  7.   (--5mny'.         a  5'. 

9.   (2^»  10.   [(-7)7.      11.   [(-a:)-]^  12.   [{abyy. 

13.  (a?  +  y)'.     14.  (a -by,        15;   (a  +  &  +  c)*. 

Express  the  following  powers  in  the  abbreviated  notation : 
16.  2x2x2.        17.   (-3)(-3)(-3).        la  5x6x5x5. 
19.  aaaaaa,  20.   (-aj)(-aj)(-a;)(- a;)  (-»)(- ir)(~a;). 

21.   (p^y)i^y){^yy  22.   (-3a)(-3a)(-3a)(-3a). 

23.  6  .  &  •  6  •••  to  8  factors. 

24.  (—  2)  (—  z)  (—  z)  •••  to  17  factors. 

25.  5x5x5  •••  to  m  factors. 

26.  (-  06)  (-  ab)  (-  a6)  •••  to  n  factors. 

27.  3'  X  3^  X  3'  X  3*  X  3^  2a  oj"  •  af  •  af  •••  to  m  factors. 

Express  the  following  powers  as  continued  products : 
29.   2*.  30.    (-3)'.  31.    {5xy.  32.    (-6z)«. 

33.   4-.  34.   or.  35.   (a6)'.  36.   (-7  a;)'. 

37.    (27.  3a    (-30*.         39.    {ay.  40.    [(-a:y)^». 

41.    (-2)*.         42.-2*.  4a    (-3)«.  44.    -3«. 

45.    (2  ay,  4a  2a«.  47.   (-5  6)*.         4a    -  5  6^ 

Express  the  following  powers  in  the  abbreviated  notation : 

49.  (a  +  x)(a  +  x)(a'^x){a  +  x), 

50.  (a  +  «)(«  +  X)  (a  +  x)  ...  to  8  factors. 

51.  (aaa  -  6)  (ooa  -  b)  (am  -  6)  ...  to  17  factors. 

Express  in  algebraic  notation : 

52.  The  sum  of  the  squares  of  a  and  6. 
5a  The  square  of  the  sura  of  a  and  6. 

54.  The  sum  of  the  cubes  of  x,  y,  and  z. 

55.  The  cube  of  the  sum  of  x,  y,  and  z. 
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Properties  of  Poflitive  Integral  Pawen. 

6.  (i.)  All  (even  and  odd)  powers  of  positive  bases  are  positive. 
E.g.,    2»  =  2x2x2  =  8.  3^  =  3x3x3x3  =  81. 

In  general,  (-|-  a)"  =  (-}-  o)  (4-  a)  (+  a)  •••  n  factors. 

=  4-  a",  n  even  or  odd. 

(ii.)  Even  powers  of  negative  bases  are  positive;  odd  powers 
of  negative  bases  are  negative. 

Notice  that  the  words  even  and  odd  refer  to  the  exponents. 
Also^  that,  for  all  integral  values  of  n,2n  is  even  (Ch.  II.,  §  4, 
Art  10),  and  hence  that  2  n  +  1  or  2  n  —  1  is  odd. 

E.g.,         (-2/ =(-2)  (-2)  (-2)  (-2)  =  16; 

(_6).  =  (_6)(-6)(-6) 125. 

In  general, 

(—  a)**  =  (—  a)  (—  a)  (—  a)  *-»  2n  factors, 

=  +  (aaa  -  •  •  2  n  factors),  by  Ch.  II.,  §  3,  Art.  9, 

=  -f  a«». 
And, 

(-  a)^-*-^  =  (—  a)  (-  a)  (-  a)  ...  (2  n  + 1)  factors, 

=  -  [aaa  ...  (2  n  + 1)  factors],  by  Ch.  II.,  §  3,  Art.  9, 
=  -  a*»+\ 

(iii.)  In  particular, 

(-1- 1)*  =  -I- 1»  =1,  wherein  n  is  even  or  odd; 
(-!)*•  =  + 1«»  =  1;   and  (-l)*-*-'  =  -l«»+^  =  -l. 

7.  Any  positive  integral  power  of  0  is  0 ;  that  is,  0"  =  0. 

For  0"  =  0  .  0  .  0  ...  n  factors, 

=  0. 

BXBBCISBS  ZXIX. 

Find  the  values  of  the  following  powers: 

1.  2».  2.  3*.  a  (-3)*.      4.   -y.  a  (-2)«. 

6.   ~2«.      7.   (-5)*.      a   -6*.         9.  (-«)*.       10.  (-xy. 
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Express  aa  powers  of  2 : 
11.  8.  12.  64.  13.  512.  14.  4096. 

Express  as  powers  of  —  3 : 
15.  9.  16.  81.  17.   -243.  la  729. 

Express  as  powers  of  —  5 : 
19.  25.  20.  625,  2L   -3125.        22.  15,625. 

Express  as  products  of  powers  of  2  and  3 : 
23.  24.  24.  144.  25.  1536.  26.  2916. 

Determine^  by  inspection,  the  signs  of  the  following  powers : 
27.   (-5)*^  2a    (-7)".  29.   8".  3a   4'. 

31.  al  32.   (-by\  3a   -c".  34.   (-3  a;)". 

35.  2*.  36.  (- 3)",  when  n  is  even.  37.  (-3)^. 

3a  (—  7)""^  when  n  is  even.  39.   (—  4)^^^ 

40.  (—  6)*"*,  when  n  + 1  is  even. 

Find  the  values  of  the  following  expressions : 

41.  2«  +  3l           4a  (2  +  3)".         4a   (3«-5»).  44.  (3-5)». 
45.  2^-3*.           46.   (2-3)*.         47.  4«  +  3^  4a  6«-2*. 
49.  3«_(_7)8.     50.  2^+(-3)».     51.  2x3«.  5a  (2x3)*. 
5a   5x4».              54.   (5x4)»           55.   2(-7)».  56.  [2(-7)]». 

57.  2x3*-(3x2)*.  sa  (5x6)«-6x5«. 

59.  3(-4)»-[2(-5)]«.  6a  3* -(-3)*.       61.  5»  +  (-5)». 
62.  2'-(-2)^  6a  29"- (-29)". 

64.  (-37)«  +  37«.  65.   [9(- 4)]"  +  36". 

Find  the  value  of  a*, 
66.  When  a  =  2,  n  =  3.  67.  a  =  —  2,  n  =  4. 

6a  When  a  =  —  3,  n  =  5. 

Find  the  values  of  (a  +  6)*  and  (a  —  6)*, 
69.  When  a  =  3,  6=2,  n  =  4.      70.  When  a  =  5,  6=— 2,  n=3. 
71.  When  a  =  —6,  6  =  4,  n  =  5. 
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When  a  =  1,  6  =  —  3,  c  =  2,  find  the  values  of : 
72.  a\  7a  6*.  74.  alf.  75.   (aby.  76.   (lf)\ 

77.  6**.  7aa«  +  6«  +  c*.  79.  (a6)«  4- (&c)«  4- (ac)». 

It  is  proved  in  Geometry  that  the  area  of  a  square  is  equal 
to  the  square  of  its  side.    Find  the  area  of  a  square^ 

aa  When  its  side  is  15  inches.        SL  When  its  side  is  a  feet. 

It  is  proved  in  Geometry  that  the  volume  of  a  cube  is  equal 
to  the  cube  of  its  edge.    Find  the  volume  of  a  cube, 

82.  When  its  edge  is  8  inches.        83.  When  its  edge  is  x  feet. 

Find  the  values  of  the  following  sums  when  n=i6y  a  =  2, 
6  =  -3: 

84.  1* 4-  2«  +  3"  +  ...  +  «'.  85.   (1  +  2  +  3  +  ...  4-  ny. 

86.  l«4-2«4-3«+ ...  4-n».  87.   (l^  2  4- 3  4- —  4-n)». 

8a  a  4- a* 4- a* H ha".  89.  64- 6*4- ^•4- •••  4-&*. 


CHAPTER  III. 

THE  FUNDAMBNTAL   OPERATIONS  177ITH   INTEGRAL 

ALGEBRAIC  EXPRESSIONS. 

§1.    DEFINITIONS. 

1.  An  Integral  Algebraic  Expression  is  an  expression  which 
involves  only  additions,  subtractions,  multiplications,  and  posi- 
tive integral  powers  of  literal  numbers ;  that  is,  in  which  the 
literal  numbers  are  connected  only  by  one  or  more  of  the  sym- 
bols of  operation,  +,  — ,  x,  but  not  by  the  symbol  -»-. 

E.g.,  1  -f  »  +  a^,  6  a'6  -I- 1  cd^y  etc.,  are  integral  algebraic 
expressions. 

But  ajH-y,  a-i-6— c-i-d,  etc.,  are  not  integral  algebraic  ex- 
pressions. 

Notice  that  the  word  integral  refers  only  to  the  literal  parts 
of  the  expression.  At  the  same  time,  the  letters  are  not  lim- 
ited to  integral  numerical  values,  hut,  as  always,  may  have  any 
values  whatever. 

E.g.,  a  +  b  is  algebraically  integral;  but  a  may  have  the 
value  ^,  and  b  the  value  f ,  in  which  case 

2.  Coefficients. — In  a  product,  any  factor,  or  product  of  fac- 
tors, is  called  the  Coefficient  of  the  product  of  the  remaining 
factors. 

E.g.,  in  Zabc,  3  is  the  coefficient  of  abc,  3  a  of  be,  3a6  of  c, 
abc  of  3,  ab  of  3  c,  etc. 

In  (a  H-  6)  cd,  a  -♦-  6  is  the  coefficient  of  cd,  (a  -f  6)c  of  d,  cd 
of  (a  -f  b),  etc. 

A  Numerical  Coefficient  is  a  coefficient  expressed  in  figures. 

E.g.,  in  —  3  aft,  —  3  is  the  numerical  coefficient  of  ab. 
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A  Literal  Coefficient  is  a  coeiEcient  expressed  in  letters,  or  in 
letters  and  figures. 

E.g.,  in  3  ab,  a  is  the  literal  coefficient  of  3  b,  and  3  a  of  6. 

The  coefficients  + 1  and  —  1  are  usually  omitted. 

E.g.,  1  X  a  is  usually  written  a,  and  —  1  x  a  is  usually 
written  -  a. 

3.  The  sign  +  or  the  sign  — ,  preceding  a  product,  is  to  be 
regarded  as  the  sign  of  its  numerical  coefficient. 

Thus,  4- 3 a  means  the  product  of  positive  3  by  a ;  —5x 
means  the  product  of  negative  5  by  x.  In  particular,  +  a 
means  the  product  of  positive  1  by  a,  and  —  a  means  the 
product  of  negative  1  by  a,  unless  the  contrary  is  stated. 

BXEBGISB8  I. 

What  is  the  coefficient  of  x  in 
1.  2a;?      2.   -3aj?      a  5ax?      4.    -76aj?      5.  (a  +  b)x? 

In  the  expression  12  rcy  (a  -f  b),  what  is  the  coefficient  of 
6.  a-f-ft?         7.  a5(a-f  6)?         a  12y?         9.  12x(a  +  b)? 

la  If  the  sum,  a  +  a  +  a  +  a,  be  represented  as  a  product, 
what  is  the  coefficient  of  a  ? 

11.  If  the  algebraic  sum,  — 6  —  6— 6  —  6  —  6,  be  represented 
as  a  product,  what  is  the  coefficient  of  —  6  ?    Of  6  ? 

12.  If  the  sum,  7  +  74-7-1-  •••to  a  summands,  be  repre- 
sented as  a  product,  what  is  the  coefficient  of  a  ? 

13.  If  the  sum,  a  +  a  +  a-\""U)S  summands,  be  represented 
as  a  product,  what  is  the  coefficient  of  a  ? 

14.  If  the  sum,  a5-ha;  +  a;-|--««ton  summands,  be  represented 
as  a  product,  what  is  the  coefficient  of  a:  ?    Of  n  ? 

15.  If  the  algebraic  sum,  —y  —  y  —  y—  •••to  a  summands, 
be  represented  as  a  product,  what  is  the  coefficient  of  —  y? 
Of  y? 

16.  If  the  sum,  2 aa?-f- 2  oa -f- 2  aa? -h  •••  to  y  summands,  be 
represented  as  a  product,  what  is  the  coefficient  of  2  ox  ?  Of 
2a?    Of  ay? 
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17.  In  the  sum,  (a -f  6)  + (a +&)  +  («  + 6)4- •••to  8  sum- 
mands,  what  is  the  coefficient  of  (a  +  &)  ? 

4.  In  an  expression  such  as 

4a-36, 

the  sign  —  means  operation,  i.e.,  subtraction. 

But,  since  4a  —  36  =  4a  +  (—  36), 

the  given  expression  is  the  result  of  adding  4  a  and  —Sh. 
In  like  manner,  the  expression 

2aj- 3y -h  42  —  6  u  =  2aj -f- (- 3y)  +  4«  +  (— 5  w), 

is  the  result  of  adding  2  a;,  —  3^,  4  2,  and  —5u,    Upon  these 
considerations  are  based  the  following  definitions : 

The  Terms  of  an  algebraic  expression  are  the  additive  and 
subtractive  parts  of  that  expression. 

E.g.f  the  terms  of  4  a  —  3  6  are  4  a  and  —35;  the  terms  of 
2a?  — 3y-f  42  — 5u  are  2a:,  —Sy,  4:Z,  and  —Bu. 

The  Sign  of  a  Term  is  the  sign  of  quality,  +  or  — ,  of  its 
numerical  coefficient. 

E,g,,  the  sign  of  the  term  2 as  is  +,  of  —  3y  is  — ,  etc. 

A  Positiye  Term  is  one  whose  sign  is  + ;  as  2  x  and  4  z, 

A  Hegatiye  Term  is  one  whose  sign  is  — ;  as  —  3^  and  —5k. 

&  Like  or  Similar  Terms  are  terms  which  do  not  differ,  or 
which  differ  only  in  their  numerical  coefficients. 

E,g.y  in  the  expression 

-f3a-|-6a6  — 5a-|-7a6, 
-f  3 a  and  —5a  are  like  terms ;  so  are  -h 6 a&  and  +  7 a5. 

Unlike  or  Dissimilar  Terms  are  terms  which  are  not  like. 

E,g,,  in  the  above  expression  +3a  and  +7ab  are  unlike 
terms. 

6.  A  Monomial  is  an  expression  of  one  term. 
E,g,,  a,  3  a',  —  7  6c. 

A  Binomial  is  an  expression  of  two  terms. 
E.g,,  a  +  b,  —  2a'  +  3a5c,  7a*6-116»c. 
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A  Trinomial  is  an  expression  of  three  terms. 

E,g.j  a-^-h  —  Cy  -3a* +  7  6^  — 6c*. 

A  Multinomial'*  is  an  expression  of  two  or  more  terms^  in- 
cluding, therefore,  binomials  and  trinomials  as  particular  cases. 

E.g,^  a  -h  6*,  a*  4-  &  —  c',  ab  +  hc^cd  —  ef, 

§2.    ADDITION  AND  SUBTRACTION. 

1.  Like  Terms  can  be  united  by  addition  and  subtraction 
into  a  single  like  term. 

Just  as2  =  l-{-l^  so2a  =  a-|-a; 

just  as        6  =  1+1  +  1+1-1-1,  so  ba  =  a  +  a-\-a-\-a-\-a. 

Therefore,  just  as  2  +  6  =  7,  so  2  a  +  6  a  =  (2  +  6)  a  =  7  a. 

That  is,  a  is  used  in  2  a  +  6  a  just  as  the  unit  is  used  in  2  +  6. 
Again,  just  as 

3  =  1  +  1  +  1,  so  Sxy^xy  +  Qpy  +  xy\ 
just  as 

—  4  =  —  1  —  1  —  1—  1,  so  — 4ajy  =  —  jcy  —  0^  —  ajy  —  ojy. 

Therefore,  just  as  3  -  (-  4)  =  3  +  4  =  7, 

80  3a5y -  (- 4icy)  =  [3 -  (- 4)] xy^lxy. 

That  is,  vy  is  used  in  3  a^  —  (—  4  o?^)  just  as  the  unit  is  used 
in  3- (-4). 

Consequently  the  addition  and  subtraction  of  like  terms 
reduces  to  the  addition  and  subtraction  of  their  numerical 
coeiBcients.  That  is,  to  add  or  subtract  like  terms,  add  or  sub- 
tract their  numerical  coefficients  and  annex  to  thai  result  their 
common  literal  part. 

Ex.  1.  Add  —  7  a6  to  4  a6. 

Wehave    4a6  +  (-7a5)  =  [4  + (-7)]a&  =  -.3a6. 

Ex.2.  Add  -3(aj  +  y)  to  — 2(»  +  y). 
We  have 
-2(a:  +  2^)  +  [-3(ic  +  2^)]=[-2+(-3)](a?  +  y)=--6(»  +  y). 

*  The  word  Polynomial  is  frequently  used  instead  of  Mnltinomial. 
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Ex.  3.  Find  the  sum  of  3  a,  —  5  a^  8  a,  —  4  a. 
By  the  Commutative  Law  for  addition,  the  terms  may  be 
added  in  any  order. 
We  have 

3a  +  8a4-(~6a)  +  (— 4a)  =  [3  +  8+(-6)-f(-4)]a  =  2a. 

Ex.  4.  Subtract  -~6a?y  from  —  7  a*y. 
We  have 

--Ixhf  -  (-  6a*y)  =  -  7aj*3^  +  6a^3^  =  (-  7  +  o)a*y  =  -  2ajV. 

The  student  should  accustom  himself  to  find  mentally  the 
algebraic  sum  of  the  numerical  coefficients,  writing  only  the 
result  In  addition,  it  is  better  to  find  the  sum  of  all  the  posi- 
tive coefficients,  then  the  sum  of  all  the  negative  coefficients, 
or  vice  versa,  and  imite  the  resulting  sums. 

EXERCISES  II. 

Add 

1.  2ato3a.  2.  5a;to7a;.  a  4&to— 96. 

4.  6  w  to  --  w.  5.   —  7  y  to  3  y.        6.   —  5  m  to  8  m. 

7.    —6c  to— 6c.     a    —  9vto— 4v.    9.  J^a'toja*. 
10.    —4  or*  to  J  ic*.     11.  Jaftto— |a6.   12.   —  6  m?i' to —|mn'. 
la  a  +  h  to  -3(a-|-6).  14.   -7{a^-^f)  to  2(ic*  +  3^. 

Subtract 

15.  7x  from  4aj.  la  2  a  from  5  a. 

17.  36  from  —56.  la  10  m  from  —  m. 

19.    —9^  from  2y.  2D.  —Sz  from  llz, 

21.    —4c  from  —  3c.  22.  —  5 te  from  —  9u. 

2a    -16a:*  from  -5iB».  24.  -3a5  from  7a6. 

25.  ax  from  8aa?.  2a  f  m'  from  — Jj»^m*. 

27.    —  fa^  from  —  i^^.  2a  —  Jcy»  from  |cy*. 

29.  ^aa^  from  foa^.  30.  -(a«4-6^from  -(a*  +  6«). 
3L    — 7a""**(y  — 2)  from  2af-*(y  — «). 
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Find  the  sum  of 
32.  a,  2a,  —3a.  3a   —Bxy  2Xf  7x, 

34.   —  oA,  -3a6,  -Tab.         35.  3af,  -4aJ*,  -9aj". 
36.    —  9  oa?,  oaj,  — 10  oa?.  37.    —  a;*,  —  9  «*,  —  6  «•. 

3a  2aV,  -aW,  -5aW,  7aV. 
39.   —5aar,  7aaf,  —  9aar,  3aa:*. 
4a   —abc,  fa6c,  —  |a6c,  4a6c,  9  ode,  —^abc. 

Simplify  the  following  expressions : 
42.  a4-2a+3a.       43.  6a;— 2 a:+4a?.        44.  — 7m-f4w— 6w. 
45.  8n-2n-3n.    46.  —9  6-26-36.    47.  3y-8y-7y. 
4a    -»*«  +  7»**  +  2jc*'-5«**.    49.  a*6-2  6a*-3a«6-f  46a». 

51.    -aj"  +  i«*-iaj»4-ia5*-iaf -f  ^af. 

5a  2(a»4-l)-3(a«  +  l)--5(a»  +  l)  +  7(a»+l). 

53.  -(a  4-  6  -  c)-f  2(a  H-  6  -  c)  + 11  (a  4-  6  -  c)-  7(a  -f  6  -  c). 

Verify  the  results  of  Exx.  50-53,  by  making  the  following 
substitutions  in  the  results,  and  also  in  the  given  expressions  • 
before  they  are  simplified  : 

54.  a;  =  60,  y  =  l,  a  =  3,  6  = -4,  c  =  5,  n  =  2. 

55.  a?  =  —  30,  y  =  2,  a  =  -i,  6  =  J,  c  =  l,  n  =  3. 

Simplify  the  following  expressions  : 

56.  3a?  +  (-6a?).  57.  _10a  + (- 12a)..  5a  12a«-(-7a^. 
59.  -7a6-(4-6a6).  60.  -3af"y"'4-(-f  23^^-)  -  (- a^-^^-). 
61.  a— (2a— a).  62.  a— (5aj— 9a;).  63.  7/i-f  [2W— (3»i— 4m)]. 
64.  2a-[-4a-(-6a)].  65.  6y-[53^-4y-(-3y+2y)]-y. 
6a  a  — 2a— (3a  — 4a) —  (5a  — 6a). 

67.  a;— [aj  — 2aj— (a;  — 3a;)  —  (a?  — 4x)]. 

Verify  the  results  of  Exx.  61-67  by  making  the  following 
substitutions  in  the  results,  and  by  making  the  same  substi- 
tutions in  the  given  expressions  and  reducing : 

6a  a  =  3,  m  =  — 5,  a?  =  4,  y  =  — 7. 
69.  a  =  -  (i),  m  =  i,  a;  =  -  9,  y  =  8. 
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2.  Unlike  Terms  are  added  and  subtracted  by  writing  them 
in  succession^  each  preceded  by  the  sign  +  if  it  is  to  be  added, 
by  the  sign  —  if  it  is  to  be  subtracted. 

Ex.  1.  Add  35  to  2a.    We  have  2a  -f  35. 

Ex.  2.  Add  -3  a?  to  2  f.    We  have 

23^4.(-3a^=22/*-3aj». 
Ex.  a  Subtract  — 11  m  from  2n.    We  have 

2n-(— llm)=2n  +  llm. 

In  thus  adding  and  subtracting  unlike  terms,  the  student 
should  accustom  himself  to  write  at  once  the  final  form  of  the 
result,  as  2^"  —  30*  in  Ex.  2,  and  2n  -h  11m  in  Ex.  3.  Such 
steps  as  changing  +(— 3a^  into  —  30?*,  and  —(—Urn)  into 
11m  should  be 'performed  mentally. 

Ex.  4.  The  sum  of  2  a,  —  3  5,  —5cy  and  4  d  is 

2a-35-5c  +  4d 

Ex.  5.  The  result  of  subtracting  —35  from  2a,  and  —6c 
from  that  remainder,  and  adding  —  4  d  to  the  last  remainder 
is  2a  +  35  +  5c-4(i. 

BXEBCI8BS  m. 

Add 

1.  atol.  a  —  3to2a?.               3.  —45  to  5. 

4.   —  a?  to  —  y.  5.  oo;  to  5^.                  6.  —  a*  to  y*. 

7.  a^  to  —  y*.  .  8.  3  a5  to  —  2  5c.         9.  —  7  «  to  —  3  x. 

10.  a*  to  a.  U.  a*  to  2a.  12.   —  3m*to2w". 

13.    -2a5toa'.  14.  —xy^to—a^,  15.  2afj/^  to —Safsi', 

Subtract 

16.  X  from  1.  17.  —  a  from  2.  la  —  3  5  from  5. 

19.  7  from— ^.  20.  — 2mfrom— 3n.  21.  7  a?"  from —2  y". 

22.  a'  from  a.  23.  —  a?  from  3  a;.  24.  —  5a;  from  —  cy. 

Add 
25.   1,  —a?,  a?.  26.  —3,  2a;,  —  3y.       27.  —  a5,  — oc,  —ad. 

2a  3,  a?,  -2  a;*,  -7a;*,  3  a;*.        29.  a;",  -3af-'y,  3af-y,  -y». 
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aa  Subtract  ~  3  a^  from  the  sum  of  2  and  —  4  a;. 

31.  Subtract  ofy  from  the  result  of  subtracting  —2x1^  from 

32.  Add  6'  to  the  result  of  subtracting  —  2  a&  from  a*. 

33.  Add  ~  5 0^  to  the  result  of  subtracting  —2x  from  0. 

34.  Subtract  ab  from  the  sum  of  ax  and  by, 

Find  the  values  of  the  results  of  Exx.  30-34, 

35.  When  a  =  l,  6  =  2,  a;  =  4,  y  =  — 6. 

36.  When  a  =  -|,  6  =  ^,  «  =  -!,  y  =  |. 

3.  A  multinomial  consisting  of  two  or  more  sets  of  like 
terms  can  be  simplified  by  uniting  like  terms. 

Ex.1,  2a-35-5a  +  46 

=  2a  —  5a  —  36-f46,  by  the  Commutative  Law,  (1) 
=  —  3  a  +  &|  by  the  Associative  Law. 

Ex.2.  3aj»-2a^H-5y*-5aj«-|-7a^  +  3y» 

=  3aj«-6»»-2iry-f-7a?y  +  5y*  +  3y»  (1) 

=--.2aj"-f-5a!y  +  83/*. 

Ex.  a  3(«»  +  l)-2(s^-l)+4(a^  +  l)4-7(y-l) 

=  3(a?  +  l)+4(a^  +  l)-2(y-l)+7(y~l)  (1) 

=  7(a?  +  l)+6(y-l). 

The  student  should  not  rewrite  the-  expression,  as  in  lines 
(1)  above,  but  should  collect  and  unite  mentally  the  numerical 
coefiicients  of  like  terms. 

HXBBOISBS  IV. 

Simplify  the  following  expressions  by  uniting  like  terms : 

1.  a  +  l4-a  — 1.  2.  2aj  +  5  +  3aj  — 7. 

a  6a-66-f 4a-26.  4.  3ic*-4y*  +  2a:*~6y*. 

5.-5 mn  -j- 3 n  —  2 nm  —  6n.     6.  4aj^  —  2a5y*  —  5 ya? -f  3 y^x. 

7.  a  +  6-3a  +  c-464-6a-5c-8a-3c-f  116. 
a  5a^  — 7aa^  — 2ax'  — a?a5  — oaj'  — 5a'  + 9a'a5. 
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9.  8a»W-2a"yc-7aVc-f  a'&c*  +  6aWc-3a»6c*. 

la  em^-cm^  +  S  +  Qcm^  —  Sm^-l-em^-m^c-f  11. 

U.  7ac  +  6ac'-2n^  — 3i>?i'  — 6c*a  — 10  4-47i*;)4-10-2ac. 

12.  3  »V+  8  nV-  6  nV-  9  nV-H  2  nW-  nW-  5  nV  +  4  nV. 

13.  10a"6-6a*-46a*  +  2-6a"6-3-a*. 

14.  9 a6* -  fta?  - 13 a6*-  a^6  +  3  6a?  -  2  ai^* -h  10a*b-  2 6a;  -  a6*. 

15.  3(a  +  m)— 4(a  +  m)-2(a-fm)+8(a  +  w). 

16.  7(aj-n)«-(a;-n)'-4(aj-7i)-7(a;-n)'+4(aj-n)-.6(a?-n)». 

17.  (a-l)n»-8(a-l)+4a-l-2(a-l)-3(a-l)n*-5a+7. 
la  6{x  —  y)^  6x  —  y  -  y  —  2(x  —  y)—  2 X  +  y  —  5{x  —  y). 

19.  (a  +  «)« -  2(a  +  «)» +  2(a  +  2»)  +  7(a  +  a;)'  - 5(a  +  2^. 

Simplify  the  following  expressions^  first  removing  paren- 
theses : 

20.  a  +  l-(2-3a).  21.  6aj- (-2y +  3a:). 
22.  aj  — 2y  — (4aj  +  3y). 

2a  2m  +  3n  — (5m  — 4n)  — (— 3m  +  7n). 

24.  aj«  +  y'-(«'-30  +  (y'-«*)- 

25.  3a6-[4a6  +  26«-(2a6  +  6«)]. 

26.  l-[a8-2-(-2a»-3)]. 

27.  ajS_2^^|-_3aJ_2y«-(2a*-32^]. 
2a  2a-[36-(-2a  +  56)-7a]. 

29.  2xy  +  5yZ''  {2xy —  3yz) —[2xy  —  (3xy  -2yz)  -f  Syz]. 

Find  the  values  of  the  expressions  in  Exx.  20-29. 

30.  When  a=l,  6=— 2,  a?=3,  y=— 5,  2=10,  m=4,  n=— 7. 

31.  When  a=— 3,  6=6,  aj=6,  y=-7,  «=8,  m=-l,  n=— 2. 

If  a?  =  2a-364-4c,  y=~3a  +  26-7c,  2  =  9a-76  +  6c, 
find  the  values  of 

32.»  +  y  +  «.     33.   aj  — y  +  2.     34.  a;  +  ^  — 2^-     35.  a?  — y  —  a;. 

Simplify 
3a  a  +  (a  4- 1)4- (a +  2)  + (a +  3). 
37.  «  +  (a;  +  2)  -I-  (x  +  4)  +  ...  +  («  + 10). 
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3a  2w  +  (2w-l)  +  (2m-3)-f-(2m-6). 

39.  2a  +  (2a-l)  +  (2a-3)+ ••• +(2a-9). 

40.  a+6+(a+&H-c)-h(a+64-2c)  +  (a4-6+3c)+(a+6-f4c). 

41.  a-f6+(a4-6— c)  +  (a+6— 3c)  +  (a-|-6— 5c)-|-(a+^-7c). 

42.  Find  the  sum  of  5  terms,  the  first  term  being  ab,  and 
each  succeeding  term  being  1  greater  than  the  preceding  term. 

4a  Find  the  sum  of  7  terms,  the  first  term  being  a^,  and 
each  succeeding  term  being  1  less  than  the  preceding  term. 

44.  Find  the  sum  of  6  terms,  the  first  term  being  m  +  n,  and 
each  succeeding  term  being  p  less  than  the  preceding  term. 

Addition  and  Subtraotion  of  Multlnomiale. 
4.  Ex.1.  Add -2a -1-36  to  3a -56. 

We  have  (3a-56) -h  (-2a-h36)  =  3a- 56-2a-h36, 

=  a-26. 

Ex.  a   Subtract —2a 4-36  from  3a  — 56. 

We  have  (3a-56)  -  (-2a4-36)  =  3a-56 -F2a-36, 

=  5a-86. 

In  adding  multinomials,  it  is  often  convenient  to  write  one 
underneath  the  other,  placing  like  terms  in  the  same  column. 

Ex.3.   (3a  — 56) -f(— 2a -f- 36)  may  be  written 

3a-66 
-2a-h36  ' 
a-26 

It  is  evidently  immaterial  whether  the  addition  is  performed 
from  left  to  right,  or  from  right  to  left,  since  there  is  no  carry- 
ing as  in  arithmetical  addition. 

Ex.  4.   Find  the  sum  of  —  7a"  -f  5a6  —  36*, 

-  2a« -  3a6  -f- 96»,  and  11a* -  2a6  -  76«. 

We  have  —  7a«-f  5a6  —  36* 

-2a*-3a6  +  96* 
lla'-2a6-76* 
2a* -hO      -    6*,  =2a*-6* 


114  ALGEBRA. 

Ex.5.   Find  the  sum  of  -Aa^ -\-Sy' -Ss^,2i^^37?y  and 
23^  +  52'. 
We  have  -4a^  +  3y»-8«' 

2aj*  -32» 

2y«-f  62» 

-2a^4-5y»-62* 

If  a  similar  arrangement  be  made  in  subtracting  multinomials, 
change  mentally  the  signs  of  the  terms  of  the  subtrahend,  and 
proceed  as  in  addition. 

Ex.  6.   Subtract  —  2a  +  36  from  3a  —  56. 

Changing  mentally  the  signs  of  the  terms  of  the  subtrahend, 

and  adding,  we  have 

3a-56 

-2a-f  36 

5a-86 

Ex.  7.  Subtract  22^  —  32*  from  —  4ic*4- 3y",  and  from  the 
result  subtract  2y*  -f  5^^ 

When  several  multinomials  are  to  be  subtracted  in  succession, 
the  work  is  simplified  by  writing  them  with  the  signs  of  the 
terms  already  changed. 

Changing  the  signs  of  the  terms  of  the  multinomials  to  be 
subtracted,  and  adding,  we  have 

-4a^  +  3y» 
-2aj*  +32* 

-2y«-52* 

_6ir«+    f-2:^ 

BXERCISBS  V. 

Add 

1.   a +4  to  a  — 4.  2.   2a  — 3  to  3a  — 2. 

3.   7a  — 46  to  — 3a  +  26.       4.    —x-^ytox  —  y, 

6.  6aj  — 9y  to  —  3aj  — y.  6.   8 aa;  4- 2 6y  to  -  7 oa? -h  3 6y. 

7.  ^Sxy-^lOyzto  —xy  —  12yz, 

a   2iB'  — a?y  to  —  a*H-2/*i  9.   ar*4-ajto— a*  — «*. 
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10.  ^m*»  —  ^mn^  to  f  mhi  -\-  ^mn\ 

11.  -af +  3y*to2ar-2y*. 

12.  aj»-|-«  +  ltoa^  — aJ-hl. 

13.  2a*  -  3a6  -  y  to  -  a*  +  5a6  +  26*. 

14.  4a^-6aj  +  l  to -3aj»  +  4aj*-2. 

15.  a»-fa*  +  ^ato -^a»  +  2a«-Ja. 

16.  a«-3a«64-3a&»-6»toa?  +  3a%4-3aft«  +  6*. 

17.  aJ»H-3af-*-2af-*+aJ*~'-l  to  af-3af-*+4af-*-af-«+2. 

•  Subtract 

18.  a  —  1  from  a  +  1,  19.  3  a  +  2  from  4  a  —  5. 
ao.  a  — 26  from  0.  21.   8a- 36  from  7a -26. 
22.  as  4-  y  from  x  —  y.             23,  x  —  y  from  aj  +  y. 

24.  —  a^  -f  ajy  from  2  aj"  —  2  a?y. 

25.  ^oa?  — |6y  from  —  foa;  — ^6y. 

26.  —  3af'  — 4y"  from  2af  —  y*. 

27.  —a^y  —  xif^  from  aj*  4-  ^.  2a  a'6  +  a6*  from  a*  +  6*. 

29.  a*  — 2a*  — a  — 2  from  a  — 5. 

30.  -aJ*-h7a5»H-3aj"-f  3aj-9from0. 

31.  -5a*-2a  +  3from -3a*-t-6a-l. 

32.  a»6-3a6«-|-a*6*from2a«6-6a6«-a*6* 

33.  a?  — 3a^4-3ay*  — y'fromar'-f  3aj*y-f  3a;y*  +  y'. 

34.  a^  — ^  +  2*  — 3a^  from  aj'  +  a?*- 2/'4-y*-f  2*  — 2*. 

35.  2aJ*-3a^-7a^H-3a;+l  from  2+4a?-6aj*-2aj»+3a?*. 

36.  a?*  — aj'  +  as*  — a;-f-l  from  a^-f  a^-f  1. 

37.  -ia:*-ia^  +  |a*-lfroma*  +  |a?*-aj»-f 
3a  oaj**- 36a^  +  4caJ"  — 1  froma?**  — 26a^  +  3ca*. 

39.  -3(a;H-y)*+4(a?+y)-7from  -(aj4-y)*-7(a?+y)+3. 

40.  7(a*  +  6^-3(a4-6)«-(a  +  6)-2  from  9(a*  +  6*) 
-6(a4-6)+3. 

Find  the  sum  of 

41.  7a  — 96  — c,  6a  — 36  — 2c,  2a  +  36  — 6c. 

42.  3a?-5a;-f  1,  7aj*-f  2aj-3,    -a^-2a;-3. 
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44.  3a*~4a6  +  &*,  a»-2a6-2&*,  2a»-3a6-|-46«.    * 

45.  4:ab  —  x,  Sa^  —  2aby  2ax-\-ab, 

46.  a»-2a6  +  26»,  2a'-3a6  +  6^  a^-\-5ab-b\ 

47.  2a'2^+4aj»2r', -5ajy4-2ajy-3xy,  4aV--5iBy-6aY. 

4a  3a— 2  6+5 c,  a+6— c,    — 2a+5  6— 3c,    — 2a+6— c. 

49.  a^  +  2ir»-3a;4-l,  2aj»-3aj»  +  4a?-2,  6ar'  +  4aj*  +  5, 
6aj»-5ir*-4a?-3. 

9a  6 a' -3 a' -1-2 a,   a^-a^,   a»-a  +  l,  a»-2a'-a-2. 

51.  2a-h6— (c-|-c2),  a-h(6  — c)— d,  a-|-6— (c  — d). 

sa  a  +  2  6  +  c,  2a-(6-c)-d,  3a  +  6-(2c4-d). 

sa  3(a4-6)-4(a-f-6)«  +  5(a-f-6)»,   (a -h 6)* -  2 (a  +  6)», 
-(a  +  by  +  2{a  +  6)»  -(a  +  b). 

54.  7(aj«-|-2/0-3(aj»-3^+2aJ2(,  2 (aj» - y«) - 4 a?y, 

55.  Subtract  a?  -H  «  -f- 1  from  the  sum  of  2  a*  —  2  a?  +  1  and 
3  a^  +  oj  +  4. 

56.  Subtract    the    sum    of     a'  -h  a&  -f-  6*    and    ab    from 
2  a«  H-  3  a6  +  2  6". 

57.  Subtract  the  sum  of  a'  and  6'  -h  c*  from  the  sum  of  6' 
and  a*  —  c*. 

5a   Add  a?y— 2^^  to  the  result  of  subtracting  t^—Sxy  from  5. 

59.  How  much  does  m'  -f-  n'  exceed  m*  —  n*? 

60.  How  much  does  1  —  ic*  exceed  2  —  3  ic*  ? 

61.  What  expression  must  be  added  to  2a  — 36-|-4c  to 
give  4a-F26-2c? 

6a   What  expression  must  be  added  to  a? -\-3xy  —  y*  to  give 

63.  What  expression  must  be  added  to  osy  +  xz  -{-  yz  to  give 

64.  What  expression  must  be  subtracted  from  a*  -H  a^  +  b* 
to  give  a«-2a6-f-6*? 
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65.  What  expression  must  be  subtracted  from  a?*  — 2ajy-|-y* 
to  give  a*  +  2  j»y  +  y*  ? 

66.  What  expression  must  be  added  to  oc*  +  a?  + 1  to  give  0  ? 

67.  Given  the  four  expressions, 

6  a*  -  3  a6  -f    6*  -  3  ac  +  2  6c  +    c*, 
2  a«  -f  6  a6  -  3  6*  +  2  ac  -  4  6c  +  3  c*, 
4a*-7a6  +  56*-4ac-5  6c+    c«,    . 
2  a*  +  9  a6  -  8  6*  4-  3  oc  +  3  6c  +  2  c«. 

From  the  sum  of  the  first  two  subtract  the  sum  of  the  last  two. 
6a  Given  the  four  expressions, 

6a«-3a6-}-26«-6acH-    6  6c -2  c', 

a'  —    a6  -f    6*  -f    etc—      be—    c*, 

2a*-h3a6-26«-3ac-   46c-6c*, 

3a»-6a6  +  3  6«-4ac  +  106c-f-4c*. 

Subtract  the  sum  of  the  last  three  from  the  first. 

§  3.     MULTIPLICATION. 
Principles  of  Powers. 

1.  Products  of  Powers. 

Ex.  I.  2»x2«=(2x2x2)(2x2)=2x2x2x2x2=2»+»=2'. 
Ex.  2.  a*a?  =  (aaad)(a(iaaa)  =  aaaaaaaaa  =  a*+*  =  a*. 
Ex.  a  xafa?  =  (x)(xx)(xodx)  =  xxxxxx  =  aj'+*+'  =  afi. 

The  preceding  examples  illustrate  the  following  principle : 

(i.)  The  product  of  two  or  more  powers  of  one  and  the  same 
base  is  equal  to  a  power  of  that  base  whose  exponent  is  the  sum  of 
the  exponents  of  the  given  powers;  or,  stated  symbolically, 

l|M||ii  _.  |i«+"*    fl*!!"!!'  =  |i"»+*>+Pj   etc. 

For,  c^a'*  =  (aaa  •••  to  m  factors)  (cum  —  to  n  factors) 

=  aaa  •••  to  (tn  +  n)  factors 

The  law  can  be  easily  extended  to  the  case  of  any  number  of  powers. 
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(ii.)  The  converse  of  the  principle  is  evidently  tr%M, 

E.g.,  q!  =  cfa  =  aV  =  Q^(jf 

=  (jfijfa  =  (j^c^a  =  etc. 

BXEBCISES  VI. 

Express  each  of  the  following  products  as  a  single  power : 

1.  2  X  2».  2.  5*  X  51  a  (-  7)»(-  7)*. 

4.  (-2)»2*.  5.  (-3)*3«.  6.  h\-h)\ 

l.dfa.  a  6V.  9.  (-«)«(- 0?)'. 

10.  (-a;)«a?*.  U,  a*aV.  12.  (_«)(-«)«(-«)» 

13.  (a6)«(a5)».  14.  (-a^)«(-ajyy(-a:y)«. 

15.  {^''mTi^^'-mri){^rMif,       16.  a'a". 

17.  aVa«.  la  (-«/(-«)'(-«)•. 

19.  a^-'a-^*.  2a  aj*+"af-*'. 

21.  y^+V*!/*"*"^'-  22.   (a;  +  y)(a:-fy)*. 

2a  (a'  +  ftyCa'  +  ft*)'.  24.  (2aj+iy(2aj-fl)«(2aj+l)*. 

25.  (a4-&  +  c)*(a  +  6  +  c)«(a  +  6  +  cy. 

2.  Powers  of  Powers. 

Ex.  1.  (2»)»  =  2«  X  2«  X  2«  =  2«+*+«  =  2«»<»  =  2«. 
Ex.  Z  (a*)«  =  a^aVa^a^  =  a*+^+*+^+*  =  a*>^«  =  a» 
Ex.  a  [(a*)*]*  =  (a*>**)*,  since  (a*)*  =  a*^«,  by  Ex.  2, 

The  preceding  examples  illustrate  the  following  principle : 

(i.)  A  power  of  a  power  of  a  given  base  is  equal  to  a  power  of 
that  iKLse  whose  exponent  is  the  product  of  the  given  exponents; 
or,  stated  symbolically, 

(fl'")"  =  a"^;   [(fl")*]' =  a*-* ;  etc. 
For,  (a*)*  =  a^a^a^  •••  to  n  factors 

^  ^M4-«i+fli-t>  •••  to  n  tamnuuidf 

Likewise,  [(«*)"]'  =  (a**)'  =  a"»^ ;  and  so  on. 
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(ii.)    The  converse  of  the  principle  is  evidently  true : 
a-=(a*)»;  a"^  =  (a-^/ =  [(a*)"]' ;  etc, 
E,g,,  a*=(a«)»;  a«=[(a«)«]« 

(iii.)   In  a  power  of  a  power  the  exponents  are  commutaJtive : 
(try  =  (fl-)*;    [(a*)*]'  =  [(a-)"]'  =  etc. 

For,  (o")"  =  a""  =  a'«  =  (a*)". 

In  like  manner, 

[(a»)«»]p  =  [(a")']"  =  [(a")"]-  =  etc. 

^.(7.,  (?y  =  (3»)' ;  [(a.-*)*]^  =  [(a^']'  =  [(aO^*  =  etc. 

BXBBCISBS  Vn. 

Find  the  values  of  the  following  powers : 

1.  (3y.        2.  S^.        a  3^.  4.  (4«)«. 

5.  4*'.  6.  4*'.        7.   [(-2)»]*.        a  (-2»)». 

Simplify  the  following  powers  : 
a  (liy.        la  [(-18)*]«.        11.   [(2«)«]^        12.  [(3*)*]«. 

la  (a»)*.        14.  (^^  15.  (-«*)«.       la  [(-«)*]». 

17.   [(a6)*]«.    la  [(a^^^  la   [(-n«)«]».    20.  (a^". 

21.  (af)*.  22.   (of)**.  2a   (a:*)**. 

24^   C(a?  +  y)7-  25.    [(a» +  !)*]».  2a  [-(aj«  -  y«)]». 

Express  the  following  powers  as  powers  of  2: 

27.   [(2»)»]^  2a   (2**)*.  29.   (2»)**. 

31.   41  32.    8^  3a   16'. 

Express  the  following  powers  as  powers  of  3* : 
35.  3«.  36.  3**.  37.  3» 

39.  9*.  4a  81*  41.  27« 

Express  the  following  powers  as  powers  of  6' : 

4a  5".  44.  6«  45.  125«.  4a  26*. 

Simplify  the  following  powers : 
47.   (c?al^\        4a   (a5*a^«.        49.   [(-a?)V]».        50.  [(-c)V]«". 
SL  [(a  +  h)\a  +  &)«J.  52.  [(1  -  x)\l  -  xy\\ 


30. 

2^. 

34. 

32». 

3a 

S". 

42. 

243'. 
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Write  the  squares  and  the  cubes  of: 
54.  a«.         55.    -a\         56.   (a?x^)\         57.   [(-y)V]'- 
5a   jc  +  y.         59.   (a -6)*.         60.    -(a  +  6~c)\ 
Write 
61.  The  fourth  power  of  a.  62.  The  ath  power  of  4. 

Write  the  sum  of  ten  terms,  the  first  term  being  x, 

63.  When  each  term  is  the  square  of  the  preceding  term. 

64.  When  each  term  is  the  cube  of  the  preceding  term. 

65.  When  each  term  is  the  ?ith  power  of  the  preceding  term. 

Simplify 
66.  3(a»)*+2(a*)»-4(a*)«       67.  3(a«/-2(a*)*-5(a")»-h7[(a«/]«. 

3.  Like  and  Unlike  Powers.  —  Two  powers  are  said  to- be  like 
or  unlike  powers,  according  as  their  exponents  are  equal  or 
unequal,  whether  or  not  their  bases  are  equal.     Thus, 

a*,  V  are  like  powers ;  a*,  a',  a*  are  unlike  powers. 

4.  Products  of  Like  Powers. 
Ex.  1. 

2»x  6*  =  2x2x2x5x5x5 

=  (2  X  5)  (2  X  5)  (2x5),  by  the  Commutative  Law, 
=  (2  X  5)',  by  the  definition  of  a  power. 

a*6V  =  (aaaa)  (bbbb)  (cccc), 

=  (abc)  (abc)  (abc)  (abc),  by  the  Commutative  Law, 
=  (obey,  by  the  definition  of  a  power. 

The  preceding  examples  illustrate  the  following  principle : 
(i.)    The  product  of  like  j)owers  of  tico  or  more  given  bases  is 
the  like  power  of  the  product  of  the  bases;  or,  stated  symbolically, 

fl-6*  =  (fl6)" ;  a"*"©"'  =  (flic)",  etc. 

For,  a*6"  =  (aaa  •••  to  w  factors)  (bhh  •••  to  m  factors) 

=  {ab)  (ah)  (a6)  •••  to  m  factors,  by  the  Commutative  Law, 
=  (a6)*,  by  the  definition  of  a  power. 

In  like  manner  the  theorem  can  be  extended  to  the  product  of  any 
number  of  like  powers. 
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(ii.)    The  converse  of  the  principle  is  evidently  time  : 

(aby  =  a^A*;  (a6c)"'  =  a'"6"'c",  etc. 
E,g,,  (a^)«  =  ^;  (xyzy  =  a^y":^ -, 

(2a26)»  =  2»(a*)%»  =  8aW; 
(3  aa;y)«  =  3V(a:«)  V)'  =  9  a'aY- 

BXEBCISBS  VIII. 

Express  the  following  products  of  powers  as  powers  of 
products : 

'  1.  7»  X  5\  2.  (8)*  X  (-  3)*.  3.  aW. 

4.  (-a;y(-yy.  5.  (-aj)y.  6.  a*b*c\ 

7.  (-ay^yX-cy.  a  {-x)h/V.  9.  a«(6  +  c)«. 

10.  (a? -^  f)\x -h  yy.  U.  c»(6«  +  c»)».  12.  a*6*. 

13.  aWc».  14.  a?**2/»*2'« 

Express  the  following  powers  of  products  as  products  of 
powers,  reducing  powers  of  any  numerical  factors : 

15.  (a6)*.  16.  (xyy,  17.   (-2m)*.  la  (-2v)*. 

19.  (-2 xyy,  20.  (-Saby.  21.  (obey.  22.  (o^)*. 

2a  (-«»y»)'-  24.  (aVc)*.  25.  {-Sa^yy.  26.  (2aVcy. 

27.  (a;y2)*.  2a  (mV/.  29.   (2a?y*y,  30.  (2tt*v*)^ 

Write 
31.  The  square  of  twice  a.  32.  Twice  the  square  of  a. 

33.  The  cube  of  three  times  6.    34.  Three  times  the  cube  of  b. 

35.  Four  times  the  square  of  the  difference  between  x  and  y. 

36.  The  square  of  four  times  the  difference  between  x  and  y. 

Given  two  numbers,  a  and  b,  write  in  algebraic  language : 

37.  The  square  of  the  first  number,  plus  twice  the  product 
of  the  two  numbers,  plus  the  square  of  the  second  number. 

3a  The  cube  of  the  first  number,  plus  three  times  the  prod- 
uct of  the  square  of  the  first  by  the  second,  plus  three  tim& 
the  product  of  the  first  by  the  square  of  the  second,  plus  the 
cube  of  the  second. 
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39.  Write  in  algebraic  language  the  verbal  statements  in 
Exx.  37  and  38,  when  the  given  numbers  are  2  a  and  —  36. 

5t  The  following  principle  will  be  useful  in  subsequent  work  : 
Like  powers  of  the  same  numbers,  or  of  equal  numbers,  are  equal. 

If  a  =  6,  then  a"*  =  6*. 

For,  a*  =  a*,  by  Axiom  (i.).  (1) 

Since  6  =  a,  we  can,  by  Axiom  (iii.),  substitute  h  for  a  in  the 
second  member  of  (1).    We  thus  obtain 

a*  =  IT, 

Degree.    HomogeneooB  ExpressloiiB. 

6.  The  Degree  of  an  Integral  Term  is  its  form  as  indicated 
by  the  sum  of  the  exponents  of  its  literal  factors. 

E.g,,  3  a6  is  of  the  second  degree,  as  indicated  by  the  sum  of 
the  exponents  of  a  and  b.    The  degree  of  f  ^y  is  the  third. 

The  Degree 'Of  a  Multinomial  is  the  degree  of  its  term  of 
highest  degree. 

E.g,y  the  degree  of  a  +  6*  -h  c*  is  the  degree  of  c' ;  i,e,,  the 
third. 

The  degree  of  a5*y  +  ^ "~  ^"h^  is  the  degree  of  ofr^ ;  i.e.,  the 
sixth,  . 

7.  It  is  often  desirable  to  speak  of  the  degree  of  a  term,  or 
of  an  expression,  in  regard  to  one  or  more  of  its  literal  factors. 

E,g,,  the  term  aa^  is  of  the  fifth  degree  in  x  and  y,  of  the 
first  degree  in  a,  of  the  second  degree  in  x,  of  the  third  degree 
in  y,  etc. 

The  expression  aoi?  +  2  bxy  +  c^  is  of  the  second  degree  in 
X,  in  y,  and  in  x  and  y, 

8.  A  Homogeneous  Expression  in  one  or  more  letters  is  an 
expression  all  of  whose  terms  are  of  the  same  degree  in  these 
letters. 

•  E,g,,       c?  +  2ab  +  V  is  homogeneous  in  a  and  b ; 

0:^  +  30:^  +  32^  +  ^  is  homogeneous  in  x  and  y \ 
aa?  +  2  a;^  +  &j^  is  homogeneous  in  x  and  y. 
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9.  If  the  terms  of  a  multinomial  be  arranged  so  that  the 
exponents  of  some  one  letter  increase,  or  decrease,  from  term 
to  term,  the  multinomial  is  said  to  be  arranged  to  ascending^  or 
deacendingy  powers  of  that  letter.  The  letter  is  called  the 
letter  of  arrangement. 

E,g,,  The  multinomial  a*  +  3  a*6  +  3  aft*  -|-  6*  is  arranged  to 
descending  powers  of  a,  which  is  then  the  letter  of  arrange- 
ment ;  or  to  ascending  powers  of  b,  which  is  then  the  letter  of 
arrangement. 

The  multinomial  l-\-2x  +  Sa? +  ^0^  is  arranged  to  ascend- 
ing powers  of  x,  the  letter  of  arrangement. 

BXBBCISBS  IX. 

What  is  the  degree  of  2  a^b^T^ 

1.  In  a?  2.  In&?  a  In  a;?  4.  Iny? 

5.  In  a  and  x?  6.  In  d  and  y  ? 

7.  In  b,  Xy  and  y?  a  In  a,  b,  x,  and  y  ? 

What  is  the  degree  of  the  expression 

aV  —  6  dfb^7?y  +  5  abah^ 

a  In  a?  la  Iny?  11.  In  a?  12.  In&? 

la  Arrange  2aj  —  30^  +  7  —  2a^-|-3a5'to  ascending  powers 
of  a?;  to  descending  powers  of  x. 

14.  Arrange  3  y  —  7  a^  -f  5  aj^  +  4  a^V  to  ascending  powers 
of  a;;  to  ascending  powers  of  y. 

15.  Arrange  29  aV  +  4  6«  -  30  aW  4-  25  aV  -  12  a6*  to  de- 
scending powers  of  a ;  to  descending  powers  of  b. 

10.  Multiplication  of  Monomials  by  Monomials. — The  product 
of  two  or  more  monomials  which  contain  either  numerical  co- 
efficients or  common  literal  factors  can  be  simplified. 

Ex.1.  3a  X  5&  =  3  x5  xax  6 

=  16  oft. 
Ex.a  2ax(-4y»)  =  2(-4)ajj^ 

=  -8a?y*. 
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Ex.  a  —  5a?y  X  1  yz  x3a5y2  =  —  5x7x3xa;ajx  yyy  x  zz 

=  - 105  T^fz". 

Ex.  4.      I  a»  X  6a52  xll6*  =  ix6xllx  a^a6W  =  44a*6^ 

Ex.  6.  3(a  +  6)  X  |(a -f  6)'  =  3  x  f  (a  +  6)(a  +  &)' 

Ex.  6.  3  a-6«  X  5  a«6»  =  3  X  5  a^a'^ft^ft"  =  15  a"+%*+". 

Ex.  7.  5  a"-^af+'  x  4  a"-^^af ->  =  6x4  a*- V+*a?»+'a!"-* 

=  20  a*»a^+». 

The  preceding  examples  illustrate  the  following  method : 

The  product  of  two  or  more  monomials  is  obtained  by  mvltiply- 
ing  the  product  of  their  numerical  coefficients  by  the  pmduct  of 
their  literal  factors. 

The  student  should  accustom  himself  to  write  at  once  the 
final  result,  performing  mentally  the  intermediate  steps. 

BXBRCISBS  X. 

Multiply 

1.  3  a  by  4.  2.  -  5  by  2  a.  a  7  by  -  5  «■. 

4.  2  a  by  3  a.  5.  2^  a?  by  -  5  aj*.      6.  -  3  a»  by  -  4  a. 

7.  -2a6  by  5a6.        a3a%by-7a6«.    a46*cby-3&V. 
la  i  a^m  by  -  5  am*.    U.  7  a  V  by  3  6W.    12.  9  a*6»  by  -  2  aV. 
la  4  ab  by  —5  xy.     14.  — 3J  a6c  by  — 2|  xy.     15.  6  ac  by  3  ax, 
16.  -  5  a^bc^  by  -  7  a'6V.         17.  12  m V  by  -  7  7n^y, 
la  3  a6c  by  abV,  la  —  6  a5c  by  —  2  be. 

20.  —  3  JC*2/«  by  icy*.  21.  —  5  u^vw  by  —  2  xyhi. 

22.  a^bxy  by  oft Vy*.  2a  a'b^c':x^fz'  by  -  7  aWj^y^\ 

24.  2  (a  4-  6)^  by  -  3  (a  +  6)*.    25.  7^  a«(a;  -  yf  by  6 a«(a;  -  y)l 
26.  -  7  a?2r  by  -  2  o^f.  27.  3  a— '6-+^  by  -  12  aW. 

28.  12a*6-by  -fad".        29.  fV^'^C^a- 1)' by  8m«(2a  -  l)r 
30.  5  n^7f"-^  by  -  8  p»af +^  31.  2  a^+^x-*  by  aVaj"-'. 
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Simplify  the  following  continued  products : 
32.  3o6  X  66c  x6ac.  .    3a  -Ta^  x  (- 2y%)  x  Sasa;*. 

34.-6  aopy  x  7  abah  x  2  boifyz. 

35.  {2  aa^y  X  (5  ab^xyy  X  i- 2  aVfy. 

36.  (1  -  a;)»  X  3  ad  X  4(1  -  a?)«  x  (-  2  a'c). 

37.  2a*(a  -  6)»  X  (-  3ab)(a  -  6)«  x  5b^{a  ~  6)*. 

3a  a"6'x(-3a5-)x2a'6«.       39.  a:*^+^x6aVx(-7aj*"y*'-»). 

The  DiatribatlTe  Isaw  for  Mnltipllcatloii. 

11.  If  the  indicated  operation  within  the  parentheses  in 
the  product,  4(2  4-3),  be  first  performed,  in  accordance  with 
the  meaning  of  parentheses,  we  have 

4(2-h3)  =  4x6  =  20. 

But  if  each  term  within  the  parentheses  be  multiplied  by  4 
and  the  resulting  products  be  then  added,  we  have 

4x2  +  4x3  =  8  + 12  =  20,  as  above. 

Therefore         4(2 +3)  =  4x2  +  4x3. 

Likewise,      -  4  (3  -  9)  =  -  4(-  6)  =  24 ; 
and        -  4  X  3  -  (-  4)9  =  -  12  +  36  =  24,  as  above. 

Therefore     -  4(3  -  9)  =  -  4  x  3  -  (-  4)9. 

The  above  examples  illustrate  the  following  principle : 

The  DistribtttiTe  Law.  —  The  pi'oduct  of  a  multinomial  by  a 

monomial  is  obtained  by  multiplying  each  term  of  the  multinoynial 

by  the  monomial  and  adding  algebraically  the  resulting  products. 

That  is, 

a(4  +  c  —  rf)  =  a6  +  ac  —  ai/. 

(i.)  For,  let  a  be  limited  to  positive  integral  values. 
Then 
a(6  +  c-d)  =  (6  +  c  -d)  +  (6  +  c-d)  +  (6  +  c-d)     • 

+  •••  to  a  summands, 

=  (6  +  ft  +  •••  to  a  summands)  +  (c  +  c  +  •••  to  a  summands) 

—  (c?+d+  ...  to  a  summands), 
=  aft  +  ac  ~  ad. 

(ii.)  Let  a  be  limited  to  negative  integral  values,  and  be  denoted  by 
—  XjBO  that  X  is  an  absolute  number. 
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Then 
a(6+c—d)  =  —x(6+c—d),  replacing  a  by  — x. 

=  — (6+c— d)  — (6+c-d)—  .••  to  X  summandfl, 

=  —&—&—  ...  to  xsummands  —c—c—  •••  to  x  summands 
+c{+<2+  •••  to  X  summands, 

=  4. (—5—6 ...  to X  summands) -\-{-c^e—  —  to  x  summands) 
—  (— d— d—  •••  to  X  summands), 

=  +  (-x)6+(-x)c-(-x)d 

=a6+ac— od,  replacing  — x  by  a. 

In  (i.)  and  (il.)  a  was  limited  to  integral  numerical  values.  Similar 
reasoning  can,  however,  be  applied  when  a  has  fractional  numerical 
values. 

Thus,  |(4  +  f)  =  i±l  +  i±i 

^     '     3     8 

=fx4+|xf 

Multiplication  of  a  Mnlttnomial  by  a  Monomial. 

12.  The  multiplication  of  a  multinomial  by  a  monomial  is  a 
direct  application  of  the  Distributive  Law. 

Ex.  1.  Multiply  (x  -  y)  by  3. 

We  have  3(x  —  y)  =  3x  —  Sy. 

Ex.2.  Multiply  3a;  — 2y  —  7zby —4«. 
We  have 

-4aj(3aj-2y-7«)=(-4a?)(3aj)-(-4x)(2y) 

-(~4aj)(72;)  (1) 

=  -125c»H-8ajy-h28a». 

In  thus  multiplying  a  multinomial  by  a  monomial  the  stu- 
dent should  accustom  himself  to  write  at  once  each  term  of  the 
product  in  its  final  form.  Such  steps  as  changing  (_  4  ar)  (3 a?) 
into  -120",  -(-4a;)(2y)  into  8a?y,  and  -(-4a?)  (7 «)  into 
28  a»,  should  be  performed  mentally. 

Ex.  3.    -  2 a5(3a«  -f  4 a6 -7 6«)  =  -  6a»6  -  8aV  -j-  Uab^. 

Ex.4.   4:xh/(xy'-3xZ'h^yz)  =  ^oph/^-12a^yz-\-Sx^yh. 
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BXBBCISE8  XI. 

Multiply 
l.a  +  lby3.       2.  2a -5  by  -4.       3.  2a -35  by -2a. 

4.  7a- 8y  by  3a?.  5.  6a* -3a6  by  2 a»6. 

6.  aa^-'2bfhy3abxy.  7.  2 a»6*  +  3 aV  by  - 4 a*6<. 

Simplify  the  following  expressions : 
a  2a-3(a-l).      9.  3aj-2(3aj-2).      10.  a*-a(a-l). 

n.-  5aH-2a(a  — 1)— 3a(a  +  l). 

12.  l-[6(a-6)  +  6(a  +  6)]. 

la  5»-3(aj-2y)-7[6aj-3(aj-3y)]. 

14.  a  +  a(l-|-a*)-a[l-a(l-a)]. 

Multiply  4a  —  36  +  c  by 
15.  2  a.  16.   -36.  17.  4a"'6».         la  la'Vc. 

Multiply  a*6  -  3  a5*c  -f-  4  6c«  by 
19.  2a6.  20.   -3  ac.  21.  a»6c"-\        22.   -|a6W. 

Multiply  aj»-2aj*-h6aj-lby 
2a    -2.  24.   3a;.  25.    -5aj*.  2a   faj". 

Multiply  2aa^  —  36aj*  -|- abx  —  1  by 
27.  ax.  2a  aV.  29.   -^2  abx.      90.  |a*-^6»-»aj*^. 

SL  Multiply  (a  +  6)"  -  3a;(a  +  6)  +  7a;»  by  4(a  +  b). 
32.  Multiply  (a?  +  1)* -  5a(««  + 1)*  +  3a6 by  -'2a*V(a?  + 1)«. 

Simplify  the  result  of  substituting  a+b—c  for  x,  and  a^h+c 
for  ^,  in  the  following  expressions : 

3a   -3a?.  34.  2y.  35.  2a?-h3y. 

36.  5bx  —  7ay.  37.  3a*6a?  — 14a6V         3a  7a5a?  +  26cy. 

Find  the  values  of  the  results  of  Exx.  33-38, 

39.  When  a  =  —  2,  6  =  3,  c  =  — 4. 

40.  When  a  =  6,  6  =  —  7,  c  =  —  5^. 

Multiply  3  a*  —  6  a6c  +  6aV  by 
41.  a*.  42.  6"+\  4a   -a"+*6'*-\  44.  |a*6»+«cr^. 
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MiUtiply  5  of -3  af^'Y  +  4  af-y  +  y*"*  by 

49.  a^.  *6.    -oa^y.  47.  Soft/*.  4a    -6|ajy. 

49.  Multiply 

3(a  +  &)"(a?  -  1)  -  2 (a  -f  6)-*(»  -  1/  -  4 (a  +  6)(a?  - 1)-  by 

2(a +  6/ («-!)'• 

Write  the  squares,  the  cubes,  and  the  nth  powers  of ; 

50.  a-+^  51.  ar-*.  52.  2ar+-y.  sa   -3a-+"-y. 
54.   a*— %*^.                   55.  2  ar^-^'-'y +—'-*.  56.  an^. 

13.  7^6  Distributive  Law  holds  when  the  multiplier  is  a  multir 
nomial;  that  is, 

(a  +  b){c  -hd  —  e)=:ae-\-ad  —  ae-\'be-hM  —  bef  etc. 

E.g.y       (2  -h  3)(7  -  5)  =^  (2  +  3)7  -  (2  +  3)6 

=2x7+3x7-2x5-3x5 

=  2x7-2x5  +  3x7-3x5. 

For,  (a  +  ft)(c  +  d  -  c)  =  (a  +  b)c-^{a  +  6)d  -(a  +  6)e,  by  Art.  11, 

=  ac  +  6c  +  ad  +  6ti  —  06  —  6e 
=  ac  -h  ad  —  ae  -^  be  -^  bd  —  be. 

Similarly  for  any  number  of  terms  in  either  multiplier  or  multiplicand. 

Multiplication  of  Multinomials  by  Multinomials. 

14.  From  the  preceding  article  is  derived  the  following  prin- 
ciple for  multiplying  a  multinomial  by  a  multinomial: 

Multiply  each  term  of  the  multiplicand  by  each  tei*m  of  the  mul- 
tiplier,  and  add  algebraically  the  resulting  products. 

Ex.  1.   Multiply  -3a +  26  by  2a -36. 
We  have 

(2a-36)x(-3a+26)=2ax(-3a)  +  2ax26-36(-3a) 

-36x26    (1) 
=  - 6a*  +  4a6  +  9a6  -  66*  (2) 

=  -6a*  +  13a6-66*. 

The  step  indicated  by  the  line  (1)  should  be  performed  men- 
tally, and  line  (2)  be  at  once  written. 
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The  work  may  be  better  arranged  as  follows:  Write  the 
multiplier  wider  the  multiplicand^  the  first  partial  product,  i.e., 
th£  product  of  the  multiplicand  by  the  first  term  of  tJie  multiplier, 
under  the  multiplier,  the  second  partial  product  under  the  first, 
and  so  on,  placing  like  terms  of  the  different  partial  products  in 
the  sam£  column. 

Arranging  the  work  of  Ex.  1  as  suggested^  we  have 

-3a  +   2b 
2a  -   36 


-6a*4-   4a6 

+   9a6-66» 


-6a>-|-13a6-6y 

It  is  customary  to  multiply  from  left  to  rights  instead  of 
from  right  to  left  as  in  Arithmetic. 

m 

Ex.  2.  Multiply  -.2a;-f3jcy-f'y*by  3  af^  5  ajy  -  2  y». 
We  have 

—  2a?  +3ajy  +  y* 
Sa?'-5a^-2y* 

—  6a^-|-9aj^-f   3ajy 

-16icy-f  10fl5«y-   5x^ 

—   6aJ2^-|-4a^  — 2y* 

-6a:»  +  9a^- 12  ajy-H  10  aV- 11  «y»  +  4a^-2y* 

Ex.  a  Multiply  a^  +  a;^  —  4  a*a;  —  2  aa*  by  »  —  3  a. 

Arranging  the  multiplicand  to  descending  powers  of  x, 

we  have 

ac^  — 2aaj"  — 4a^  -\-a* 

X  —3a 


aj*  —  2  aa?  —  4  aW  +      a'a? 
-  3  aaj*  -h  6  aV  -H  12  a'a:  -  3  a* 

aj«  _  5  aa^  H-  2  aV  -h  13  a«a;  -  3  a* 

In  the  work  of  Ex.  3  the  literal  parts  of  the  first  three  terms 
of  the  second  partial  product  could  have  been  omitted,  it  being 
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understood  that  the  numerals  remaining  are  the  coefficients  of 
the  literal  parts  just  above  in  the  first  partial  product.    ThuS; 

»■  —  2  005*  —  4  a'a?  4-  a^ 
X  —3a 


aj*  -  5aar»  +  2aV  +  ISa'x  -  3a* 

Each  vertical  line  is  drawn  to  indicate  that  the  literal  part 
on  its  right  belongs  to  all  the  coefficients  in  the  same  column 
on  its  left. 

A  similar  arrangement  may  be  made  when  the  multiplier 
contains  any  number  of  terms. 

Ex.  4.  Multiply  a'  -  3  a*6  +  3  a6»  -  6«  by  a»  -  2  oft  -h  b\ 
We  have 

o»-3a«6-|-3ai;*-6* 

a«-2a6  +6* 

'  [aV 


+  2ab^ 

+  31      -&» 

a*  ^5a*b  +  lOaV  ~  10a*6»  +  5a6*~6* 

Observe  that  in  the  last  two  examples  the  multiplicand  and 
multiplier,  and  also  the  product,  are  homogeneous, 

Ex.  5.  Multiply  2x-^*-6a*H-7jc— *-9j:*-'  by  «*"-x*-». 
We  have 

2  jr-^*  —  5  X-  +  7  jT-*  —  9  x— * 


-t 


2x^'^"-5r^-h    Tjt^-*-    9-r*- 

-2x**-f    5x*— >-    7a*-^  +  9 

2  !**>  -  7  jr**  +  12  J*--'  -  IG  -c^-*  +  9 


Multiply 
1.  X  +  8  by  X  +  7. 
a  2  a  -  7  bv  3  a  +  4. 
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2.  X  4-  5  by  X  —  2. 

4.   J  <i  —  5  by  ^  a  —  8. 
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5.  —  3  a6  +  7  by  2  a6  —  5.        6.  6  a^  —  4  by  —  6  ajy  +  9. 

7.  a?-t-3byy  +  4.  a-6a  +  7by26  —  3. 

9.  a  4-  6  by  2  a  —  3  6.  10.  a?  —  |  a  by  2  a?  +  |  a. 

11.  ax  — by  hj  ax -\- 2  by.         12.  —  3  a6  -h  oc  by  7  a&  —  5  ac. 

13.  5 aj*-«  by  1  - 2 x.  14.  5 a»6« - 2 aV  by  a« -  V. 

15.  -  17  aV  +  12  aV  by  a'x  -  3  aV. 

16.  2  a'-af -*  -  3  a*" '«"  by  5  aV  -  2  a^aj*. 

17.  I  a-^'d— ^  -  ^  a— *6"+*  by  -  ^  a"6*+'  +  a^+^ft* 

la  aj»-3aj  +  l  by  aj-4.  19.  4a*-6a-f-9  by  2a+3. 

20.  aV+5aa:-f7aj*  by  3aa;— 5.      21.  ai*-f-a  +  l  by  a  — 1. 

22.  a'  -  a6  +  6'  by  a  +  6. 

23  8aj»  +  12ajV  +  18a?y"4-27y»  by  2a?-3y. 

24.  2  a*  — a  by  a*  — a +  1.         25.  l+a?-ha^+a^+aJ*  by  1— «. 

26.  l-2a+4a«-8a»  by  H-2a.      27.  A:*-A;+l  by  A:*+A:-fl. 

2a  4a-4a»  +  2a«  by  2+2a+a«. 

29.  26«-36-|-4  by  6«-  26-3. 

30.  tt*6  +  2  a5«  - 1  by  2  a*  -  a5  +  1. 

31.  2a?  +  3a^  +  4y"by3aj»-4«y-hy*. 

32.  -l-h3a»-6aJ"by4x-a^^-2a;^ 

33.  a^-2a:»-f3a:-4by4a»-|-3«»-|-2aj4-l. 

34.  aJ*  +  2aj»  +  a'-4aj-llbyaj»-2a;  +  3. 

35.  aj*-ajy-fy»  +  x  +  y  +  l  by  x  +  y  —  l. 

36.  2a*6  -  ca* -  a6*  -  oftc  +  6«  by  2a»6  -  a'c  +  a6*  +  oftc  -  6». 

37.  3i  a*6  +  2^  aW  -  4^  a'6»  by  2^  a»  -  2^  a*6  +  oft*. 
3a  7^  n*i  +  a,^  n*P  -  H  n«/*  by  ^  n V  -  1^  n»/ -f- 2^  n*. 
39.  3ar-2ar-'  +  4af-*  by  2 af "*  +  4 af "*  -  6  aj""-». 
4a  3a'-*  +  a'-*-2a^-*-4a'  by  2a'-*  +  3a'-^. 

41.  4  a^Jt^-"*  -  i  a2a*»+»  + 10  af "»  by  ^  a*a**-^  +  7^  af -«. 

42.  4  a"+*6»  +  a— *6  -  2  a-'+V  by  3  a-6*  -  a"-^W  -6  a*+«6*. 

43.  3  a»- V  -  a— V  +  a"  by  a*af-*  -  3  «"+*  —  2  oaj*. 

44.  4a*-*-2aj»»-4a:»-*+ia^'^^  by  ia?<"+^+2a^-*+2af--far^. 
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45.  o  a'^^lr-^  -  2  a*-^6'+^  +  3  a'^^^If*  +  a*^b^ 
by              a*+'6'  4-  4  oT^lf^^  -  2  a"-*'6'+*. 

46.  2a(a«  +  &")*  -  3»*(a«  +  6^  +  4iB»(a«  +  V) 
by              a;(a«  +  6')"-2(a«  +  6'). 

47.  2(a  +  y)'-6(»  +  y)*(«~y)-7(x  +  y)(»-y)«+9(a-y)» 
by  3  (a;  +  y)'  (a?  -  y)  -  6  (a?  +  y)  (a?  -  y)'. 

4a  (a;  +  y)"+"  +  3(aj4-y)"+*-5(a;  +  y)* 

by  6(aj  +  y)*+*  +  4(a;  +  y)*-2(aj  +  y)*-^ 

49.  a^(aj«  +  2)*-»  -f  2  a?{p?  +  2)*-*  -f  4  (a?  +  2)*-^^ 

by  a?  {of  +  2)*-*  -  4  a?{^  +  2)*-^  4. 8  a?  (aj«  +  2)*^^ 

Perform  the  following  indicated  operations : 
5a  (a?-2)(a;  +  3)(a;-4).  51.  (a? _  3) (a? - 6) (a? -  7). 

52.  (2a;-3y)(4x4-y)(a;  +  6y). 

53.  (ajy  — 2«)(32  — 4ajy)(«+5a?y). 

54.  (2m'  +  3m-2)(m-l)(2mH-3). 

55.  (aj«H-4aj-l)(a»-.2a?  +  l)(a;  +  2). 

56.  (a*-aH-l)(a*  +  a-hl)(a*-a»H-l). 

57.  (a*  +  &*)  (a"  4- 6")  (a' -  ft'). 

5a   (1  +  af +af )  (3  -  2  af  +  af)  (6  «"-*  -  3  af*-*). 

1&   The  converse  of  the  Distributive  Law  evidently  holds; 

that  is, 

ab  -{-  ao  —  ad  =  a  (b  +  0  —  d)t  etc. 

E.g.y  3a;  +  6aj-7aj  =  (3  +  6-  7)x, 

aX'{-bx  =  (a  +  b)x, 

2ay-'Sby  =  (2a-3b)y. 

1&  If  the  coefficients  of  the  multiplicand  and  multiplier, 
arranged  to  a  common  letter  of  arrangement,  be  literal,  it 
is  frequently  desirable  to  unite  the  terms  of  the  product  which 
are  like  in  this  letter  of  arrangement. 
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Ex.  1.  Multiply  x-\-a  by  x  +  b. 


We  have 


X  -fa 
X  -j-b 

a?  +  ax  -\-  bx  +  cU)  =  Qi^  +  (a  -{-  b)x  +  dby  hj  Art  15. 

Such  steps  as  uniting  ax-{-bx  into  (a-\-b)x  should  be  per- 
formed mentally,  and  the  result  be  at  once  written. 
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Arrange  the  values  of  the  following  products  to  descending 
powers  of  x,  uniting  like  terms  in  x : 

1.   (aj*  +  oa?  -h  6)  (a?  +  a).  2.   (a^  —  oaj*  -f  &a;  —  c)  (a;  —  6). 

a   {pa^  +  gas"  -I-  ra;  -f  «)  (aa^  -{-bx-\-  c). 

17.  It  is  frequently  required  to  find  a  product  of  two  or 
more  factors,  which  are  arranged  to  powers  of  a  common  letter 
of  arrangement,  only  as  far  as  a  given  power  of  the  letter  of 
arrangement. 

Ex.  1.  Find  the  value  of  the  product 

(l-h2a;-f6a:*-7a:»-h3a^(2-3aj-h4a^-6aj>) 

as  far  as,  and  including,  the  term  of  the  third  degree  in  x. 

We  have  l  +  2aj-|-    Ba^—   7a:"  +  3«* 

2-3a?+    4a^-    6a^ 


2  +  4 
-3 


a;  +  10a:* -14 


-    6 
+    4 


-16 
+  8 
-    6 


2+    aj-h    8a^-27aj» 

Notice  that  each  partial  product  is  carried  only  to  the  term 
of  the  required  degree. 
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BXBBOISES  XIV. 

Find  the  value  of  each  of  the  following  products  as  far  as, 
and  including,  the  term  of  the  fourth  degree  in  x : 

1.   {^-x^6Q?-^QF){2-\-x--^a?), 

3.  (a -{•  hx -\- C3i? -{- dsi? '\- eoi^)  {^  •\- 2  X  -  aF), 

4.  (a  -h  &«*  +  ca^  -f  da;*0  (1  -  4  X  +  3  a*  4-  5  aj*). 

5.  (a  H-  6x  4-  ca^  +  tio*  4-  ea?*)  (a '\- hx -{- cm?  -\- db? -\-  ea^). 

6.  (2-3a:4-5a^-7ar^)(5  +  2aj-7a*-aj»)(a;-a:«-ar'). 

Find  the  following  products  as  far  as,  and  including,  the 
term  of  the  sixth  degree : 

7.  (1  — jr-fa:»  — o^H )  (1  4- « -I- a*  +  a^  H )• 

a  (1  4-|a;4-|a:»4-ia'4-  •••)(!  -  iaj4-iiB'- |aj«  4- •••)• 

Zero  in  Multiplication. 

18.  Since  a  •  0  =  a(6  —  6),  by  definition  of  0, 

=  a6  —  oft,  by  the  Distributive  Law, 
=  0,  by  definition  of  0, 
we  have  a  *  0  =  0  and  0-0  =  0. 

In  like  manner,  a»0-6  =  0«6  =  0;  and  so  on. 
That  is,  a  product  is  0  if  one  of  its  factors  he  0.    In  particular, 

0.0  =  0(a-a)  =  0-0  =  0. 

19.  The  words  is  not  equal  to,  does  not  have  the  same  value 
cw,  etc.,  are  frequently  denoted  by  the  symbol,  =^. 

E.g,,  7  :^  2,   read  seven  is  not  equal  to  2 ; 
P=^  Qj  read  P  is  not  equal  to  Q. 

20.  It  follows,  conversely,  from  Art.  18: 

If  a  product  be  0,  one  or  more  of  its  factors  is  0.     That  is,  if 

Px  Q  =  0, 
then  either  P  =  0  and  Q  =^  0 ; 

or  Q  =  0  and  P=jfcO;  or  P=0  and  Q  =  0. 


DIVISION.  186 

BXBBCISBS  XV. 

1.  What  is  the  value  of  2  (a  —  6),  when  6  =  a  ? 

2.  What  is  the  value  of  (a  -f  6)  (c  —  d)y  when  c  =  d  ? 

a  What  is  the  value  of  (6  -f-  c)  (a  -|-  6  —  c),  when  c  =  a  4-  6  ? 

4.  What  is  the  value  of  (x  -  2)  (ar*—  7  iB*  +  4  a?  -  3),  when 
x  =  2? 

5.  What  is  the  value  of  (x»  —  4)(aj'  —  6  a?"  -f  11 «  —  6),  when 
X  =  2  ?    When  a?  =  -  2  ? 

6.  What  is  the  value  of  (a?  +  3)(aj»  -  9)(aJ*  -  7  aj«  -f-  2 a;  -  9), 
when  a;  =  3  ?    When  a;  =  -  3  ? 

If  P  X  Q  X  -B  =  0,  what  can  we  infer, 

7.  When  P=?fcO?    a  When  Q=?fcO?    9.  When  PrjfcO  and  iJ^O? 

For  what  values  of  x  does  each  of  the  following  expressions 
reduce  to  0 : 

10.  a?(a;-2).  11.   (aj -  1) (a: -  2). 

12.   (a?-4)(a?-f  7).  la   (a?  +  9)  (a?  +  11). 

14.  (a?  -  6)  (ar  4- 8)  (aj*  -  25).         15.  a:  (a;  -  a)  (a?  -  6)  (a?  -  c). 

§4.   DIVISION. 

1.  One  power  is  said  to  be  higher  or  lower  than  another 
according  as  its  exponent  is  greater  or  less  than  the  exponent 
of  the  other. 

E.g.y  a}  is  a  higher  power  than  V  or  a",  but  is  a  lower  power 
than  a*  or  V, 

2.  Quotient  of  Powers  of  One  and  the  Same  Base. 

Ex.  1.  4»  ^  4»  =  (4  X  4  X  4  X  4  X  4)  -*-  (4  X  4), 

=  (4  X 4  X  4)  X (4  X 4)-h (4  X  4),  by  Assoc.  Law, 
=  4x4x4,  since  (4  x  4)  -h  (4  x  4)  =  1, 
=  4»  =  4*-«. 

Ex.  a  a'  -h  a*  =  (aaoaaoa)  -*-  (aaa) 

=s  (pjaaa)  x  (oaa)  -s-  {aaa),  by  Assoc.  Law, 
=  oaao,  since  (ooa)  -f-  (aaa)  =  1, 
=  a*  =  a^-». 
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The  preceding  examples  illustrate  the  following  principle : 

(i.)  The  quotient  of  a  higher  power  of  a  given  base  by  a  lower 
power  of  the  same  base,  is  equal  to  a  power  of  that  base  whose 
eosponent  is  the  exponent  of  the  dividend  minus  the  exponent  of 
the  divisor;  or,  stated  symbolically, 

a*^  ^0"  =  o*"-",  when  m>n. 

For     a^  +  a^rz  (aaa  •••  to  m  factors) -s- {aaa  •••  to  n  factors) 

=  laaa  •••  to  (m  —  n)  factors]  x  (cuia  •••  to  n  factors) 

-4-  (^aaa  •••  to  n  factors) 
=  aaa  •••  to  (m  —  n)  factors,  since  (aoa  •••  to  n  factors) 

H-  (aaa  to  it  factors)  =  1 

(iL)  a"»  -t-  a"  =  /,  when  m  =  n. 

E,g,j  a*'fa*  =  1. 

(iii.)    The  converse  of  the  principle  is  evidently  true. 
E.g.,  cf^a^'^a^=^aF-^a^  =  etc. 

EXERCISES  ZVI. 

Express  each  of  the  following  quotients  as  a  single  power : 


1. 

2«-s-2. 

2. 

aj*-!-a*. 

a  (-5)^  +  (-5)^ 

4. 

(-.6)«-!-6«. 

5. 

cH  -5-  a*. 

a  y-!-6«. 

7. 

{-xy^{-x)\ 

a 

(-a)«-j-a*. 

9.   {aby-ir(ah)\ 

10. 

(-  ^r + (-  «yy. 

u. 

a*  -*-  a*. 

12.  S-H-S- 

13. 

a"+i  -s-  a. 

14. 

af +^  -J-  of. 

15.   6«+«-5.6«+i. 

16. 

a"  -s-  a^'^ 

17. 

a*+i  _i-  a'*~^ 

la  a*"-!- a*"*. 

19. 

a*+'  -!-  a»-\ 

20.  a*-'-ha*-«. 

21.   (a  +  6)' -I- (a  +  6)'.  22.   (1  +  a5«)»  h- (1  +  a^» 

2a   (a?  -  y)*+«  H- (a?  -  y)-+*.  24.   («y  -  1)*-* -j- (ajy  -  !)"-«. 

DiTlBlon  of  MonomlalB  by  Monoiiilala. 

3.  The  quotient  of  two  monomials  which  contain  either 
numerical  coefficients  or  common  literal  factors  can  be  simpli- 
fied. 
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Ex.1.  12a-«-4  =  12-i-4  xo, 

by  the  Commutative  Law, 

=  3a. 

Ex.2.  -27a?-h3aj«=(-27-8-3)  x  (aj'-^a?*)* 

by  the  Commutative  Law, 

Ex.  a  16aW-!.(-5a6«)  =  [16-s-(-5)]x(a?  +  a)x(y-!.6«) 

=  -.3a«. 

Ex.4.  -6a?/^»-^7a?»2^2 

=  (-.5-j-7)x(aj»^a^x(2r^-i-y*)x(«»H-«)  =  -|ai«s^. 

Ex.  5.  -  10(a  +  by ^[-bifx,-^ by] 

=  [-10  +  (-6)]x[(a  +  6y  +  (a  +  6)»]  =  2(a  +  6)*. 

The  preceding  examples  illustrate  the  following  method : 

The  quotieiU  of  one  monomial  divided  by  another  is  the  quotient 
of  their  numerical  coefficients  multiplied  by  the  quotient  of  their 
literal  factors, 

EXEBCISBS  XVII. 

Divide 

1.  6a  by  3.  2.  12a;  by —a?.  3.  —15m  by  3m. 

4.  5a;*  by  2aj.  5.  9a?  by  -  3a;'.         6.  - 11  a''  by  -  6a». 

7.  4a6  by  —  2a.       a  6a6c  by  —  3ac.      9.  ^a'6  by  3a*6. 
la  6a?y  by  5a;*.  U.  -  15a*6^  by  -3ay. 

12.  o^t^aJ*  by  aba^,  la  -  24:x'yz^  by  -  Sxyz^. 

14.  7  a^b^c^  by  -5  a*W.  15.  |  m^nY  by  - 1  m«nV. 

la  15(a  +  6)  by  3(a  +  6).         17.  25a;«(a;  +  l)5by-5a;(a;-hl)'. 
la  21a;»(a;»4-2a;-l)*  by  7a;*(a:*-h2a;- 1)». 
la  6  a^^a;  +  2/7  («  4-  2)«  by  3  a'(a;  +  y)\x  +  2)*. 
2a  10a*"y  by  -  Sa'^b^.  21.  -  27a;"+^y**  by  -  9a^. 

22.  -9a*»+^6»"-*by3a*"+'6*-*.  2a  a''^ W-«  by  -  7 a"+Vd*-«. 
24.  a»+*&»  by  a"&»-\  25.  a"-^6— *  by  a^-^6"-*. 

2a  a;*»-'y*»+«  by  af+^^-».  27.  a*+*(a;  -  ly  by  of-*  (a;  -  1)*. 
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Simplify 
2a  aV-^(-aic^  x  2axy.  29.  S5a^z  x  2a»'-s- (7aj*yV). 

30.  a'*"^6"'''"*c*"*"'*  -f-  a''6"'c*  -s-  a"~*6c*'~'. 

31.  6  af +y-^  H-  (  -  af  -  V"*)  X  (3  st^ft^. 

The  DistribntiTe  Law  for  Diviflion. 

4.  If  the  indicated  operation  within  the  pai'entheses  in  the 

quotient  (8  +  6)  -^  2 

be  first  performed,  in  accordance  with  the  meaning  of  paren- 
theses, we  have  (8  +  6)  -^  2  =  14  -f-  2  =  7. 

But  if  each  term  within  the  parentheses  be  first  divided  by 
2  and  the  resulting  quotients  be  then  added,  we  have 

8^-2  +  6-*-2  =  4+3  =  7,  as  above. 

Therefore  (8^-6)-5-2  =  8-^24■6-^2. 

Likewise    (- 12  +  15)  -*-  (-  3)  =  3  ^  (-  3)  =  - 1, 

and     -  12  ^  (-3)  -f  15  -^  (-  3)  =  4  - 5  =  -  1,  as  above. 

Therefore,   (- 12 -f  15)-^(- 3)  =  -  12 -«-(- 3)+ 15 -f.(- 3). 

The  above  examples  illustrate  the  following  principle : 

Distributiye  Law.  —  TJie  quotient  of  a  multinomial  by  a  mo- 

nomicU  is  obtained  by  dividing  each  term  of  the  multinomial  by 

the  monomial  and  adding  algebraically  the  resulting  quotients; 

that  is, 

(a  +  6  —  c)-^rf  =  a-^rf4-4-5-rf  —  c-*-rf. 

For,  since  -?-dxd  =  -5-l,  we  can  replace,  in 

(a  +  6  —  c)  -f-  d, 

abya-^dxd,  bhy  b-i-dx  d,  cbyc-r-dxd, 
We  then  have 
(a  +  6-c)-4-(Z=(a-5-dxd  +  6-j-dxd  —  c-f-dxd)4-d 

=  (a  -^  d  -^  b  -i-  d  -  c  -i-  d)  X  d  -^  d,  by  §3,  Art.  16, 

=  aVd  +  6-i-d  —  c-«-d,  since  x  d-i-d  =  x  1. 

5.  It  follows,  conversely,  from  the  Distributive  Law  that 
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6.  By  definition  of  0,  we  have 

0-«.jr=(a-a)H-J^ 

^a-i-  N—a-i- N,  by  the  Distributive  Law, 

=  0. 

Therefore  0-^K  =  0,  when  K^O, 

It  is  important  to  observe  that  this  relation  is  proved  only 
when  N=^0.    The  consideration  of  0-*-0  is  deferred. 

7.  It  follows,  conversely,  from  Art.  6 : 
If  a  quotient  be  0,  the  dividend  is  0. 
That  is,  if  M'^JSr=0, 

then  M=0. 

Division  of  a  Multinomial  by  a  Monomial. 

&  The  division  of  a  multinomial  by  a  monomial  is  a  direct 
application  of  the  Distributive  Law. 

Ex.  1.  Divide  6  aj*  - 12  a?  by  3  a?. 

Wehave  (6«»-12a?)-*-3a;  =  6aj*-i-3x- 12aj-5-3a;  (1) 

=  2aj-4.  (2) 

Ex.  2.  Divide  - 105  a«6«  -  75  a«6»  -f  27  a«6*  by  - 15  a%. 
•    We  have  (- 105  a«&*  -  75  aV  +  27  d'b*)  -4-  (- 15  a«6) 
=  (-  105  a*6«)  +  (- 15  a%)  -  75  aV  -*-  (- 15  a«6) 

+  27  0^6*  -s-  (  - 15  a^b)  (1) 

=  7a6  +  5  6«-|6».  (2) 

Ex.  3.  Divide  aj*(l  —  m)  —  j/*(l  —  m)  by  1  —  m. 
We  have 

[aj»(l  -  m)-f(l  -  m)]  -^  (1  -  m) 

=  aj»(l  -  m)  -!-  (1  -  m)  -  3^(1  -  m)  +  (1  -  m)         (1) 

=  aj»-3^.  (2) 

The  steps  indicated  by  lines  (1)  should  be  performed  men- 
tally, and  lines  (2)  be  at  once  written. 
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Divide 

1.  6  + 10a  by  6.  2.  4a +  8 6  by  -4. 

3.  ax-\-bx  hy  X.  4.  3  a*  —  6  a6  by  —  3  a. 

5.  21a*6-14a6*  by  -Tab. 

S.  8am*--2a^m-h4aW  by  2am. 

7.  12Q^f '-2 a^y^  +  Axf  by  -'2xf. 

a  12  a^y^ix^f  - 15  a'Wxy^  +  20  ab^xt/^  by  4  a6*ajy*. 

9.  25(a +6/-2a(a  +  6)  by  6(a4-&). 

10.  2(a;-y)»-2a(a;-y)*-6(»-y)«  by  2(a;-y)«. 

Simplify 

11.  2a*-(a«-3a)-!-a. 

12.  2a?(l-2ic)-(12aV  +  6aV)^-(-3a'aj). 
la  (6aj-4a*)-<-2aj-(-2iB*y  +  3icy)-!-icy. 

14.  (a&-a'64-3a»6)-^a6-(4a«-4a«)-^2a. 

Divide  9  aV  -  6  aV  4- 12  aV  by 

15.  3a*.  la   -3ar*.  17.  aa?,  la   -faV. 

Divide  35  a»6V  -  21  a*6V  + 14  a*6V  by 

19.  la\  20.   -3aW.         21.   -ba^bi?,     22.  Ja%V. 

Divide 

2a  4 a^ -  6 a*"  by  2 a\         24.  5 af +'y'  —  6 af+*^  by  —  53iry. 

Divide  15  a;*'+y  -  12aj*'+y  -  18«^+y  by 

25.   3iC".        2a    —  5iC"+V-        27.    -3a^+y        2a  ^s^-^^. 

29.  Divide  2n'-(x -  y)«  +  3n^ (x  -y)» - 4n*"(aj - y)« 
by  —&rf{x  —  yy. 

30.  Prove  that  the  sum,  or  the  difference,  of  two  even  num- 
bers is  exactly  divisible  by  2,  and  is  therefore  an  even  number. 

31.  Prove  that  the  sum,  or  the  difference^  of  two  odd  num- 
bers is  even. 
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32.  Prove  that  the  sum,  or  the  difference,  of  an  even  and  an 
odd  number  is  odd. 

33.  If  m  be  an  even  number,  what  ism  +  l?  m-f4? 

34.  If  m  be  an  odd  number,  what  is  mH-3?  m-f6? 

Dlvlflion  of  a  Multinomial  by  a  Multinomial. 

9.  The  division  of  one  multinomial  by  another  is  performed 
in  a  way  similar  to  that  of  dividing  one  number  by  another 
in  Arithmetic.  The  division  depends  upon  the  following 
principle : 

The  quotieiit  of  dividing  one  number  (dividend)  by  another 
(divisor)  is  equal  to  any  number  whatever  (partial  quotient),  plus 
the  quotient  of  dividing  the  dividend  minus  the  partial  quotient 
times  the  divisor j  by  the  divisor. 

If  Z)  be  the  given  dividend,  d  the  given  divisor,  and  q  any 
assumed  number,  the  principle  enunciated  above,  stated  sym- 
bolically, is : 

Ex.  1.        106  -h  16  =  7.  (1) 

106 H- 16  =  4  +  (106 -4  X  16) -H 16 
=  4  +  45^15  =  4  +  3  =  7. 

106  -I- 16  =  9  +  (106  -  9  X  16)  -H 15 

=  9  +  (-30)^-16  =  9-2  =  7. 
106  -4- 16  =  J^+  (106  -  i^  X  16)  -s- 16. 

Ex.2.        106h-18  =  6  +  (106-6x18)-4-18  (1) 

=  5  +  15^18  =  6f. 
106  ■+■  18  =  3  +  (105  -  3  X  18)  -^  18 

=  34-61-+.18  =  3  +  2|  =  6f. 
106  + 18  =  8  +  (105  -  8  X  18)  H- 18 

=  8  +  ( -  39)  -!- 18  =  8  -  2^  =  6|. 
106  + 18  =  N+  (106  -  i^x  18)  -*- 18. 

Although  the  partial  quotient  may  be  any  number  whatever, 
yet  in  practice  we  should  take  the  greatest  number  whose 
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product  by  the  divisor  is  equal  to  or  less  than  the  dividend ;  as 
7  in  Ex.  1,  and  5  in  Ex.  2.  The  work  in  these  examples, 
except  lines  (1),  was  given  simply  to  illustrate  the  principle 
enunciated. 

A  quotient  consisting  of  more  than  one  figure  is  obtained  by 
successive  applications  of  the  same  principle. 

Ex.3.  8676 -^  347=   20  +  (8675  -  20  x  347) -h  347 

=   20  +  1735-8-347  =  20  +  5  =  25. 

Ex.4.  8675 -i-   25  =  300  +  (8675  -  300  X  25) -8- 25 

=  300  +  1175  -^  25 
=  300  +  40  +  (1175  -  40  X  25)  +  25 
=  300  +40+175^-25=300+40+7=347. 

The  work  may  be  arranged  differently : 


8675 
7500 

1175 
1000 

"175 
175 


25 


300  +  40  +  7,  =  347. 


In  practice  the  work  last  given  is  abbreviated  by  omitting  the 

ciphers : 

8675  IJ5 

75      347 

117 
100 


175 
175 


The  proof  of  the  principle  is  as  follows : 

We  have, 
[g  +  (Z>  -  qd)  -i-  d]  =  [q  -^  (D  -  qd)  -i-  d]  xd  -i-d,  since  xd  +  d=  x  1, 

=  [qd  -f  (2>  —  qd)  -h  d  x  d]  -^  d,  hy  the  Distr.  Law, 
=  [qd  +  (/>  -  qd)]  -5-  d,  since  -f-  d  x  d  =  +  1, 
=  2>  -5-  d,  since  qd  —  qd=:  0. 
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10.  The  principle  of  Art.  9  evidently  holds  when  the 
dividend,  D,  and  the  divisor,  d,  are  algebraic  expressions 
(multinomials). 

Ex.1.  Dividea:'  +  3a;-f  2by  aj-f  1. 
We  have 

(aJ4.3aj+2)-*-(aj+l)=a:-f[(aj»-f3ajH-2)-x(ic+l)]4-(a;-hl)  (1) 

=  a:4-(a^  +  3»-f  2-aJ*-a:)-^(a;^-l)  (2) 

=:a;4-(2a;  +  2)-^(a;-|-l)  (3) 

=  a?4-2-h[(2aj+2)-2(a;-hl)]+(a;-hl)  (4) 

=  aj-h2 +  0 -*-(«  + 1) 

=  a?  4-  2,  since  0  -s-(x  +  1)=  0. 

It  is  advisable  to  take  the  quotient  of  the  term  containing 
the  highest  power  of  x  in  the  dividend  by  the  term  containing 
the  highest  power  of  a;  in  the  divisor  as  the  partial  quotient  at 
each  step. 

In  practice  the  work  may  be  arranged  more  conveniently 
thus: 

x  +  1 


aj»  +  3a5  H-2 


ag-|-2,  quotient. 


as^-h     X         •  •  •  X (sc  +  1 )  to  be  subtracted  from  a:*  +  8 «  +  2  ;  see 

(1)  and  (2)  above. 
2x  -\-2  •  •  •  Remainder  to  be  divided  by  x  +  1 ;  see  (3)  above. 
2x  +  2«-<2(x  +  l)  to  be  subtracted  from  22  +  2 ;  see  (4) 

above. 

0 

Ex.  2.    Divide  aj»  +  3aaj"  +  5a*a?-f6a?by  a'-faa;-}-3a» 

We  have 

(«» -f  3  a«*  +  5  a*aj  +  6  a^  ^-  («■  +  a«  +  3  a*) 

=  a -f  [(ic*  -f  3ae* 4-  5a'a;  +  6a^;-  x(i^  -f  ooj  -f  3a«)] 

-^(»*-f  aa;  +  3a^  (1) 

=  a?  4- (a^+  3aa^+  6a'aj  +  6a«-  a^-  oa:*-  3a«a;) 

-*-(a^-f  ax  +  3a«)  (2) 

=  a;  +  (2  oaj*  -f  2  a*a:  +  6  a»)  -!-  (ar»  -h  oaj  +  3  a*)  (3) 
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=  a.-h2a  +  [(2ax*4-2a*x-h6a»)-2a(a:*-|-aa;-f-3a«)] 

-*-(iB*-f  aic  +  3a*)  (4) 

=  X  +  2a +(2cuB*+ 2a*a? -f  6a»- 2aaj*- 2a*aj  -  6a«) 

-^(«2-|-aa^-3a')     (5) 
=  a;  +  2a  +  0^-(ar^-faaj4-3a')  (6) 

=  a;-f  2  a,  since  0 -i- (a^ -f  ao: -|- 3  a*)  =  0. 

Arranged  differently,  the  work  is : 


a:^  +  3aa^  +  6a*a?  +  6a' 


a^  H-  oo;  -h  3  a* 


x-\-2a,  quotient. 


a^  +     oa?  +  3a^  •••  x(x^+  ox  +  3 a')  to  be  Bubtracted  from 
the  dividend,  see  (1)  and  (2)  above. 

2  ax*  +  2  a*aj  4-  6  a*  •••  Remainder  to  be  divided  by  ««+ ox +3  a*, 

see  (3)  above. 
2  ooj"  +  2  a'a?  +  6  a'  •••  2  a(x2+  ax  +  3 a«)  to  be  subtracted  from 

2ax2+2  a»x+6a«,  see  (4)  and  (6)  above. 

11.  The  method  of  applying  the  principle  of  Art.  9  to  the 
division  of  multinomials,  as  illustrated  by  Exx.  1  and  2, 
Art.  10,  may  be  stated  as  follows : 

Arrange  the  dividend  and  divisor  to  ascending  or  descending 
powers  of  some  common  letter,  the  letter  of  arrangement. 

Divide  the  first  term  of  the  dividend  by  the  first  term  of  the 
divisor,  and  write  the  result  as  the  first  term  of  the  quotient. 

Multiply  the  divisor  by  this  first  term  of  the  quotient^  and  sub- 
tract the  resulting  product  from  the  dividend. 

Divide  the  first  term  of  the  remainder  by  the  first  term  of  the 
divisor,  and  wnte  the  result  as  the  second  term  of  the  quotient. 

Multiply  the  divisor  by  this  second  term  of  the  quotient,  and 
subtract  the  resulting  product  from  the  remainder  previously 
obtained. 

If  there  be  a  second  remainder,  proceed  with  it  and  all  sub- 
sequent  remainders  in  like  manner  until  a  remainder  zero  is 
obtained,  or  until  the  highest  power  of  the  letter  of  arrangement 
in  the  remainder  is  less  than  the  highest  power  of  that  letter  in 
the  divisor. 
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In  the  first  case  the  division  is  exact;  in  the  second  case  the 
quotient  at  this  stage  of  the  work  is  called  the  quotient  of  the 
division,  and  the  remainder  the  remainder  of  the  division. 

m 

Ex.  1.  Divide 

a«6-156*  +  19a6»  +  a*-8aV  by  a»-66«-f-3a6. 

Arranging  dividend  and  divisor  to  descending  powers  of  a, 
we  have 


a*  +    a»6  -  8  aV  -|- 19  a6»  - 16  6* 
a*  +  3  a»6  -  5  a%« 


a«  4-  3  a6  -  5  &« 


a«  -  2  a6  +  3  6« 


-2(^1- 

-3fl^6*  +  19a6» 
-6o'6*  +  10a6» 

3aV+   9o6«- 
3aV+   9oft»- 

-16  6* 
-15  6* 

Ex.  2.  Divide  8aj»-3^by2ajy-f4aj*-|-y*. 

Arranging  the  divisor  to  descending  powers  of  x,  we  have 


8»»-y» 

8  aj»  +  4  oj^  +  2  ojy* 

—  4  afy  —  2  aj^  —  y* 

—  4afy  —  2x1^  — t^ 


4a^4-2gy-hy' 


2»  - 


2/ 


Observe  that  the  remainder  after  the  first  partial  division  is 
arranged  to  descending  powers  of  x, 

Ex.  a  Divide  12  a*+^  -h  8  a*  -  45  a— ^  -I-  25  a»"«  by  6  a  -  5. 
We  have 

6a-6 


12a»+*+   8 a- - 45 a"-^ -h 25 a—* 
12  a"^^  - 10  a* 

18  a* -45  a*-* 
18  a* -15  a"-* 

-  30  a—*  +  25  a"-« 

-  30  a*-»  +  25  a—* 


2  a«  4-  3  a— » -  6  a— « 
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Ex.    4.   Divide    aj^ -f  (a -f  6  +  c)  jc* -f  (a6 -I- ac -f  6c)  «  + a6c 
by  aj*  4-  (a  +  6)  a?  H-  ab. 

We  have 


r''  +  (a  -h  6  +  c)  «*  +  (a6  +  oc  4-  &c)  a?  +  ahc 

C3i^  +  {ac-hbc)X'\-  ahc 


g*4-(q  +  &)a?4-a6 


X  -{•  c 


BXBBCISBS  SIX. 

Find  the  values  of  the  following  indicated  divisions : 

1.  (a:*H-2a?4-l)^(aj  +  l).         2.  (a?*  +  H a?  +  30) -*- (a?  +  5). 

a  (x»~aj-90)^(a;  +  9).  4.  (aj«  -  6  a;  +  6)  h- (a?  -  3). 

5.  (4a^-12a?4-9)-!-(2aj-3).    a  (2m«-3m  + l)-»-(m -1). 

7.  (2a*H-a-6)-s-(2a-3).      a  (3a?-13a?-10)+(3aj-|-2). 

a  (6aj*~10-ll»»)H-(2a^-5). 

10.  (2a:*  +  6a'  +  7aa?)-!-(2a4-3a). 

U.  (a*-2a6  +  d*)-h(a-6). 

12.  (35a^  +  ary-882/*)-*-(7x-lly). 

la  («*-f5}a;y4.3iy«)  +  (a?H-5y). 

14.  (ia«+Ja6  +  A6«)-!-aa+i6). 

15.  (a«  -  18  aa;y  -  243  a:*y*)  ^- (a  +  9  a^). 
la  (8x*y*-66a^-632^)-^^-92;'). 
17.  (6n«-7n»a?  +  2naj*)H-(-a?  +  2n). 
la  (a;V  +  6a?»-2aj*y*)-4-(3««-f2ajy). 
la  (-19aV4-3«*  +  Jaar^-«-(^a;-a). 

20.  (4a:«-3a?-24aj-.9)-8-(aj-3). 

21.  (3x»-13a^  +  23a:-21)^(3a?-7). 

22.  (3a*-3aj»-2a:*-a?-l)-«-(3a:»  +  l). 
2a  (a*-3a*6  +  3a6«-6«)^-(a-6). 

24.  (a«-6a*  +  9a*-4)-h(a»-l). 

25.  (21  a%  +  20  6*-  22aV-29a*6*)  -j-(3a%  -6  6«). 
2a  (4  aY  -  i  «y  + 12  »^y*- 11  aJ«y<) -5- (4  aj»3^-ar2/*)- 
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27.  (a?  +  8aj"  +  9«-18)-i-(aj*  +  6«-6). 

2a  (aJ*  +  aj?-4aj*  +  5aj-3)-+(a5»  +  2aj  — 8). 

29.   (6aJ*-a?-lla»-10a?-2)  +  (2aj«-3«-l). 

aa  (aj»-l)-s-(aj»4-«  +  l).        31.  (af»  +  8)-i-(a«-2a-f4). 
32.  (125a^-64y»)-i-(6«»-4y). 

3a  (a»»» 4- yO -«- (oa?  +  y).  34.  (aj*  +  a? -hl)-»- («•-«  +  !). 

35.  (aV  +  64a:)H-(4aaj  +  aV4-8). 

3a  (24a:^  +  26a?-x»)-*-(5  +  «H-aj»  +  5a^. 

37.  (4a*-26<J*-306V-96*)-*-(2a»  +  5c>  +  3ft»). 

3a  (27iC*-6c*aj*H-|<J*)H-(c«-6cic4-9ic«). 

39.  (8aV  +  32a*  +  |n«)-i-(4an4-n"  +  4a«). 

4a  (16  aV  +  9  a%*- 12  aW-8  a«6  +  3  a«) -!- (a*  +  3  aW-2  a'6). 

41.  (28a»c-26aV-13aV  +  15a'cO  +  (2aV+7a»c-5acO. 

42.  (81«»-906V  +  816V-206«)  +  (92*-|-96V-66*). 

43.  (32  o»  -  80  aV  +  80  a«6*  -  40  aV  + 10  aW  -  6>«) 

-J.  (4  a*  -  4  a*6*  +  6*). 

44.  (a5^  +  Sf»  +  3a?y-l)  +  (aj  +  y-l). 

45.  (a»  +  6»  +  (!^-3a6c)-«-(a  +  6  +  c). 

4a  (o*  +  2a6  +  6*-a?  +  4a^-43/*)-i-(a4-6-aj  +  2y). 
47.  (a^  +  2  oc  -  6*  —  2  M  +  <?  -^  -h  (a  +  c  -  6  -  cQ. 
4a  (32rf  +  y)-^(16a*-8a»6  +  4aV-2ay  +  6^. 
49.  (81aj»-16y«)  +  (27a^  +  18ajy  +  12ajy  +  8y«). 
sa  (ya«-ipa6  +  9oc  +  2y-6c)-*.(fa-36  +  fc). 

51.  (28a?-43i3^  +  140j/ai-1122;«)^-(7aj  +  8ty-142;). 

52.  (fa*6  +  6a«l-'|6c*  +  16c*(i-|a6d  +  |6od-8c(P) 

-|.(|a  +  4c-2d). 

5a  (f<3AB-lH«^«»  +  lfay  +  ^aaj*-a:*)H-(|a»-^a»a;+iaj'). 
54.  (2aj»-.076aj»  +  9.66aj'-1.05a^-19.25aj»4-8.6a!^ 

+  (2.5  aJ«  -  3  «» H-  .5  a?'  -  .15  aJ*). 
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Find  the  yalues  of  the  following  indicated  divisions : 

55.  [(6.4-c)aj«-6cx  +  ar»-ftc(6  +  c)]-!-(a:»-6c). 

56.  [a^  -f  (a  +  &  4-  c)a^  +  (ab-{-ac-\-  bc)x  -\-  dbci]  +  (x  +  b). 

57.  [a^  +  (a  H-  6  —  c)a?  4-  (a5  —  ac  —  bc)x  —  abc]'i-{x  —  c). 

5a   Idbc - &*(a  +  c)  +  a*(6  +  c)  +  (^(a  +  6)]  -i- (ab -\-ac-\- be). 

59.  [a(a  -  l)a»  +  (a«  -f  2  a  -  2)  a^  +  (3  a*  -  a^)  a:  -  a*] 

-8-  (oo*  +  2  aj  -  a'). 

60.  [a^— (1  +  m)a^+(l  +  m  +  w)aj'-(m+n+i>)aJ*+(pH-n)aj-^] 

61.  [(10a«+29-34a)a;+(6-2a»+3a»-8a)«»+8a«-f-21-26a 

+  (17-22  a+4a')a*]-i-[(a-2)xH-(a*-l-f  a)a'+2  a-3]. 

Find  the  values  of  the  following  indicated  divisions : 

62.  (6aj»"-25aj«»+27af-5)H-(2af-5), 

63.  (6aj«"-llaJ^  +  23«>"  +  13a^-3af +  2)-j-(3«"  +  2). 

64.  (6aj*'+^  -  29  a;**  H-43a^-»  -  20  aj*-^)  ^  (2  af  -  5  af-»). 

65.  (a**  -  a**^"'  +  a"&*»  -  b^)  -^  (a"  -  6"). 

66.  (64 a*"-18 a*'6"'+  24 a'-d^^-lS a*6*- -52 6*")-!-(2 a''-2  6«). 

67.  (i-6y*-+*-  +  27y*-^8»)^(i  +  23r-'«»  +  3y*-+*-). 

6a  6  a*"+*6"+*  -  f  a*»6"'+*  +  i  a*"-^6*+*  + 1  a**-*^  -  -^  a*"-») 

-*-(3a*''+^&"'+^-Ja^5*). 

69.  (15  a*-**-*6^+^  4- 14  a**— "^6^+*  -  V  a'""*6^^0 

-!-  (5  a^-'V-'  4-  6  a*-+"'-*6'). 

70.  (I4.a*'-2a»')-s-(3a*'  +  2a^  +  2a'4-a*'4-l). 

71.  [6a:«4-16(a-aj)»^-17(a-a;ya«]^-[4(a-ay-3a;]. 

72.  [2a*(6  4-c)*'-i]-!-[a(6-hc)»  +  i]. 

73.  [8(a;  -  y)»"-  aj»]  h-  [4(a:  - y)*»  +  2a;(a;-  y)»4-  a^. 

12.  In  the  equation  of  Art.  9, 

D-^d  =  q'h(D-qd)-i-dy 

D  —  qd  is  the  remainder  at  any  stage  of  the  work,  and  q  is  the 
corresponding  partial  quotient.  If,  for  brevity,  we  let  R  stand 
for  the  remainder  at  any  stage,  we  have 

D-ird=q'{'R  +  d.  (1) 
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That  is,  the  result  of  dividhig  one  number  by  another  is  equal 
to  the  partial  quotient  at  any  stagey  plus  the  remainder  at  this 
stage  divided  by  the  given  divisor, 

E.g,y         29-s-6  =  4-f5-h6  =  4  +  |; 

(aj*  -  a;  4- 2)-!-(a; +  !)=(«- 2)-f  4  ^(a?  + 1). 

13.  If  both  members  of  the*  equation 

D -8- d  =  g -I- ^ -5- d 
be  multiplied  by  d,  we  have,  by  Ch.  II.,  §  3,  Art.  17, 

27 -*- d  X  d  =  (g -f- J? -s- d)d 

=  qd'\'R-i-dxd 
=  qd  +  R,  since  -5-  d  x  d  =  -4- 1. 
Therefore,  D  =  gd-^/t. 

That  is,  the  dividend  is  equal  to  the  product  of  the  quotient  at 
any  stage  by  the  divisor;  plus  the  remainder  at  this  stage. 

E.g.,  29  =  4x6  +  5,  from  the  first  example  of  Art.  12 ; 
and  a*  — a?-}-2=(a;  — 2)(a?H-l)+4, 

from  the  second  example  of  Art.  12. 

HXBBCISES  XX. 

Find  the  remainder  of  each  of  the  following  indicated 
divisions,  and  verify  the  work  by  applying  the  principle  of 
Art.  13: 

1.  (aj«-7aj  +  ll)-!-(a?-2).  2.  (3««  +  5a;- 9)H-(aj-4). 

a   (a:»-17aj»  +  15a?-13)-4-(2a;-5). 

4.  (aj*-19a^  +  3a;-2)-!-(5a?-7). 

5.  (oa!»-7a:»-f2ir-l)-5-(«*-7a?H-3). 

6.  6nW  +  12nW-14nV  +  7i«-l)-h(2a:»-n). 

7.  (12  6«+8  bV-2  6*c-4  6c*-  38  6«<^-+-  -(20^+6  6c-4  6*). 

a  (32nV-22n*a?y-3y*4-4najV)-*-(8nV-f 6itajV--y*). 
9.  (24a«-h22aV~20a«»-106*-19yaj-4) 
-!-(6a«-2y-5a?). 

10.  (4c*^-13c*'aj*'  +  14c*"af-2<*')H-(c»aj*"-2c*'af+c»"^^ 

11.  (a"+V-'  +  a''af+^  4-  a""*" V  -  a"-»a"+*) 
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14.  We  have  assumed  in  the  preceding  work  that  the  divi- 
dend is  of  higher  degree  than  the  divisor  in  some  one  letter, 
and  that  consequently  the  process  of  division  comes  to  an  end 
whenever  a  zero  remainder,  or  a  remainder  of  lower  degree 
than  the  divisor  in  the  letter  of  arrangement  is  obtained.  In 
order  that  algebraic  division  (like  algebraic  subtraction)  may 
be  perfectly  general,  we  should  also  be  able  to  divide  an  ex- 
pression of  lower  degree  by  an  expression  of  higher  degree. 

In  illustration  of  this  statement  we  add  a  few  examples. 

Ex.  1.  Divide  1  by  1  +  a?. 


We  have 

1  +  a 


1  —  OJ-f  «*  — 05* 


—  05 

7?  +  7f 

—  a^  —  7^ 

If  we  stop  at  this  stage  of  the  work,  we  have,  by  Art.  12, 

Evidently  the  division  can  be  continued  indefinitely,  the 
terms  in  the  quotient  alternating  in  sign. 

Ex.  2.  Divide  2  +  SB  by  3  -  »  +  2  a!». 

We  have         2  +  x  I  3  —  x  +  2a? 

ix-ia? 
jx-^a^  +  ^ci? 

If  we  stop  at  this  stage  of  the  work,  we  have,  by  Art.  12, 
(fi  +  x)  +  (3-x  +  2(^  =  i  +  ix-^a? 

+  (- !ia^  +  if  «*)  +  (3  -  *  +  2a0. 
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Find  the  quotient  of  each  of  the  following  indicated  divi- 
sions, to  include  five  terms  : 

1.  l-8-(l-a).  2.  «-«- (!  +  «).  a  (l+«)-i-(l-a;). 

4.   (l  +  2a5)-!-(l-3aj).  5.  (1 -a?) -f- (1 +2a;  +  aJ^. 

6.  (H-2aj) -*-(!- aj  —  a:^.  7.  1 -i- (1 -|- a?  +  aj»). 

Infinity. 

IS.  The  following  considerations  lead  to  an  Important  mathematioal 
concept. 

Observe  that  the  quotients 

3-j.(l-..9)       =3  +  .l       =30, 

8+(l-.99)      =3-4- .01     =800, 

3+(l-.999)    =3  + .001    =8000, 

8  +  (1  -  .9999)  =  3  +  .0001  =  80000,  etc., 

increase  as  the  divisors  decrease,  the  dividend  remaining  the  same. 

If  the  divisor  be  still  farther  decreased,  the  dividend  remaining  the 
same,  the  quotient  will  be  still  further  increased. 

Thus,         8  -J-  (1  -  .999999)  =  3  +  .OOOODl  =  3000000, 

8  ^(1  .  .999999999)=  8  +  .000000001  =  3000000000,  etc. 

It  is  evident  that,  by  taking  the  divisor  sufficiently  small  (and  positive), 
we  can  make  the  quotient  as  great  as  we  please.  If  the  divisor  become 
less  than  any  assigned  number,  however  small,  the  quotient  will  become 
greater  than  any  assigned  number,  however  great.  From  these  considera- 
tions we  derive  the  following  principle  : 

Jfthe  dividend  he  positive^  and  remain  the  same,  as  the  divisor  decreases 
belovo  any  assigned  positive  number^  however  smalls  i.e.,  becomes  more  and 
more  nearly  equal  to  0,  the  quotie}U  increases  beyond  any  assigned  positive 
number,  however  great. 

The  symbOi,  +  oo,  read  a  Positive  Infinite  Number,  or  Positive  Infinity, 
is  used  as  an  abbreviation  for  the  words,  a  number  greater  than  any  as- 
signed positive  number y  however  great. 

The  principle  enunciated  above  can  be  expressed  symbolically  thus : 

+  ^-«-0  =  +«».  (1) 
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16.  It  is  important  to  observe  that  the  symbol,  +  oo,  does  not  stand 
for  one  definite  number.  It  stands  for  any  number  which  is  greater  than 
any  assigned  positive  number,  however  great,  but  which  can  be  still  furtfier 
increased.  Therefore  one  infinite  number  can  be  greater  or  less  than 
another  infinite  number. 

Likewise,  equation  (1),  Art.  16,  is  to  be  understood  only  as  expressing 
the  fact  that,  as  the  divisor  becomes  more  and  more  nearly  equal  to  0,  the 
quotient  increases  beyond  any  assigned  positive  number,  however  great. 

17.  We  can  also  arrive  at  the  conception  of  a  positive  infinite  number 
by  taking  the  dividend  and  the  divisor  both  negative.    Thus, 

_  8  ^(1  _  1.0001)  =  -  3  -^C-  .0001)  =  80000,  etc. 

IflL  In  a  similar  manner,  we  arrive  at  the  conception  of  a  Negative 
Infinite  Number,  or  Negative  Infinity. 

Thus,  -  3  -^(1  -  .9)  =  -  3  -f-  .1  =  -  80, 

-  3  +  (1  -  .9999)  =  -  3 -!- .0001  =  -  30000,  etc. 
We  therefore  have  —  ilf  -^  0  =  — «d. 

19.  The  numbers  which  we  have  hitherto  used  in  this  book  are,  for 
the  sake  of  distinction,  called  finite  numbers.  In  subsequent  work  we 
shall  assume  that  the  numbers  involved  are  finite,  unless  the  contrary  is 
expressly  stated. 

20.  Observe  that  the  quotients 

3  -f- 10  =  .3,   3  -4- 100  =  .03,   3  -*- 1000000  =  .000003,  etc. ; 
decrease  as  the  divisors  increase.    It  is  evident  that  if  the  divisor  become 
greater  than  any  assigned  number,  however  great,  the  quotient  will  become 
less  than  any  assigned  number,  however  small. 

We  therefore  have  the  following  principle  : 

If  the  dividend  remain  the  same,  as  the  absolute  value  of  the  divisor 
increases  beyond  any  assigned  numbery  however  great,  the  quotient  de- 
creases in  absolute  value  below  any  assigned  number,  however  small,  i«e. 
becomes  more  and  more  nearly  equal  to  0. 

This  principle  can  be  stated  symbolically  thus : 

^+(±«d)  =  0. 

If  iV-T-  3f  =  0,  and  Jfi^oo,  then  by  Art.  7,  -V  =  0. 

The  consideration  of  other  relations  which  involve  0  and  oo  is  de- 
ferred. 

It  is  important  to  notice  that  the  relation 

Ox  a  =  0 
of  §  3,  Art.  18,  was  proved  only  for  the  case  in  which  a  \&  finite. 


CHAPTER  IV. 

INTEGRAL  ALGEBRAIC  EQUATIONS. 

An  equatiou  has  been  defined  (Ch.  I.,  §  1,  Art.  12)  as  a  state- 
ment that  two  numbers  or  expressions  are  equal. 
We  must  now  distinguish  between  two  kinds  of  equations. 

§  1.     IDENTICAL  EQUATIONS. 

1.  Examples  of  the  one  kind  are : 

(a  +  6)(a-6)  =  a*-&».  (1) 

(a»  -  ft«)  -J.  (a  -  6)  =  (a  +  by  -h(a  +  b).  (2) 

The  first  member  of  (1)  is  reduced  to  the  second  member 
by  performing  the  indicated  multiplication.  Both  members 
of  (2)  are  reduced  to  the  common  form,  a  +  6,  by  performing 
the  indicated  divisions.  Such  equations  are  called  identical 
eqaaHons. 

2.  An  Identical  Equation,  or  simply  an  Identity,  is  an  equa- 
tion one  of  whose  members  can  be  reduced  to  the  other,  or  both 
of  whose  members  can  be  reduced  to  a  common  form,  by  per- 
forming the  indicated  operations. 

3.  Notice  that  identical  equations  are  true  for  all  values 
that  may  be  substituted  for  the  literal  numbers  involved. 

E,g.f  If  a  =  5  and  6  =  3,  equation  (1)  becomes 

8x2  =  26-9,  or  16  =  16; 

and  equation  (2)  becomes 

16  -!-  2  =  64  ^  8,  or  8  =  8. 

If  a  =  7  and  6  =  4,  equation  (1)  becomes 

11  X  3  =  49 -16,  or  33  =  33; 

and  equation  (2)  becomes 

33  ■+-  3  =  121  -h  11,  or  11  =  11. 

153 


164  ALGEBRA. 

More  generally,  if  a  =  3  u  and  b  =  u,  equation  (1)  becomes 

4w  X  2w  =  9w'  — u^,  or  8tt*=8u';      • 

and  equation  (2)  becomes 

8u*-!-2tt  =  16tt'-h4u,  or  4u  =  4u. 

We  need  not  further  discuss  identical  equations,  since  we 
have  constantly  dealt  with  them  in  the  preceding  chapters. 

§2.     CONDITIONAL  EQUATIONS. 

1.  Examples  of  the  second  kind  are : 

aj  +  l  =  3.     (1)  a«-l  =  8.     (2)  a;H-y  =  6.     (3) 

The  first  member,  a;  + 1,  of  (1)  reduces  to  the  second  mem- 
ber, 3,  when  aj  =  2,  as  can  be  seen  by  inspection.  It  seems 
evident,  and  we  shall  later  prove,  that  a?  -f  1  reduces  to  3 
ordy  when  x  =  2. 

The  first  member,  a?*  —  1,  of  (2)  reduces  to  the  second  mem- 
ber, 8,  when  a;  =  -|-3  and  when  a?  =  —  3,  as  can  be  seen  by 
inspection.  It  seems  evident,  and  we  shall  later  prove,  that 
a:*  —  1  reduces  to  8  only  when  a;  =  -f-  3  or  —  3. 

The  first  member,  a:  -f  y,  of  (3)  reduces  to  the  second  mem- 
ber, 5,  when  x  =  l  and  y  =  4,  when  aj  =  —  3  and  y  =  S; 
but  not  when  x  =  5  and  y  =  6,  when  a?  =  —  4  and  y  =  8. 
Therefore,  equation  (3)  is  true  for  many  pairs  of  values  of  x 
and  y,  but  not  for  all  pairs  of  values  chosen  at  random. 

2.  Such  equations  impose  conditions  upon  the  values  of  the 
literal  numbers  involved.  Equation  (1)  imposes  the  condition 
that  if  1  be  added  to  the  value  of  a;,  the  sum  will  be  3 ;  equa- 
tion (2)  imposes  the  condition  that  if  1  be  subtracted  from  the 
square  of  the  value  of  x,  the  remainder  will  be  8;  equation 
(3)  imposes  the  condition  that  x  and  y  must  have  such  values 
that  their  sum  shall  be  5.  Such  equations  are  called  con- 
ditional equations, 

A  Conditional  Equation  is  an  equation  one  of  whose  members 
can  be  reduced  to  the  other  only  for  certain  definite  values  of 
one  or  more  letters  contained  in  it. 
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Whenever  the  word  equation  is  used  in  subsequent  work,  we 
shall  understand  by  it  a  conditioncU  equation,  unless  the  con- 
trary is  expressly  stated. 

3.  The  Unknown  Numbers  of  an  equation  are  the  numbers 
whose  values  are  fixed  or  determined  by  the  equation. 

The  Known  Numbers  of  an  equation  ai*e  the  numbers  whose 
values  are  given  or  known. 

Thus,  in  the  equations 

a?  + 1  =  3  and  »*  —  1  =  8 
the  unknown  number  is  x,  and  the  known  numbers  are  1  and  3, 
and  1  and  8,  respectively. 

In  the  equation  x  +  y  =  3 

the  unknown  numbers  are  x  and  y ;  the  known  number  is  3. 

The  unknown  numbers  are  usually  represented  by  the  final 
letters  of  the  alphabet,  x,  y,  z,  etc.,  as  in  the  above  examples. 

4i  An  Integral  Algebraic  Equation  is  an  equation  whose  mem- 
bers are  integral  algebraic  expressions  in  the  unknown  number 
or  numbers. 

The  known  numbers  may  enter  in  any  way  whatever. 

E.g,,  Sa?^^  =  2x,  and  ix  +  5y  =  ^,  are  integral  equations. 

&  The  Degree  of  an  integral  equation  is  the  degree  of  its 
term  of  highest  degree  in  the  unknown  number  or  numbers. 

6.  A  Linear  or  Simple  Equation  is  an  equation  of  the  first 
degree. 

E.g.f  0?  + 1  =  6  is  a  linear  equation  in  one  unknown  number, 
x;  2a;4-3y  =  5isa  linear  equation  in  two  unknown  numbers, 
X  and  y, 

7.  A  Solution  of  an  equation  is  a  value  of  the  unknown  num- 
ber, or  a  set  of  values  of  the  unknown  numbers,  which,  if 
substituted  in  the  equation,  converts  it  into  an  identity. 

E.g.,  2  is  a  solution  of  the  equation 

aj  +  l  =  3, 
since,  when  substituted  for  x  in  the  equation,  it  converts  the 

equation  into  the  identity 

2  +  1  =  3. 
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Likewise,  3  and  —  3  are  solutions  of  the  equation 

»*  - 1  =  8, 

since,  when  substituted  for  x  in  the  equation,  they  both  con- 
vert the  equation  into  the  identity 

9-1  =  8. 

The  set  of  values  1  and  2,  of  x  and  y,  respectively,  is  a  solu- 
tion of  the  equation 

since,  when  this  set  of  values  of  x  and  y  is  substituted  in  the 
equation,  it  converts  the  equation  into  the  identity 

1  +  2  =  3. 

ft  To  Solve  an  equation  is  to  find  its  solution.  The  process 
of  solving  an  equation  is  also  frequently  called  the  solution  of 
the  equation. 

An  equation  is  said  to  be  satisfied  by  its  solution,  or  tJie  solvr 
tion  is  said  to  satisfy  the  equation,  since  it  converts  the  equation 
into  an  identity. 

9.  When  the  equation  contains  only  one  unknown  number,  a 
solution  is  frequently  called  a  Root  of  the  equation. 
E.g.,  2  is  a  root  of  the  equation  a;  -|- 1  =  3. 
Likewise,  3  and  —  3  are  roots  of  the  equation  «*  —  1  =  8. 

10-  We  shall  now  give  some  principles  upon  which  the  solu- 
tion of  integral  equations  depends.  But  it  is  to  be  kept  in 
mind  that  the  final  test  of  the  correctness  of  a  solution,  no 
matter  how  obtained,  is  that  it  shall  satisfy  the  given  equation. 

§  8.     EQUIVALENT  EQUATIONS. 

1.  Two  equations  are  equivalent  when  every  solution  of  the 
first  is  a  solution  of  the  second,  and  every  solution  of  the  second 
is  a  solution  of  the  first.    Thus,  the  equations 

5a?-f2  =  3aj  +  6;  2»-i-2  =  6j  ic  +  l  =  3 

are  equivalent  equations,  since  they  are  all  three  satisfied  by 
the  same  root  2,  and,  as  we  shall  later  prove,  only  by  2. 
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2.  The  methods  of  solving  integral  equations  depend  upon 
principles  which  enable  us  to  change  a  given  equation  into  an 
equivalent  equation^  whose  solution  is  moi'e  easily  obtained 
than  that  of  the  given  one.  This  process  is  called  transforming 
the  equation,  or  the  transformation  of  the  equation. 

The  equations  3a5  — 7  =  17  — Sx  (1) 

and  2x  =  6  (2) 

are  equivalent  equations,  since  they  are  satisfied  by  the  same 
root  3.  But  the  root  3  can  evidently  be  more  easily  obtained 
from  (2)  than  from  (1). 

Fanduneiital  PrinciplM  lor  EMvliig  Integral  Bqnattons. 

3L  In  the  principles  of  equivalent  equations  which  we  shall  now  prove, 
the  solutions  are  limited  to  finite  values. 

4.  Addition  and  Sahtraction.  —  If  3  be  added  to  both  members 
of  the  equation  3 «  + 1  =  7,  we  obtain  the  equivalent  equation 

3«4-4  =  10. 

For  evidently  both  equations  are  satisfied  by  the  same 
root  2. 

If  2  —  a;  be  added  to  both  members  of  the  same  equation,  we 
obtain  the  equivalent  equation 

3a?-f-l-h2-a;  =  74-2-x,  or  2x4-3  =  9- ar. 

For  the  latter  equation  is  also  satisfied  by  the  same  root  2. 

The  preceding  examples  illustrate  the  following  principle : 

If  the  same  number  or  expression  be  added  to,  or  subtracted 
from,  both  members  of  an  equation^  the  equation  thus  derived  will 
be  equivalent  to  the  given  one. 

Let  P=Q 

be  the  given  equation,  and  N"  be  any  number  or  expression.  Then  the 
equation 

wherein  the  upper  signs,  +» go  together  and  the  lower  signs,  — ,  go  to- 
gether, is  eqnivalent  to  the  given  one. 

For  any  solution  of  the  given  equation  makes  P  equal  to  Q.  There- 
fore, by  Ch.  IL,  §  1,  Art.  19  and  §  2,  Art.  21,  that  solution  iiiakoH  P  ±  iV 
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equal  to  Q±  N,  and  hence  is  a  solution  of  the  derived  equation.  Conse- 
quently no  solution  is  lost  by  the  transformation. 

But  the  given  equation  is  obtained  from  the  derived  equation,  by 
subtracting  the  number  or  expression  which  was  added,  or  by  adding  the 
number  or  expression  which  was  subtracted,  in  forming  the  derived 
equation.  Therefore  any  solution  of  the  derived  equation  is  a  solution 
of  the  given  equation,  and  no  solution  is  gained  by  the  transformation. 
Consequently,  the  two  equations  are  equivalent 

Applications. 

5.  If  any  term  be  transferred  from  one  member  of  an  equation 
to  the  other,  its  sign  being  reversed  from  -{-  to  —,  or  from  —  to 
+)  tlie  derived  equation  wUl  be  equivalent  to  the  given  one. 

E.g.y  2x  —  ^  =  x-\-l  and  2x-~  a:  =  l  +  4 

are  equivalent  equations.  This  step  is  equivalent  to  adding  4 
to,  and  subtracting  x  from,  both  members  of  the  given  equation. 

From  the  derived  equation  we  obtain  x  =  5. 

It  is  often  convenient  to  have  all  the  terms  of  an  equation 
in  one  and  the  same  member,  usually  the  first,  the  second 
member  then  being  0. 

Thus,  the  equation  re  —  2=  —  3a;-f6 

becomes  a?-f3a5  —  2  —  6  =  0, 

or  4a;- 8  =  0, 

when  the  terms  in  the  second  member,  —3  a;  and  +6,  are 
transferred  to  the  first  member  and  their  signs  are  reversed. 

6.  If  equal  terms  be  dropped  from  both  members  of  an  equation^ 
the  derived  equation  vxill  be  equivalent  to  the  given  one, 

E.g.,  2a;-3  +  8  =a;-3  and  2a;-f-8  =  aj 

are  equivalent  equations. 

Likewise  6a5  —  4aj  =  10  —  4a5  and  5 a?  =  10  are  equivalent 
equations. 

This  step  is  called  cancellation  ofeqvxd  terms, 

7.  If  the  signs  of  the  terms  of  an  equation  be  reversed,  the 
derived  equation  will  be  equivalent  to  the  given  one. 

E.g.,    5a;  —  3  =  9  —  a  becomes  — 6aj-h3  =  — 9-fx, 
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when  each  term  of  the  first  member  is  transferred  to  the 
second  member,  and  each  term  of  the  second  member  is  trans- 
ferred to  the  first  member  (the  signs  of  the  terms  being  re- 
versed),  and  when,  as  is  evidently  legitimate,  the  two  members 
are  interchanged.  This  step  is  also  equivalent  to  multiplying 
both  members  of  the  equation  by  —  1,  which  the  next  principle 
will  prove  to  be  legitimate. 

ft  Multiplication.  —  If  both  members  of  the  equation 

m 

be  multiplied  by  2,  we  obtain  the  equivalent  equation 

a;-6  =  12. 

For  evidently  both  equations  are  satisfied  by  the  root  18. 
If  both  members  of  the  equation 

be  multiplied  by  7,  we  obtain  the  equivalent  equation 

7(aj«-5ic-|-6)  =  7.0  =  0. 

For  the  given  equation  and  the  derived  equation  are  satisfied 
by  the  roots  2  and  3. 

The  preceding  examples  illustrate  the  following  principle : 

If  both  members  of  an  equation  be  multiplied  by  one  and  the 
same  number,  not  0,  or  by  an  expression  which  does  not  contain 
the  unknown  number  or  numbers,  the  resulting  equatioji  will  be 
equivalent  to  the  given  one. 

It  IB  more  convenient  to  prove  this  principle  when  all  the  terms  of  the 
equation  are  in  the  same  member,  say  the  first.  The  latter  equation  is, 
as  we  have  seen,  equivalent  to  the  given  one.  Then  any  solution  must 
make  the  two  members  identical  in  value,  i.e.  must  reduce  the  first  mem- 
ber to  0. 

Let  P  =  0 

be  the  given  equation,  and  N  be  any  number,  not  0,  or  any  expression 
which  does  not  contain  the  unknown  number  or  numbers.  Then  the 
equation 

\b  equivalent  to  the  given  one. 
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For  any  solution  of  the  given  equation  muBt  reduce  P  to  0,  and,  there- 
fore, by  Ch.  III.,  §  3,  Art.  18,  must  also  reduce  y^PtoO.  Hence  it  is 
also  a  solution  of  the  derived  equation.  That  is,  no  solution  is  lost  by 
the  transformation. 

Any  solution  of  the  derived  equation  must  reduce  iV-  P  to  0.  But  N 
is  not  0,  and,  since  it  does  not  contain  the  unknown  number  or  numbers, 
it  cannot  reduce  to  0  for  any  value  of  the  unknovm  number  or  numbers. 
Consequently,  by  Ch.  III.,  §  3,  Art.  20,  any  solution  of  the  derived  equa- 
tion must  reduce  P  to  0,  and  hence  is  a  solution  of  the  given  equation. 
That  is,  no  solution  is  gained  by  the  transformation.  Consequently,  the 
two  equations  are  equivalent. 

Notice  that  if  the  multiplier  were  0,  any  value  of  the 
unknown  number  would  be  a  solution  of  the  derived  equation, 
but  not  of  the  given  equation. 

E.g,y  2x  —  6  =  0  has  the  root  3,  while 

(2aj-6)x0  =  0 

is  evidently  satisfied  by  1,  2,  3,  4,  etc.,  without  end. 

If  the  multiplier  contain  the  unknown  number  or  numbers, 
values  of  the  unknown  number  or  numbers  will  reduce  the 
multiplier  to  0,  and  therefore  the  first  member  of  the  derived 
equation  to  0,  without  reducing  the  first  member  of  the  given 
equation  to  0. 

E.g.,  2  »  —  6  =  0  has  the  root  3,  while 

(2x-e)(x^2)=0 

is  satisfied  not  only  by  3,  since  (6  —  6)  x  1  =  0  x  1  =  0,  but 
also  by  2,  since  (4-6)(2 -2)  =  (-2)x  0  =  0. 

But  2  is  not  a  solution  of  the  given  equation.  That  is,  in 
multiplying  both  members  of  the  given  equation  by  x  —  2,  we 
have  gained  a  root  2. 

The  derived  equation  is,  therefore,  not  equivalent  to  the 
given  one,  since  it  has  the  additional  root  2. 

9.  Diyision.  — If  both  members  of  the  equation 

3a;-6  =  15 
be  divided  by  3,  we  obtain  the  equivalent  equation 

x-2  =  6. 
For  evidently  both  equations  are  satisfied  by  the  root  7. 
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If  both  members  of  the  equation 

be  divided  by  2,  we  obtain  the  equivalent  equation 

For  the  given  equation  and  the  derived  equation  are  evidently 
satisfied  by  the  roots  2  and  3. 

The  preceding  examples  illustrate  the  following  principle : 

If  both  members  of  an  equation  be  divided  by  one  and  the 
same  number,  not  0,  or  by  an  expression  which  does  not  contain 
the  unknown  number  or  numbers,  the  derived  equation  is  equiva- 
lent to  the  given  one. 

Let  us  asBume  that  all  the  terms  of  the  given  equation  have  been  trans- 
ferred to  the  first  member.  Then  any  solution  must  reduce  this  first 
member  to  0. 

Let  P  =  0 

be  the  given  equation,  and  N  be  any  number,  not  0,  or  an  expression 
which  does  not  contain  the  unknown  number  or  numbers.  Then  the 
equation 

is  equivalent  to  the  given  one. 

For  any  solution  of  the  given  equation  must  reduce  P  to  0,  and  there- 
fore, by  Ch.  III.,  §  4,  Art.  6,  must  also  reduce  P-^  iV  to  0.  Hence  it  is 
also  a  solution  of  the  derived  equation.  That  is,  no  solution  is  lost  by  the 
transformation. 

Any  solution  of  the  derived  equation  must  reduce  P  -r-  JV  to  0.  But 
N  is  finite  and  not  0,  and,  since  it  does  not  contain  the  unknown  number, 
it  cannot  reduce  to  0,  or  become  infinite,  for  any  value  of  the  unknown 
number  or  numbers.  Consequently,  by  Ch.  III.,  §  4,  Art.  7,  any  solution 
of  the  derived  equation  must  reduce  P  to  0,  and  hence  is  a  solution  of  the 
given  equation.  That  is,  no  solution  is  gained  by  the  transformation. 
Consequently  the  two  equations  are  equivalent. 

Notice  that  if  the  divisor  be  an  expression  which  contains 
the  unknown  number  or  numbers,  one  or  more  solutions  are  lost 

E.g,,  the  equation      «*  —  1  =  2  (a?  -f  1) 

is  satisfied  by  the  two  roots  —  1  and  3. 
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But  if  both  members  be  divided  by  a;  + 1^  we  obtain 

«  - 1  =  2. 

This  equation  is  satisfied  by  3,  but  not  by  —  1. 
The  derived  equation  is,  therefore,  not  equivalent  to  the 
given  one,  since  it  does  not  have  the  root  —  1. 

ApplicationB. 

10.  An  equation  having  fractional  coefficients  can  be  trans- 
formed into  an  equivalent  one  with  integral  coefficients,  by 
multiplying  both  members  by  the  L.C.M.  of  the  denominators 
of  the  fractions.  This  step  is  called  clearing  the  equation  of 
fractions. 

E.g.,  if  both  members  of  the  equation 

be  multiplied  by  12,  we  obtain  the  equivalent  equation 

6a?-9  =  4x-f2. 

11.  If  all  the  terms  of  an  equation  have  a  common  factor 
which  does  not  contain  the  unknovni  number  or  numbers,  the 
equation  derived  by  dividing  both  members  by  this  factor  is  equiv- 
alent to  the  given  one. 

E.g.,  if  both  members  of  the  equation 

3a;  +  6  =  9a;-30 
be  divided  by  3,  we  obtain  the  equivalent  equation 

a?  +  2  =  3  a;  -  10. 

12.  Any  equation  can  be  transfoi*med  into  an  equivalent  one 
in  which  the  coefficient  of  any  term  is  1,  by  dividing  both  mem- 
bers of  the  equation  by  the  coefficieiit  of  that  term. 

E.g.,  if  both  members  of  the  equation 

5a:»-lla;-f  6  =  0 
be  divided  by  5,  we  obtain  the  equivalent  equation 

«»-V^a?  +  |  =  0; 
if  both  members  be  divided  by  —  11,  we  obtain  the  equivalent 
equation  ^^q?^x—^  =  0. 
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13.  The  preceding  principles  apply  to  integral  equations 
of  any  degree.  In  this  chapter  we  shall  confine  our  attention 
to  linear  equations,  in  one  unknown  number. 

§4.   LINEAR  EQUATIONS,   IN  ONE  UNKNOWN  NUMBER. 

L  Ex.  1.  Solve  the  equation  17  a?  -f  6  =  10  a;  4-  27. 

Transferring  10  a;  to  the  first  member  and  6  to  the  second 
member,  we  have  17  a?  - 10  a?  =  27  -  6. 

Uniting  like  terms,  we  obtain    7  a;  =  21. 

Dividing  both  members  by  7,  we  have  a?  =  3. 

Check,  —  Substituting  3  for  x  in  the  given  equation,  we 
obtain  the  identity  51  -f  6  =  30  -h  27. 

Ex.  2.  Solve  the  equation  14  —  8  a?  =  19  —  3  a?. 
Transferring  terms,  —  8  a?  +  3  a?  =  19  —  14. 
Uniting  like  terms,  —  6  aj  =  6. 

Dividing  by  —  5,  a;  =  —  1. 

Check.  —  Substituting  —  1  for  a;  in  the  given  equation,  we 
obtain  the  identity  14  +  8  =  19  +  3. 

Ex.  a  Solve  the  equation 

15  X  - 14  (10  -  7  aj)  =  5  a;  +  7  (14  a;  -  25i), 

Removing  parentheses,  15 aj  — 140  +  98 a;  =  5a;-|- 98 as  — 176. 

Canceling  equal  terms,    15  a?  —  140  =  5  a?  —  1 75. 

Transferring  terms,  15  a;  —  5  a;  =  —  175  -h  140. 

Uniting  like  terms,  10  a:  =  —  35. 

Dividing  by  10,  a?  =  —  J. 

Check.  —  Substituting  —  3^  for  x  in  the  given  equation, 
we  obtain  the  identity 

_  xjA  -.  14(10  +  V)==  -¥  +  7(-49-25),  or  -535^  =  -  535J. 
In  thus  solving  equations,  the  student  should  accustom  him- 
self to  perform  the  simpler  steps  mentally.  In  the  preceding 
examples,  the  steps  of  transferring  terms  and  uniting  like 
terms  should  be  performed  simultaneously. 
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Ex.  4.  Solve  the  equation  2  (a?  -}- 1)  =  3  [2  -  4  (a;  - 1)]  +  6  a?. 

Removing  parentheses,  2a;-f-2  =  6  —  12a;-fl2-|-6a?. 

Transferring  and  uniting  terms,  8  a;  =  16. 

Dividing  by  8,  a?  =  2. 

Check,  —  Substituting  2  for  x  in  the  given  equation,  we  ob- 
tain the  identity 

2(2  + 1)  =  3[2  -  4(2  - 1)]  +  12,  or  6  =  6. 

Ex.  5.  Solve  the  equation  ^  (a?  -h  5)  —  ^  a?  =  J  (3  a;  —  1)  -f  1. 

Multiplying  both  members  by  12,  the  lowest  common  multi- 
ple of  the  fractional  coef&cients,  we  obtain 

6(a;-h5)-4a;  =  3(3a?-l)-fl2. 

Removing  parentheses,  6a;-f30  —  4a;  =  9a;  —  3-fl2. 

Transferring  and  uniting  terms,  —  7  a;  =  —  21. 

Dividing  by  —  7,  a;  =  3. 

Check.  —  Substituting  3  for  x  in  the  given  equation,  we  ob- 
tain the  identity 

^(34-5)--tx3  =  i(9-l)  +  l,or3  =  3. 

As  the  student  advances  in  his  work  he  will  be  able,  in  ex- 
amples like  the  above,  to  clear  of  fractions  and  remove  paren- 
theses simultaneously.  He  will  also  learn  many  devices  for 
shortening  his  work. 

Ex.  6.  Solve  the  equation  ^  (a;  -h  1)  -f  i\  (a;  -f  1)  =  16. 

Uniting  terms  in  the  first  member,  without  clearing  of  frac- 
tions or  removing  parentheses,  we  have 

8  (a; -f- 1)  =  16. 

Dividing  by  8,  a;  -f  1  =  2 ; 

whence  a;  =  1. 

Check.  —  Substituting  1  for  x  in  the  given  equation,  we  ob- 
tain the  identity 

3^  X  2  +  4J^  X  2  =  16,  or  16  =  16. 
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The  beginner  should  check  his  work  until  he  acquires  some 
degree  of  confidence  in  his  ability  to  solve  equations  readily 
and  accurately. 

2.  The  following  general  directions  will  be  found  useful  in 
preparing  an  equation  for  solution : 

(i.)  If  there  be  any  fractional  coefficients  in  the  equation,  re- 
move them  by  multiplying  both  sides  of  the  equation  by  the  L,C.M, 
of  the  denominators  of  the  fractions, 

(ii.)  If  there  be  any  parentheses,  remove  them,  especially  such 
as  contain  the  unknown  number, 

(iii.)  Transfer  all  terms  containing  unknoivn  numbers  to  one 
member  of  the  equation,  usually  to  the  first  m^ember,  and  all  the 
terms  containing  known  numbers  to  the  other  member. 

(iv.)  Unite  like  terms.  An  equation  thus  prepared  for  solution 
is  called  the  Normal  Form  of  that  equation. 

The  preceding  suggestions  apply  also  to  an.  integral  equation 
of  any  degree.  If  the  equation  be  linear  in  one  unknown 
number,  the  solution  is  completed  by  dividing  both  members 
by  the  coefficient  of  the  unknown  number. 

BXBBCISBS. 

Solve  each  of  the  following  equations : 

l.a?  +  2  =  3.  2.a;-4  =  7.  a7-aj  =  4. 

4.  16 -a?  =  -27.       5.  9  =  4  4- a.  6.  17  =  9-ic. 

7.  5ic-f  7  =  11 -f4aj.  a  6a:-7  =  4a;  +  3. 

9.  ^ir-f 8  =  -i«-l.  10.  7a:  +  8  =  4aj4-164-2aj. 

11.  12 aj 4-12  =  13 a? +  15.  12.  8a:-|-19  =  --5aj-4aj-hll. 

la  5a;+7-3x=8a?-5«+9.     14.  -7a;-2+3aj=-aj-4aj+3. 
15.  15aj+44-7a;=14aj+5+7a?.  16.  3x-5-9a;  =  2aj-7-9a:. 
17.   -.3a;-7  =  -4aj-7.         IE  15a?-.8  =  20a; -  8 -4aj. 
la  |a?  =  6.  20.   |a;  =  -4.  21.  3  =  -^aj. 

22.    -7  =  ta;.  23.  -2  =  -ia;.  24.   ia  =  0. 

25.  1x4-8  =  6.  26.  I  a;- 6  =  -8.      27.  -^a?-12  =  4. 
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»  i(»  +  6)  =  4.       29.  |(aj-8)=7.       aa  -J(a-6)  =  7. 
31.  4»  =  64-2a.  32.  -Y^  =  -3-2». 

33.  6-2a;  =  -J^aj.  34.  ^-6  =  iiC  +  2. 

35.  ^a?  +  2  =  -}aj-6  +  a;.       36.  — |a;+4-|-^a;=4a?-7— 3a?. 
37.  6a;  =  15.  3a  24  =  3a;.  39.  4x  =  -16. 

4a  11  =-22a?.  41.  7aj  =  0.  42.  28a?  =  7. 

43.  8  =  -56a:.  44.  -9a;  =  36.  45.  6aj  =  4. 

46.  16aj-ll  =  7a?  +  70.  47.  3a;  +  10  =  5aj -70. 

4a  36  -  92;  =  116  + 11  z.  4a  61 -5y  =  7y -f  85. 

50.  18a;  +  4  =  -4-f  34a;.  51.  7a;  +  4  =  -4 -5a;. 

52.  8a;-18  =  a;  +  12-3a;.       5a  5a;  + 11  =  16  -  3a;-4a;. 

54.  37 -I- 13a; -15  + 2a;  =  19  + 36a; -25. 

55.  17a;  -  23  +  14a;  + 13  =  29x- 18 -5a; +  127. 

56.  204-3a;  +  47  +  28a;  =  25a;-19  +  13x-16. 
57.  a;  — 7  =  |a;  +  |a;.  5a  ^a;  +  ^a;  =  Ja;  —  7. 

59.  36  — ia;  =  8.  60.    -a;  +  ^a;  +  ia;  =  ll. 

61.   3a;  +  16  =  |x.  62.  |a;  +  f a;-f «  =  15. 

6a  fa;-5  =  fa;  +  2.  64.  |a;- 3  = -^a;- 8. 

65.  ia;  +  |a;  +  ^a5+^a;  =  a;-17. 
6a  2a; -(5a; +  5)  =  7.  67.  7a;- (3a;- 11)  =  4. 

6a  3a;- 7- (5a;  + 17)  =0.      69.  3(a;  + 1)  =  -5(x-l). 
7a   7  (a; -18)  =  3  (a; -14).         71.  7a;-3(2a;-3)=2(-a;-18). 

7a  5(x  +  l)+6(x+2)  =  9(a;  +  3). 

7a  4(a;-3)-7(a;-4)  =  6-a;. 
74.  i(a;  +  3)  =  i>y(3a;  +  16).       75.  |(5a;- 2) -6  =  i(4a;-3). 
7a  i(7-x)-3=|(3-4a;)-4.    77.  ^ (a; -  5)  +  6 a;  = -^(284  -  a;). 

7a  ^(19  +  a;)  =  -a;  +  i(ll+a;). 

79.  i(a;-2)-|(12-a;)  =  i(5x-36)-l. 

8a  i(«  +  8)-J(5«  +  2)  =  K14-a;)-2. 

82.  T»r(7  +  3a;)-^7(a;-5)  =  l-^x. 
8a  K»-15)--2*r(7-2a;)  =  Ax  +  f 
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84.  4x-2(2-a;)=6.       85.  6«  -  [7a;  -  (8a?  -  18)]=16. 

86.  4[4(a:-4)-3]  =  4.    87.  6[4- (3«-l)]  =  6(x-ll)+49. 

ea  i(x-2)4-i-[a?-4(2a:-l)]  =  0. 

89.  4[3«-6-5(iaj-5)]  +  i[52(a;-.6)  +  l]  =  0. 

90.  3J[28-ax4-24)]  =  3K2H-ia:). 

91.  J[«-i(2aj-36)]-i(a;-18)  =  x  +  9-i[6a;-T\(a;-10)]. 

92.  2(a;  +  l)-3(aj  +  l)  +  9(a;  +  l)  +  18  =  7(aj  +  l). 
9a  5(3«-6)-17-8(3aj-5)-2(3a?-6)  =  3. 

94.  - 17 (7 a;  -  83)  +  28(7 aj  -  83)  -  34  =  12(7 a;  -  83). 

95.  (2x  +  7)(aj-3)  =  (a?-3)(2a?-f8). 

96.  (a:  +  l)(aj  +  2)  =  (a?-3)(a;-4). 

97.  (16a; +  6) (9 a? +  31)  =  (4a +  14) (36a: +  10). 
9a  (5a;-2)(3«-4)  =  (3a;  +  5)(5x-6). 

99.  a:(a;  +  2)  +  a;(a;+l)  =  (2a;  — l)(aj  +  3). 

100.  a:*-a;[l-a;-2(3-a;)]  =  aj  +  l. 

101.  (a?  +  l)(a;  +  l)  =  [lll-(l-a;)]a?-80. 

102.  3-a?  =  2(a;-l)(aj  +  2)  +  (a;-3)(5-2aj). 
lOa  4[8a?-6(7-4a;)+9(6-3a;)  +  12aj] 

=  7[20a;-2(7a;-10)-2]. 

Find  the  remainder  of  each  of  the  following  divisions,  and 
hence  the  value  of  m  which  will  make  the  dividend  exactly 
divisible  by  the  divisor : 

104.  (9a;«-3a?+m)^(aj-l). 

105.  [4a;'-2a?  +  a?-|(m  +  l)]-!-(2a?  +  3). 

106.  [7a:*-(m-l)aj  +  3]-!-(a;  +  2). 


CHAPTER  V. 

PROBLEMS. 

L  A  Problem  is  a  question  proposed  for  solution. 

Pr.  1.  The  greater  of  two  numbers  is  three  times  the  less, 
and  their  sum  is  84.    What  are  the  numbers  ? 

This  problem  involves  the  given  number  84  and  two  required 
numbers.  The  statements  of  the  problem  impose  two  condi- 
tions upon  the  values  of  the  required  numbers : 

(i.)    The  greater  number  is  three  times  the  less. 

(ii.)  Tlie  sum  of  the  two  numbers  is  84. 

To  solve  the  problem,  it  is  necessary  first  to  translate  these 
relations  or  conditions  from  the  verbal  language  of  the  prob- 
lem into  the  symbolic  language  of  Algebra,  te.  to  express 
them  by  means  of  algebraic  signs  and  symbols. 

We  let  one  of  the  required  numbers  be  represented  by  a 
letter,  say  x.  We  then  use  one  of  the  conditions  of  the  prob- 
lem to  express  the  second  required  number  in  terms  of  x  and 
the  given  number  84. 

Let  X  stand  for  the  less  required  number. 

Then,  by  the  first  condition,  the  greater  number  is, 
in  verbal  language :  three  times  the  less; 
in  algebraic  language :  3  x. 

Consequently,  the  required  numbers  are  represented  by  x 
(the  less)  and  3  x  (the  greater). 

The  second  condition  is, 
in  verbal  language :  the  less  number  plus  the  greater  is  equal  to 

84; 
in  algebraic  language :  a;  -h  3  x  =  84. 

This  equation  is  called  the  equation  of  the  problem. 
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From  this  equation  we  obtain  x  =  21,  the  less  number. 
Therefore  3  a;  =  63,  the  greater  number. 

Notice  that  this  problem  could  have  been  solved  by  letting 
X  stand  for  the  greater  number,  and  consequently  \  x  for  the 
less.    The  resulting  equation  would  then  have  been 

Whence  x  =  63,  the  greater  number ;  and  therefore,  ^  a;  =  21, 
the  less. 

It  is  strongly  recommended  that  at  first  the  student  write, 
in  as  concise  verbal  language  as  possible,  each  condition  of  the 
problem,  especially  when  the  wording  is  in  any  way  involved. 
Then  underneath  this  write  the  corresponding  algebraic  state- 
ment, as  in  the  above  solution. 

This  method  leads  to  an  equation  in  which  the  uuknoum 
number  is  one  of  the  required  numbers  of  the  problem. 

Pr.  2.  Find  two  consecutive  integers  whose  sum  is  163. 

In  this  problem  the  conditions  are  not  both  explicitly  stated. 
The  first  condition  is  contained  in  the  words,  two  consecutive 
integers. 

Let  X  stand  for  the  less  number. 

Then,  by  the  first  condition,  the  greater  number  is, 

in  verbal  language :   the  less  number  plus  1 ; 
in  algebraic  language :  a:  -f  1. 

The  required  numbers  are  thus  represented  by  x  (the  less) 
and  «  4- 1  (the  gi*eater). 

The  second  condition  is, 

in  verbal  language :  the  less  number  plUrS  the  greater  is  equal  to 
163; 

in  algebraic  language :  a?  -f  (» -f  1)  =  163,  the  equation  of  the 
problem. 

From  this  equation  we  obtain  x  =  81,  the  less  number ;  and 
therefore  a5  -+- 1  =  82,  the  greater. 

Let  the  student  solve  this  problem,  taking  x  as  the  greater 
number. 
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Pr.  3.  A  is  40  years  old  and  B  is  10  years  old.  After  how 
many  years  will  A  be  three  times  as  old  as  B  ? 

Let  X  stand  for  the  required  number  of  years,  after  which  A 
will  be  three  times  as  old  as  B. 

The  condition  of  the  problem  involves  other  unknown  num- 
bers than  the  required  number.  These  we  first  express  in 
terms  of  the  required  and  given  numbers. 

In  X  years  the  number  of  years  in  A^s  age  will  be  40  -fa:; 
the  number  of  years  in  B's  age  will  be  10  -f  x. 

The  condition  of  the  problem  is, 

in  verbal  language :  the  number  of  years  in  As  age  x  years 
hence  is  equal  to  three  times  the  number  of  years  in  B^s  age 
X  years  hence; 

in  algebraic  language :  40  -f  «  =  3  (10  -f-  a?),  the  equation  of  the 
problem. 

From  this  equation  we  obtain  a  =  5,  the  required  number. 
In  6  years  A  will  be  46  years  old,  and  B  will  be  15  years  old ; 
and  45  =  3  X  15. 

Notice  that  the  numbers  used  in  the  solution  are  abstract 
numbers.  Thus,  40  is  the  number  of  years  in  A's  age,  not  A's 
age. 

Let  the  student  solve  the  problem,  taking  x  as  the  number 
of  years  in  the  father's  age. 

Pr.  4.  A  father  divided  $  5000  between  his  two  sons.  Four 
times  the  amount  received  by  the  older  son  exceeds  five  times 
the  amount  received  by  the  younger  by  $2000.  How  much 
did  each  son  receive  ? 

Let  X  stand  for  the  number  of  dollars  received  by  the  older 
son. 

Then,  by  the  first  condition,  the  number  of  dollars  received 
by  the  younger  son  is, 

in  verbal  language:  5000  minus  the  number  received  by  the  older 
son; 

in  algebraic  language :  5000  —  x. 
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The  unknown  numbers  involved  in  the  second  condition,  ex- 
pressed in  terms  of  the  known  and  the  required  numbers,  are : 
four  times  the  number  of  dollars  received  by  the  older  son,  or  4  a;; 
zndjive  times  the  number  of  doUars  received  by  the  younger  son, 
or  5  (5000  -  x). 

The  second  condition  is, 

in  verbal  language:  four  times  the  number  of  dollars  received 
by  the  older  son  minus  five  times  the  number  of  dollars 
received  by  the  younger  is  2000 ; 

in  algebraic  language :  4  a  —  5  (5000  —  «)  =  2000,  the  equation 
of  the  problem. 

From  this  equation  we  obtain  x  =  3000 ;  whence 

5000  -x  =  2000. 

Therefore  the  older  son  received  $3000,  and  the  younger 
9  2000. 

Pr.  5.  At  an  election  at  which  943  votes  were  cast,  A  and  B 
were  candidates.    A  received  a  majority  of  65  votes.    How 
many  votes  were  cast  for  each  candidate  ? 
Let  X  stand  for  number  of  votes  cast  for  A. 
Then,  by  the  first  condition,  the  number  of  votes  cast  for  B  is, 
in  verbal  language:  943  minus  the  number  cast  for  A', 
in  algebraic  language :  943  —  x. 
The  second  condition  is, 

in  verbal  language :  tlie  number  of  votes  cast  for  A  exceeds  the 

number  cast  for  Bby  65] 
in  algebraic  language :  x  —  (943  —  aj)  =  66,  the  equation  of  the 

problem. 

From  this  equation  we  obtain  x  =  504,  whence  943— «= 439. 
A  therefore  received  504  votes,  and  B  439  votes. 

This  problem  can  also  be  solved  by  using  the  second  condi- 
tion to  express  the  second  required  number  in  terms  of  the  first. 

Let  X,  as  before,  stand  for  the  number  of  votes  cast  for  A. 
Then,  by  the  second  condition,  the  number  of  votes  cast  for  B  is, 

in  verbal  language :  the  number  of  votes  cast  for  A  minus  65 ; 
in  algebraic  language :  a;  —  65. 
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The  first  condition  is, 
in  verbal  language:  the  number  of  votes  cast  for  A  plus  the 
number  of  votes  cast  for  B  is  943 ; 

in  algebraic  language:  as  +  a  —  65  =  943,  the  equation  of  the 
problem. 

Whence,  x  =  504,  as  before. 

Pr.  6.  Fifteen  coins,  dollars  and  quarter-dollars,  amount  to 
$  7.50.     How  many  coins  of  each  kind  are  there  ? 

We  take  one  dollar  as  the  unit,  and  express  parts  of  dollars 
as  fractional  parts  of  this  unit. 

Let  X  stand  for  the  number  of  dollars. 

Then,  by  the  first  condition,  the  number  of  quarter-dollars  is, 
in  verbal  language :  15  minu^  the  number  of  dollars; 
in  algebraic  language :  15  —  a?. 

The  second  condition  is, 
in  verbal  language :  the  number  of  dollars  plus  one-fourth  of  the 
number  of  quarter-dollars  is  7^ ; 

in  algebraic  language :  x  -f  ^(15  —  a?)  =  7^,  the  equation  of  the 
problem. 

From  this  equation  we  obtain  x  =  5*,  whence  15  —  jc  =s  10. 
Therefore  there  are  5  dollars  and  10  quarter-dollars.  Evi- 
dently the  total  value  of  the  coins  is  5  -f  J^  dollars,  or  $  7^. 

Notice  that  both  conditions  refer  to  abstract  numbers ;  the 
first  condition  to  the  number  of  coins,  the  second  to  the  num- 
ber of  dollars. 

Pr.  7.  A  drove  of  sheep  and  goats,  200  animals  in  all,  is  to 
be  sold.  A  offers  to  pay  $  1.25  for  each  sheep  and  $  1.60  for 
each  goat ;  B  offers  to  pay  9 1.50  for  each  animal.  The  owner 
of  the  drove  accepts  B's  offer  because  he  finds  that  it  will  net 
him  $  22  more  than  A's  offer.  Find  the  number  of  sheep  and 
goats  in  the  drove. 

Let  X  stand  for  the  number  of  sheep. 

Then,  by  the  first  condition,  the  number  of  goats  is, 
in  verbal  language :  200  minus  the  number  of  sheep; 
in  algebraic  language :  200  —  x. 
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The  second  condition  involves  other  unknoum  numbers  than 
the  required  numbers.  We  must  express  the  number  of  dollars 
in  Al's  offer  and  the  number  of  dollars  in  B's  offer  in  terms  of 
the  required  and  given  numbers. 

The  number  of  dollars  in  A's  offer  is, 
in  verbal  language :  tlie  number  of  sheep  multiplied  by  the  num^ 
ber  of  dollars  offered  for  each  sheep,  plus  the  number  of  goats 
multiplied  by  the  number  of  dollars  offered  for  each  goat; 
in  algebraic  language :  1.25  x  +  1.6  (200  —  x). 

The  number  of  dollars  in  B's  offer  is, 
in  verbal  language:   the  number  of  animals  multiplied  by  the 

number  of  dollars  offered  for  each  animal; 
in  algebraic  language :  200  x  1.5. 

The  second  condition  is, 
in  verbal  language:   the  number  of  dollars  in  B^s  offer  minus 

the  number  of  dollars  in  A^s  offer  is  22; 
in  algebraic  language :  200  x  1.5-  [1.25a;  + 1.6(200  -  a?)]  =  22, 
the  equation  of  the  problem. 
From  this  equation  we  obtain  x  =  120,  the  number  of  sheep ; 
whence  200  —  a?  =  80,  the  number  of  goats. 

A's  offer  =  1.25  x  120  + 1.6  x  80,  =  278  dollars ; 
and       B's  offer  =  200  x  1.5,  =  300  dollars. 

Notice  again  that  both  conditions  refer  to  abstract  numbers ; 
the  first  to  the  number  of  animals,  the  second  to  the  number 
of  dollars. 

Pr.  a  A  box  contains  a  certain  number  of  pencils,  of  which 
one-third  are  red,  one-sixth  are  blue,  and  15  are  black.  How 
many  of  the  pencils  are  red,  and  how  many  are  blue  ? 

Let  X  stand  for  the  number  of  red  pencils. 

Then,  by  the  first  condition,  the  total  number  of  pencils  is, 

in  verbal  language :  three  tim£s  the  number  of  red  pencils; 
in  algebraic  language :  3  x. 

By  the  second  condition,  the  number  of  blue  pencils  is, 

in  verbal  language :  ^  the  total  number  of  pencils; 
in  algebraic  language :  ^  x  3  a;  =  ^a;. 
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The  third  condition  is  not  stated  explicitly.    It  is,  however, 

in  verbal  language :  the  number  of  red  pencils,  plus  the  number 
of  blue  pencils,  plus  the  number  of  black  pencils,  is  equal 
to  the  total  number  of  pencils; 

in  algebraic  language :  a;H-^a;4-16  =  3a;,  the  equation  of  the 
problem. 

From  this  equation,  we  obtain  x  =  10,  the  number  of  red 
pencils ;  whence  ^x=^5,  the  number  of  blue  pencils. 

This  problem  could  have  been  solved  more  readily  ,by 
assuming  for  the  unknown  number  of  the  equation  another 
number  than  one  of  the  required  numbers. 

Let  X  stand  for  the  total  number  of  pencils. 

Then,  by  the  first  condition,  the  number  of  red  pencils  is  \  x, 
and  by  the  second  condition,  the  number  of  blue  pencils  is  ^  x. 

Finally,  by  the  third  condition, 

ix  +  \x-{-15=:x. 
Whence  a;  =  30.    Therefore 

^  a;  =  10,  the  number  of  red  pencils, 
and  ^  a;  =  6,  the  number  of  blue  pencils. 

Pr.  9.  A  number  is  composed  of  two  digits  whose  sum  is  8. 
If  the  digits  be  interchanged,  the  resulting  number  will  be 
greater  by  18  than  the  original  number.  What  is  the  num- 
ber? 

In  accordance  with  the  suggestion  in  Pr.  8,  we  assume 
one  of  the  digits  of  the  required  number,  not  the  required 
number,  as  the  unknown  number  of  the  equation  of  the  prob- 
lem. 

Let  x  stand  for  the  digit  in  the  units'  place. 

Then,  by  the  first  condition,  the  digit  in  the  tens'  place  is, 

in  verbal  language :  8  7ninus  the  digit  in  the  units'^  place; 
in  algebraic  language :  8  —  a?. 

Notice  that  the  value  of  a  digit  in  the  tens'  place  is  the 
digit  multiplied  by  10. 

Therefore  the  original  number  is  10 (8  —  a?)  +  a?;  the  second 
number  (when  the  digits  are  interchanged)  is  10  a?  +  (8  —  a?). 
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The  second  condition  of  the  problem  then  is, 
in  verbcU  language :  the  second  number  is  equal  to  the  origincd 

number  plus  18 ; 
in  algebraic  language :  10  a?  +  (8  —  x)  =  10  (8  —  «)  +  as  +  18,  the 

equation  of  the  problem. 

From  this  equation,  we  obtain 

x  =  &,  the  digit  in  the  units'  place ; 
whence    8  —  a:  =  3,  the  digit  in  the  tens'  place. 

The  original  number  is  10  (8  —  »)  -h  aj,  =  35 ;  the  second 
number  is  10  a;  -h  8  —  x,  =  53,  and  53  —  35  =  18. 

Pr.  la  A  carriage,  starting  from  a  point  A,  travels  35  miles 
daily;  a  second  carriage,  starting  from  a  point  B,  84  miles 
behind  A,  travels  in  the  same  direction  49  miles  daily.  After 
how  many  days  will  the  second  carriage  overtake  the  first? 
At  what  distance  from  B  will  the  meeting  take  place? 

Let  X  stand  for  the  number  of  days  after  which  they  meet 
Then  the  number  of  miles  traveled  by  the  first  carriage  is 
35  a;,  and  the  number  of  miles  traveled  by  the  second  carriage 
is  49  a;. 

The  condition  of  the  problem  is, 
in  verbal  language :   the  number  of  miles  traveled  by  the  first 
carriage  is  equal  to  the  number  of  miles  traveled  by  the 
second  carriage  minus  84; 
in  algebrflic  language  :   35  a;  =  49  x  —  84,  the  equation  of  the 
problem. 

From  this  equation,  we  obtain  x=i^. 

The  distance  traveled  by  the  first  carriage  is  210  miles,  and 
the  distance  traveled  by  the  second  carriage  is  294  miles. 
They  therefore  meet  294  miles  from  B, 

Pr.  11.  One  man  asked  another  what  time  it  was,  and  re- 
ceived the  answer:  "It  is  between  5  and  6  o'clock,  and  the 
hour-hand  is  directly  over  the  minute-hand."  What  time  was 
it? 

At  5  o'clock,  the  minute-hand  points  to  12  and  the  hour- 
hand  to  5.  The  hour-hand  is  therefore  25  minute-divisions 
in  advance  of  the  minute-hand. 
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Let  X  stand  for  the  number  of  minute-divisions  passed 
over  by  the  minute-hand  from  5  o'clock  until  it  is  directly  over 
the  hour-hand  between  6  and  6  o'clock. 

By  the  first  condition,  which  is  implied  in  the  problem,  the 
number  of  minute-divisions  passed  over  by  the  hour-hand  is, 

in  verbal  language :  the  number  of  minute-divisions  passed  over 
by  the  minute-hand  minus  25 ; 

in  algebraic  language :  a;  —  25. 

The  second  condition,  which  is  also  implied  in  the  problem  is, 

in  verbal  language :  the  number  of  minute-divisions  passed  over 
by  the  minute-hand  is  12  times  the  number  of  minute-divi- 
sions passed  over  by  the  hour-hand; 

in  algebraic  language :  a;  =  12  (x  —  25),  the  equation  of  the 
problem. 

From  this  equation  we  obtain  x  =  21^,  Consequently,  the 
two  hands  coincide  at  27^  minutes  past  5  o'clock. 

Observe  that  in  this  problem  both  conditions  are  implied  in 
the  problem,  and  are  not  explicitly  stated. 

2.  The  translation  of  the  conditions  of  a  problem  into 
algebraic  language  is  usually  attended  with  some  difficulty  to 
the  Ijeginner.  One  reason  for  this  is  that  the  conditions  in  the 
problem  are  of  necessity  often  stated  in  a  more  or  le^s  compli- 
cated way,  or  are  not  explicitely  stated  (see  Pr.  2  and  Pr.  11). 
The  beginner  will  therefore  find  some  suggestions  useful. 

(i.)  Read  the  problem  thoughtfully  to  get  an  intelligent  under- 
standing of  it  as  a  whole. 

(ii.)  Observe  what  are  the  numbers  whose  values  are  required. 
It  will,  in  general,  be  possible  to  continue  the  solution  of  the 
problem  by  representing  one  of  these  numbers  by  a  letter,  and 
operating  upon  or  by  that  letter  as  if  it  were  a  known  number. 
See  Prs.  1,  2,  3,  4,  5,  6,  7,  8  (first  solution),  10,  and  11. 

This  number  is  called  the  unknown  number  of  the  equation 
of  the  problem. 
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(iii.)  Every  problem  which  can  be  solved  must  state,  implicitly 
or  explicitly,  as  many  conditions  as  there  are  required  7iumbers 
in  the  problem. 

(iv.)  Use  all  but  one  of  the  conditions  to  express  the  other 
required  numbers  in  terms  of  the  one  selected  cw  the  unknoum 
number,  as  in  the  problems  solved. 

(v.)  llie  numbers  involved  in  the  statements  will,  in  general,  be 
not  only  the  required  numbers,  but  also  other  unknown  numbers 
which  must  be  expressed  in  terms  of  the  required  numbers.  See, 
in  particular,  Prs.  3,  4,  7,  9. 

(vi.)  Express  concisely  in  verbal  langtiage  each  given  condition. 
It  is  frequently  necessary  to  modify  the  statement  in  order  to 
adapt  it  to  translation  into  algebraic  language.  See  Prs.  2 
and  11. 

(vii.)  TransUUe  each  verbal  statement  of  a  condition  into  alge- 
braic language.  All  but  one  of  the  conditions  will  give  expressions 
for  required  numbers  according  to  (iv.).  The  last  condition  will 
give  the  equation  of  the  problem. 

(viii.)  ITiere  are  problems  in  which  other  numbers  than  the 
required  numbers  can  be  used  to  better  advantage  in  applying  the 
conditions  of  the  problems,  and  from  which  the  required  numbers 
can  be  readily  found.  In  such  problems  it  is  better  to  take  one  of 
these  numbers  as  the  unknown  number  of  the  equation  of  the 
problem.    See  Pr.  8  and  Pr.  9. 

3.  In  verbal  language  the  relations  existing  between  the 
dijfferent  quantities  can  be  expressed  in  a  great  variety  of  ways. 
Sometimes  these  relations  are  based  upon  the  principles  of 
other  sciences  (Geometry,  Physics,  Astronomy,  etc.);  or  these 
relations  are  indicated  by  some  technical  expression  (interest, 
discount,  velocity,  etc.).  All  this  may  increase  the  difficulty  of 
forming  an  equation  for  the  given  problem. 

4.  In  applying  the  suggestions  of  Art.  2,  it  is  important  to 
remember  that  the  letter  x  always  represents  an  abstract  num- 
ber. The  beginner  must  never  put  x  for  distance,  time,  weight, 
etc.,  but  for  the  number  of  miles,  of  hours,  of  pounds,  etc. 
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Keep  in  mind  also  that  in  any  one  equation  the  magnitudes 
of  all  concrete  quantities  of  the  same  kind  must  be  referred  to 
the  same  unit;  if  x  refer  to  a  certain  number  of  yards,  then  all 
other  distances  must  likewise  represent  numbers  of  yards,  not 
of  miles  or  of  feet.  So,  if  x  stand  for  a  number  of  dollars,  all 
other  numbers  must  denote  numbers  of  dollars,  not  of  dimes  or 
of  quarter-dollars. 

The  student  should  study  the  problems  which  have  been 
worked  in  connection  with  the  suggestions  just  made,  and  not 
be  satisfied  until  he  understands  clearly  the  reason  for  each 
step  taken. 

BZBBCISB8. 

1.  If  twice  a  number  be  added  to  18,  the  sum  will  be  82. 
What  is  the  number  ? 

2.  If  4  be  subtracted  from  five  times  a  number,  the  remain- 
der will  be  11.     What  is  the  number  ? 

3.  If  one-fourth  of  a  number  be   diminished  by  5,  the 
remainder  will  be  2.     What  is  the  number  ? 

4.  If  three  times  a  number  be  added  to  12,  the  sum  will  be 
equal  to  five  times  the  number.     What  is  the  nimiber  ? 

5.  The  sum  of  two  consecutive  even  numbers  is  34.     What 
are  the  numbers  ? 

&  Find  the  number  whose  double  exceeds  its  half  by  6. 

7.  Find  three  consecutive  odd  numbers  whose  sum  is  67. 

a  Divide  75  into  two  parts  so  that  the  greater  shall  exceed 
the  less  by  3. 

9.  If  48  be  added  to  a  number,  the  sum  will  be  equal  to 
nine  times  the  number.     What  is  the  number  ? 

10.  If  $120  be  divided  between  A  and  B  so  that  A  shall 
receive  $  20  more  than  B,  how  many  dollars  will  each  receive  ? 

11.  A  sum  of  $2500  is  divided  between  A  and  B.  B  re- 
ceives $  4  as  often  as  A  receives  $  1.  How  much  does  each 
receive  ? 
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12.  Two  buildings  are  worth  $  33,000.  One-fourth  and  one- 
third  of  the  value  of  the  first  is  equal  to  seven-tenths  of  the 
value  of  the  second.     How  much  is  each  building  worth  ? 

13.  Divide  80  into  two  parts,  so  that  the  second  shall  exceed 
three  times  the  first  by  4. 

14.  Divide  75  into  two  parts,  such  that  three  times  the  first 
part  shall  be  15  greater  than  seven  times  the  second. 

15.  Divide  190  into  three  parts  so  that  the  second  shall  be 
three  times  the  first,  and  the  third  five  times  the  second. 

16.  A  father's  age  exceeds  his  son's  by  18  years,  and  the 
sum  of  their  ages  is  four  times  the  son's  age.  What  are  their 
ages? 

17.  A  man  bought  a  horse,  a  carriage,  and  harness  for  $  320. 
The  horse  cost  five  times  as  much  as  the  harness,  and  the 
carriage  cost  twice  as  much  as  the  horse.  How  much  did 
each  cost  ? 

la  The  deposits  in  a  bank  during  three  days  amounted  to 
$16,900,  If  the  deposits  each  day  after  the  first  were  one- 
third  of  the  deposits  of  the  preceding  day,  how  many  dollars 
were  deposited  each  day  ? 

19.  A  merchant,  after  selling  one-third,  one-fourth,  and  one- 
sixth  of  a  piece  of  silk,  has  15  yards  left.  How  many  yards 
were  there  in  the  piece  ? 

2a  If  two  trains  start  together  and  run  in  the  same  direc- 
tion, one  at  the  rate  of  20  miles  an  hour,  and  the  other  at  the 
rate  of  30  miles  an  hour,  after  how  many  hours  will  they  be 
250  miles  apart  ? 

21.  A  teacher  proposes  16  problems  to  a  pupil.  The  latter 
is  to  receive  5  marks  in  his  favor  for  each  problem  solved,  and 
3  marks  against  him  for  each  problem  not  solved.  If  the  num- 
ber of  marks  in  his  favor  exceed  those  against  him  by  32,  how 
many  problems  will  he  have  solved  ? 

22.  A  father  divides  $11,000  among  his  four  sons.  The 
second  receives  twice  as  much  as  the  first;  the  third  receives 
as  much  as  the  first  two  together,  and  the  fourth  receives  as 
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much  as  the  second  and  third  together.    How  many  dollars 
does  each  son  receive  ? 

2a  A  merchant  paid  30  cents  a  yard  for  a  piece  of  cloth. 
He  sold  one-half  for  35  cents  a  yard^  one-third  for  29  cents  a 
yard,  and  the  remainder  for  32  cents  a  yard,  gaining  $  18.15 
by  the  transaction.     How  many  yards  did  he  buy  ? 

24.  Two  men  start  from  points  100  miles  apart  and  travel 
toward  each  other,  one  at  the  rate  of  15  miles  an  hour,  and  the 
other  at  the  rate  of  10  miles  an  hour.  After  how  many  hours 
will  they  meet,  and  how  far  will  their  point  of  meeting  be 
from  the  starting  point  of  the  first? 

25.  A  father  is  32  years  old,  and  his  son  is  8  years  old. 
After  how  many  years  will  the  father's  age  be  twice  the  son's  ? 

26.  Divide  130  into  five  parts  so  that  each  part  shall  be  12 
greater  than  the  next  less  part. 

27.  A,  traveling  at  the  rate  of  20  miles  a  day,  has  four  days' 
start  of  B,  who  travels  at  the  rate  of  25  miles  a  day  in  the 
same  direction.     After  how  many  days  will  B  overtake  A  ? 

28.  A  sum  of  money  is  divided  equally  among  four  persons. 
If  $  60  more  be  divided  equally  among  six  persons,  the  shares 
will  be  the  same  as  before.     How  many  dollars  are  divided  ? 

29.  Atmospheric  air  is  a  mixture  of  four  parts  of  nitrogen 
with  one  of  oxygen.  How  many  cubic  feet  of  oxygen  are  there 
in  a  room  10  yards  long,  5  yards  wide,  and  12  feet  high  ? 

30.  The  perimeter  of  a  triangle  measures  32  inches.  The 
longest  side  is  8  inches  longer  than  the  shortest  side,  and  the 
shortest  side  is  3  inches  shorter  than  the  third  side.  What 
are  the  lengths  of  the  three  sides  ? 

31.  A  merchant  paid  $6.15  in  an  equal  number  of  dimes 
and  five-cent  pieces.  How  many  coins  of  each  kind  did  he 
pay? 

32.  A  man  has  $  4.75  in  dimes  and  quarters,  and  he  has  5 
more  quarters  than  dimes.  How  many  coins  of  each  kind 
has  he  ? 
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33.  A  leaves  a  certain  town  P,  traveling  at  the  rate  of  21 
miles  in  5  hours ;  B  leaves  the  same  town  3  hours  later  and 
travels  in  the  same  direction  at  the  rate  of  21  miles  in  4  hours. 
After  how  many  hours  will  B  overtake  A,  and  at  what  dis- 
tance from  P  ? 

34.  The  circumference  of  the  front  and  hind  wheels  of  a 
wagon  are  2  and  3  yards,  respectively.  What  distance  has 
the  wagon  moved  when  the  front  wheel  has  made  10  revolu- 
tions more  than  the  hind  wheel  ? 

35.  The  sum  of  two  numbers  is  47,  and  their  difference 
increased  by  7  is  equal  to  the  less.     What  are  the  numbers  ? 

36w  The  sum  of  the  ages  of  a  father  and  his  two  sons  is 
100  years.  The  older  son  is  10  years  older  than  the  younger, 
and  the  father's  age  is  equal  to  the  sum  of  the  ages  of  the  two 
sons.     What  is  the  age  of  each  ? 

37.  The  sum  of  three  consecutive  even  numbers  exceeds  the 
least  by  42.     What  are  the  numbers  ? 

3a  The  sum  of  the  two  digits  of  a  number  is  4.  If  the 
digits  be  interchanged,  the  resulting  number  will  be  equal  to 
the  original  one.    What  is  the  number  ? 

39.  A  father  is  three  times  as  old  as  his  son,  and  10  years 
ago  he  was  five  times  as  old  as  his  son.  What  is  the  present 
age  of  each  ? 

40.  One  barrel  contained  48  gallons,  and  another  88  quarts 
of  wine.  From  the  first  twice  as  much  wine  was  drawn  as 
from  the  second ;  the  first  then  contained  three  times  as  much 
wine  as  the  second.     How  much  wine  was  drawn  from  each  ? 

41.  A  child  was  born  in  November.  On  the  10th  of  Decem- 
ber the  number  of  days  in  its  age  was  equal  to  the  number  of 
days  from  the  1st  of  November  to  the  day  of  its  birth,  in- 
clusive.    What  was  the  date  of  its  birth  ? 

4Z  A  father  has  saved  $  600  yearly  for  the  last  50  years. 
Each  of  his  four  sons  has  saved  the  same  amount  yearly ;  the 
oldest  for  the  last  27  years,  the  second  for  the  last  24  years, 
the  third  for  the  last  19  years,  and  the  youngest  for  the  last 
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17  years.    How  many  years  ago  had  the  father  saved  an 
amount  equal  to  the  joint  savings  of  his  sons? 

43.  A  regiment  moves  from  A  to  B,  marching  20  miles  a 
day.  Two  days  later  a  second  regiment  leaves  B  for  A,  and 
marches  30  miles  a  day.  At  what  distance  from  A  do  the 
regiments  meet,  A  being  350  miles  from  B  ? 

44.  The  sum  of  two  digits  of  a  number  is  12.  If  the  digits 
be  interchanged,  the  resulting  number  exceeds  the  original  one 
by  three-fourths  of  the  original  number.    What  is  the  number  ? 

45.  Three  boys,  A,  B,  and  C,  have  a  number  of  marbles.  A 
and  B  have  44,  B  and  C  have  43,  and  A  and  C  have  39.  How 
many  marbles  have  they  all,  and  how  many  marbles  has  each  ? 

46.  The  tail  of  a  fish  is  4  inches  long.  Its  head  is  as  long 
as  its  tail  and  one-seventh  of  its  body,  and  its  body  is  as  long 
as  its  head  and  one-half  of  its  tail.  How  long  is  the  fish,  and 
how  long  are  its  head  and  its  body  ? 

47.  A  father  divided  his  property  equally  among  his  sons. 
To  the  oldest  son  he  gave  $  1000  and  one-seventh  of  what  re- 
mained ;  to  the  second  son  he  gave  $  2000  and  one-seventh  of 
what  was  then  left ;  to  the  third  son  he  gave  $  3000  and  one- 
seventh  of  the  remainder ;  and  so  on.  What  was  the  amount 
of  his  property,  and  how  many  sons  had  he  ? 

4a  A  man,  wishing  to  give  alms  to  several  beggars,  finds 
that  in  order  to  give  15  cents  to  each  one,  he  must  have  10 
cents  more  than  he  has ;  but  that  if  he  were  to  give  12  cents 
to  each  one,  he  would  have  14  cents  left.  How  many  beggars 
are  there  ? 

49.  A  train  runs  from  A  to  B  at  the  rate  of  30  miles  an 
hour ;  and  returning  runs  from  B  to  A  at  the  rate  of  28  miles 
an  hour.  The  time  required  to  go  from  A  to  B  and  return  is 
15  hours,  including  30  minutes  stop  at  B.  How  far  is  A 
from  B? 

sa  A  cistern  has  3  taps.  By  the  first  it  can  be  emptied  in 
80  minutes,  by  the  second  in  200  minutes,  and  by  the  third  in 
5  hours.  After  how  many  hours  will  the  cistern  be  emptied, 
if  all  the  taps  be  opened  ? 


PROBLEMS.  183 

51.  A  cistern  has  3  taps.  By  the  first  it  can  be  filled  in 
6  hours,  by  the  second  in  8  hours,  and  by  the  third  it  can  be 
emptied  in  12  hours.  In  what  time  will  it  be  filled  if  all  the 
taps  be  opened  ? 

52.  A  number  of  men  wished  to  divide  equally  a  sum  of 
money.  The  amount  to  be  divided  is  too  small  by  9  21.60  to 
give  each  man  $  1 ;  but  if  each  were  to  receive  70  cents,  there 
would  be  left  *3 10.80  undivided.  How  many  dollars  were  to 
be  divided  ? 

53.  An  inlet  pipe  can  fill  a  cistern  in  3  hours,  and  an  outlet 
pipe  can  empty  it  in  9  hours.  After  how  many  hours  will  the 
cistern  be  filled  if  both  pipes  be  open  half  the  time,  and  the 
outlet  pipe  be  closed  during  the  second  half  of  the  time  ? 

54.  In  my  right  pocket  I  have  as  many  dollars  as  I  have 
cents  in  my  left  pocket  If  I  transfer  $6.93  from  my  right 
pocket  to  my  left,  I  shall  have  as  many  dollars  in  my  left 
pocket  as  I  shall  have  cents  in  my  right.  How  much  money 
have  I  in  my  left  pocket  ? 

55.  A  servant  is  to  receive  $  170  and  a  dress  for  one  year's 
services.  At  the  end  of  7  months  she  leaves  her  place  and  re- 
ceives 9  95  and  the  dress.     What  is  the  value  of  the  dress  ? 

56.  A  farmer  fotmd  that  his  supply  of  feed  for  his  cows 
would  last  only  14  weeks.  He  therefore  sold  60  cows,  and  his 
supply  then  lasted  20  weeks.     How  many  cows  had  he  ? 

57.  At  6  o'clock  the  hands  of  a  clock  are  in  a  straight  line. 
At  what  time  between  7  and  8  o'clock  will  they  be  again  in  a 
straight  line  ?    At  what  time  between  9  and  10  o'clock  ? 

5a  A  cistern  has  3  pipes  which  can  empty  it  in  6,  8,  and  10 
hours  respectively.  After  all  three  pipes  have  been  open  for 
2  hours  they  have  discharged  94  gallons.  What  is  the  capacity 
of  the  cistern  ? 

59.  At  what  time  between  1  and  2  o'clock  is  the  minute- 
hand  of  a  clock  directly  over  the  hour-hand  ?  At  what  time 
between  6  and  7  o'clock  ? 
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GO.  At  what  time  between  10  and  11  o'clock  are  the  minute- 
hand  and  the  hour-hand  of  a  clock  at  right  angles  to  each  other  ? 
Find  two  solutions.    At  what  time  between  12  and  1  o'clock  ? 

61.  At  what  time  between  3  and  4  o'clock  will  the  minute- 
hand  of  a  clock  be  5  minute-divisions  in  advance  of  the  hour 
hand  ?     At  what  time  17  minute-divisions  ? 

62.  At  what  time  between  9  and  10  o'clock  will  the  hour- 
hand  of  a  clock  be  25  minute-divisions  in  aCdvance  of  the 
minute-hand  ?     At  what  time  12  minute-divisions  ? 

A  watch  has  the  second-hand  attached  at  the  same  point  as 
the  hour-  and  the  minute-hand : 

63.  At  what  time  between  1  and  2  o'clock  is  jhe  second-hand 
over  the  minute-hand  ?    At  what  time  between  8  and  9  o'clock  ? 

64.  At  what  time  between  4  and  5  o'clock  is  the  second-hand 
of  a  watch  over  the  hour-hand  ?  At  what  time  between  1  and 
2  o'clock  ? 

65.  At  what  time  between  8  and  9  o'clock  are  the  second- 
and  the  minute-hand  of  a  watch  in  a  straight  line  ?  At  what 
time  between  4  and  5  o'clock  ? 

66.  At  what  time  between  11  and  12  o'clock  does  the  second- 
hand of  a  watch  bisect  the  angle  between  the  hour-  and  the 
minute-hand  ?    At  what  time  between  4  and  6  o'clock  ? 

67.  A  woman  sells  ^  an  apple  more  than  one-half  of  her 
apples.  She  next  sells  ^  an  apple  more  than  one-half  of  the 
apples  not  yet  sold,  and  then  has  6  apples  left.  How  many 
apples  had  she  at  first  ? 

68.  A  steamer  and  a  sailing  vessel  are  both  to  sail  from  M  to 
N.  The  steamer  sails  40  miles  every  3  hours,  and  the  sailing 
vessel  24  miles  in  the  same  time.  The  sailing  vessel  has 
traveled  13^  miles  when  the  steamer  sails,  and  arrives  at  N  6 
hours  later  than  the  steamer.  How  long  is  the  steamer  in 
sailing  from  M  to  N,  and  how  far  is  M  from  N  ? 

69.  A  wall  can  be  built  by  20  workmen  in  11  days,  or  by 
30  other  workmen  in  7  days.  If  22  of  the  first  class  work 
together  with  21  of  the  second  class,  after  how  many  days  will 
the  work  be  completed  ? 
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70.  A  merchant  finds  at  the  end  of  his  first  year  in  business 
that  if  he  had  gained  $  1500  more  he  would  have  doubled  his 
capital.  At  the  end  of  the  second  and  of  the  third  year  he 
finds  the  same  condition.  His  capital  is  then  eleven-fourths 
of  his  original  investment.  How  much  did  he  originally 
invest,  and  what  were  his  profits  each  year? 

71.  A  deposited  a  sum  of  money  in  a  bank  and  received  4% 
simple  interest.  After  two  years  he  drew  one-fourth  of  the 
interest  then  due.  Two  years  later  he  again  drew  one-fourth 
of  the  interest  then  due.  Two  years  later  his  principal  and 
interest  exceeded  his  original  deposit  by  $2775.  What  was 
his  original  deposit  ? 

72.  In  a  certain  family  each  son  has  as  many  brothers  as 
sisters,  but  each  daughter  has  twice  as  many  brothers  as  sisters. 
How  many  children  are  in  the  family  ? 

7a  A  ship  sailed  from  a  port  A  toward  a  port  B.  When  it 
was  within  4  miles  of  B  it  was  driven  backward  by  a  storm  a 
distance  equal  to  one-nineteenth  of  its  distance  from  A.  After 
the  storm,  the  ship  sailed  toward  B  a  distance  equal  to  one- 
twentieth  of  its  distance  at  that  time  from  A,  when  it  was 
again  driven  backward  by  a  storm  a  distance  equal  to  one- 
twentieth  of  its  distance  from  A.  After  the  second  storm  its 
distance  from  B  was  equal  to  one-ninth  of  its  distance  from  A. 
How  far  is  B  from  A,  and  how  many  miles  did  the  ship  sail 
altogether  in  its  passage  from  A  to  B  ? 

74.  A  merchant's  investment  yields  him  yearly  33^%  profit. 
At  the  end  of  each  year,  after  deducting  $  1000  for  personal 
expenses,  he  adds  the  balance  of  his  profits  to  his  invested 
capital.  At  the  end  of  three  years  his  capital  is  twice  his 
original  investment.     How  much  did  he  invest  ? 

75.  In  a  number  of  four  digits,  the  first  digit  on  the  right  is 
2.  If  this  digit  be  moved  to  the  last  place  on  the  left,  the 
resulting  number  will  be  less  than  the  original  one  by  2106. 
What  is  the  number  ? 
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76.  I  have  in  mind  a  number  of  six  digits,  the  last  one  on 
the  left  being  1.  If  I  bring  this  digit  to  the  first  place  on  the 
right;  I  shall  obtain  a  number  which  is  three  times  the  number 
I  have  in  mind  ?    What  is  the  number  ? 

77.  In  a  number  of  six  digits,  the  first  digit  on  the  right  is  2. 
If  this  digit  be  moved  to  the  last  place  on  the  left,  the  result- 
ing number  will  be  one-third  of  the  original  one.  What  is  the 
number  ? 

7a  A  dog  caught  sight  of  a  hare  at  a  distance  of  50  dog's 
leaps.  The  dog  makes  3  leaps  while  the  hare  makes  4  leaps, 
but  the  length  of  two  dog's  leaps  is  equal  to  the  length  of  3 
hare's  leaps.  How  many  leaps  will  the  hare  make  before  the 
dog  overtakes  him  ? 


CHAPTER  VI. 


We  shall  in  this  chapter  consider  a  number  of  products  and 
quotients  which  are  of  frequent  occurrence.  They  are  of 
such  importance  that  the  student  should  memorize  them,  and 
acquire  facility  in  their  applications.  They  are  called  Type- 
Forms. 

S  1.    TYPE-FORMS  IN  MULTIPLICATION. 

The  Square  of  an  Algebraic  Bxpresiion. 

1.  By  actual  multiplication,  we  have 

(a +  6)*  =  (a +  *)(a +6)  =  a»  +  2a6 -h  6*. 

That  is,  the  square  of  the  8um  of  two  numbers  is  equal  to  the 
square  of  the  first  number ,  plus  twice  the  product  of  tlie  two  num- 
bers, plus  the  square  of  the  second  nuTtiber. 

E.g.,  (2aj  +  5y)»  =  (2aj)«+2(2aj)(5y)H-(6y)« 

=  4aj"  +  20jcy-f  26y*. 

2L  By  actual  multiplication,  we  have 

(a-6)«=(a-6)(fl-6)  =  fl«-2a»4-*«. 

That  is,  the  square  of  the  difference  of  two  numbers  is  equal  to 
the  square  of  the  first  number,  minus  twice  the  product  of  the 
two  numbers,  plus  the  square  of  the  second  number. 

E,g.,        (3«-7y)«  =  (3a:)»-2(3ir)(7y)  +  (7y)« 

=  9»*-42ay  +  49y». 

Observe  that  this  type-form  is  equivalent  to  that  of  Art  1, 
since  a  — &  =  a+(— 6). 

E,g.,        (3aj-7y)»  =  (3a:)»  +  2(3aj)(~7y)  +  (-7y)« 

=  9a*  —  42a^-f49y*,  as  above. 
187 
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It  is  also  important  to  notice  that  the  signs  of  all  the  terms 
of  an  expression  which  is  to  be  squared  may  be  changed,  with- 
out changing  the  result. 

For,  (-a-6/  =  [-(a  +  6)]»  =  (a+6)», 

and  (a  -  bf  =  [~(6  -  a)]*  =  (6  -  a)\ 

3.  If  a  +  ^  +  c  be  regarded  as  the  sum  of  a  +  6  and  c,  we 
have,  by  Art.  1, 

(a  +  b  +  cy  =  l(a  +  b)+  cy  =  (a  +  by  +  2  (a  +  b)c  +  c* 

=  a' +  2  a5  +  6*  +  2  ac  4- 2  6c  +  c". 

Therefore    (a  +  6  +  c)*  =  a*  +  6*  +  c*  -f  2  aft  -h  2  ac  +  2  Ac . 
In  like  manner 

(fl  +  6  -  c)»  =  a»  +  6»  +  c«  +  2  a*  -  2  ac  -  2  6c. 

(fl  -  6  - c)*  =  a«-f  A*  + c* -  2a6  -  2ac  +  2*c. 

That  is,  the  square  of  an  algebraic  sum  of  three  numbers  u 
equal  to  the  sum  of  the  squares  of  the  numbers,  plus  the  algebraic 
sum  of  twice  the  product  of  each  number  by  each  number  which 
follows  it, 

(Sx+5y^7zy^{3xy-\-(5yy-hi-7zy-{-2(Sx)(5y) 

+2(3aj)(-7;j)+2(5y)(-7«) 

=9a^+26  2^4-49  2:^+30  icy-42  a»-70  y2. 
Observe  that 

(a  +  6-c)«  =  (-a-6  4-c)«; 

(a  -  6  -  c)«  =(~  a  +  b  +  c)«. 

4.  By  repeated  application  of  the  preceding  articles,  we  can 
obtain  the  square  of  a  multinomial  of  any  number  of  terms. 
We  have 

(a  +  6  +  c  4-  («)'  =[(a  -h  &  +  c)«  +  d^ 

=  a*  +  6*+c«-f2a64-2ac  +  26c-h2(a4-6  +  c)d4-d* 
=  a'  -h  6«  +  c*  H-  d*  +  2  oft  4-  2  ac  +  2  ad  +  2  &c  +  2  5d  H-  2  cd. 

We  therefore  conclude  that 

The  square  of  any  multinomial  is  equal  to  the  sum  of  the 
squares  of  the  terms,  plus  the  algebraic  sum  of  twice  the  prod- 
uct  of  each  term  by  each  term  which  follows  it. 
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(2x-3y+»-5u)«=(2a?)*+(-3y)»4-2"-f(-6tt)«+2(2ic)(-33^) 

4-2(2  a:)«-|-2(2a)(-6u)+2(-3j^> 
+  2(-3y)(-5tt)-f  22(-6tt). 

=4«*+9y*+«"-|- 25  w*-12«y-h4aa-20a?u-6y8+30ytt-10«tt. 

BXEBOISBS  I. 

Write,  without  performing  the  actual  multiplications,  the 
values  of 

1.  (a  4-1)*.  2.  (2-6)*.  a  (a:-|-5)«. 

4.  (a-3)«  5.  (a;  +  2a)«  6.  (y-3«)«. 

7.  (2a4-36)«.  a  (px-ly)\  9.   (3aaj  +  26y)«. 

10.  (a«+la6)«.  11.  a»*  +  iy)«.  12.   (2a^-4)«. 

13.  (2m*-3n»)«.        14.  (ab-2(?)\  15.   (4V  +  7«*y)* 

16.  (5a:y-3«8)».      17.  (8a»y-6c»dy   la  (^  a»6*  4- 1  a*6«)». 

19.  (2a»-9)«.  2a  (5 af'+i  4- 7 «)«. 

21.  {^  arh"^  -  5  arb*)\  22.   (2  a-+- -  3  a"^)*. 

2a  (6  a'lr  -  6  aj'-y +*)«.  24.   (7  a"-«!r+*  -  3  a"+*6*-»)". 

25.  [a4-6(a-l)]'.  26.   [2 (a? 4- 1)  - 3 (y  4- «)]*. 

27.  [5  (a  4- 6)"  4- 2  (a  4- 6)"-'T  2a   [7(a- 6)**-4(a- ft)—*']*. 

29.  (2aj-3y4-7)*.  3a   (m*4-n>-l/. 

31.  (a» 4- a« 4- 1)*.  32.   (2x»- aj4-6)*. 

3a  (2a64-3a«4-46y  34.   {as' -^Zxy -\-f)\ 

35.  (jry  -  a»  4- y«  -  3)*.  3a   (08  +  20^^- 3«3/«- 5y»)*. 

Simplify  the  following  expressions : 
37.  a*4-&*-(a-6)*. 

3a  aj"4-y'  — 4aj4-6y4-3,  when  a?  =  a4'l,  y  =  a  — 2. 
39.  (a  4-  6  4-  c)*  4-  (a  -  6  -  c)«  +  (a  -  6  4-  c)*4-  (a  +  ft  -  c)«. 
4a   (a  4-  6  -  c)(a  4-  6)+(a  -  6  4-  c)(a  4-  c)  +  (6  4-  c  -  a)(6  4-  c). 
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Verify  the  following  identities  by  performing  the  indicated 
operations : 

41.  (a»  -h  6*)  (a*  +  y*)  -  (ox  -f-  hyy  =  (ay  -  hzf, 

42.  (a  +  6  +  c)»+  (a  -~  6)»-f  (a  -  c)«-f  (6  -  c)*  =3(a« 4-  6*4-  c*). 

43.  (a  +  &  +  c  +  d)*  +  (a  -  6)«  -h  (a  -  c)*  +  (a  -  d)»+  (6  -  c)" 

+  (6  -  d)"  +  (c  -  d)'  =  4  (a*  -f-  6»  +  c»  +  d«). 

44.  a*  +  y  +  4c»-f-2a6-h86c  =  4(a-hc)*,  when  6  =  a. 

45.  «•+(«-  a)*  H-  («  -  6)*  +  («  -  c)*  =  a*  +  6*  4-  c*,  when 

46.  (a*  +  6*  -f  c*)*  +  (a  -h  6  +  c)(a  +  6  -  c)(a  4-  c  -  6)(6  +  c  -  o) 

=  4(aV4-aV  +  6«(f). 

47.  (a  4-  &  +  c  +  d)*  +(a  -  6  -  c  H-  d)*  +  (a  -  6  -I-  c  -  d)* 

+ (a  4-  6  -  c  -  d)«  =  4  (a«  4-  6*  +  c*  +  cP) . 

4a   (ap4-&Q'4-cr4-d«)*+(a^— 5p4-c«— dr)'4-(ar— cp+dg'— 6«)* 
4-(6r--cg4-a«-dp)«=(a«4-6*H-c*+d*)(p*4-g*4-r*+««). 

49.  2(«  -  a){8  -  6)(«  -  c)+a{s  -  6)(« -  c)4-  6(«  -  a)(«  -  c) 
4- c(*  —  a)(*  —  6)  =  a6c,  when  2«  =  a4-&4-c. 

Prodact  of  tbe  Bum  and  Difference  of  Two  Numbers. 

&  By  actual  multiplication,  we  have 

(a  +  6)(a-6)  =  a«-6*. 

That  is,  the  product  of  the  sum  of  two  numbers  and  the 
difference  of  the  same  numbers^  taken  in  the  same  order,  is 
equal  to  the  square  of  the  first,  minus  the  square  of  the  second. 

Ex.  1.   (2aj  +  3y)  (2x-Sy)  =  (2a?)«  -  (3y)«  =  4»»  -  9^, 

The  product  of  two  multinomials  can  frequently  be  brought 
under  this  type-form  by  properly  grouping  terms. 

Ex.  2.  (a^4-«4-l)(«*-a?  +  l)  =  [(aJ»4-l)4-aj][(x»4-l)~ic] 

=  (a^4-l/-ar» 
=  a?*4-2a:*H-l-a^ 

=  a^  +  aj*  4-1. 
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Ex.  3.     (a?  -  y  -f  2)  (a;  -f  y  -  «)  =  [«  -  (y  -  z)']\x  +  (y  -  «)] 

«  aj*  —  (y  -  «)* 

=  a5*-(y«-2y«-f  aO 
=  «*  —  y*  —  2;*4-2yz. 

Observe  that  in  thus  grouping  the  terms  a  binomial  or  a 
multinomial  takes  the  place  of  a  single  term  of  the  type- 
form  ;  as  iB*  4- 1  in  Ex.  2,  and  y  —  2  in  Ex.  3.  The  parentheses 
were  unnecessary  in  Ex.  2,  except  to  emphasize  the  mode  of 
grouping  the  terms.  The  insertion  of  the  parentheses,  pre- 
ceded by  the  sign  —  ^  in  the  first  factor  of  Ex.  3,  was  necessary 
in  order  to  bring  the  product  to  the  required  type-form. 

BXBBOISBS  II. 

Find,  without  performing  the  actual  multiplications!  th« 
values  of 
1.  (a? H- 2) (a?  -  2).  2.   (2a -3) (2a  H- 3). 

a   (a-J)(a  +  J).  4.   (5a:  +  4y)(6a?-4y). 

5.  (3a"-|-|a6)(3a*-ia6). 

&  (2ajy-6xy)(2aj»y«  +  6ajy). 

7.   (-3«*-f  TXSo'H-T). 

a  (6 m»»4-2 mH){-6  mn*  -f-  2 m^). 

a  (2aaj«-3a»a;)(2a»*-f3a'a;).       10.   (3 a*  +  7 6*) (3 a"- 76-). 

11.  (-5  aj*+*  -t-  9  aj*-^)  (5  af+^  -f  9  ocT'^y 

VL  7  a^y*-* -f  6  y'ar)  (7  a:*y*-*  —  6  y»aj"). 

la  [a»  -h  6 (a  +  6)][a»  -  6 (a  -f-  6)]. 

14.   [3 (m  +  n)-  6][-  3 (m  +  n)  -  5]. 

15.   (a;-hy  +  5)(a:  +  y-5).        la   (4a-3  6-7)(4a-36-f-7). 

17.  («*+ y*+aO(-^+y'+2*).   la   (a»  -  a6 -f  6*)(a«  +  a6  +  6*> 

la   (5a-76-6c)(5a-f.76-.6c). 

20.   (-2x-f  3y-62)(2aj-f  3y-6af). 

21.   (aj«4-2a?-l)(x*-2x-l).    22.   (aJ*  -  aj« -f- 1)  (aJ*  +  aj»  - 1). 

2a   (-a*-6»+3)(a«-y+3).     24.   (a«  -  V  -  c*)(a* -»- 6« -f  c»). 

25.   (4«— 5y-f7)(4aj-f5y--7).  2a  (aa;-6y+c2;)(aa+6y-caj). 
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27.  (lH-2a  +  364-4c)(l+2a-36-4c). 
2a   (a +  6-fc  —  (i) (a +  6  —  c  +  cQ. 

29.  (a«-3a«a;  +  3ax*-aj^(a^-f 3a*x-f Sox'-hx^. 

30.  (a:*-y*-2'-t(;^(a*  +  y*4-«*-w0. 

31.  (-a:»  +  »'-2aj-l)(a?  +  aj*  +  2a;-l). 

32.  (iB2  +  y«-2aj-3y  +  l)(a^  +  2^  +  2a?-f  3y  +  l). 

3a   (a*  -  2a*  +  3a»  -  2 a  +  1)  (a*  +  2a«  -f  3a«  +  2a  + 1). 

Simplify  the  following  expressions : 
34.   (i  +  a:)»-(l-»)(l+a;).    3S.   (2 a?  +  3 y)* (2 a? - 3 y)*. 
3a  (1 -^  aby  (1 -{- aby.  37.   (ic-3)(aj-l)(a?H-l)(a:+3). 

3a   (a*-6)(a*-6)(a»  +  &)(a«  +  6). 

39.  (a  -  aj)  (a  +  a:)  (a-.+  a*)  (a*  +  «*). 

40.  (aj»-l)(a^  +  l)(a?*-hl)(a:«4-l). 

41.  (a»  +  2  a6)  (a«  -  2  a6)  (a^  + 16  a*b*)  (a*  +  4  a'b^, 

42.  (aV  -  2  a:y8)  (aV  + 2  a^(aV  + 4  «=^3/^(a««"  + 16  a?*y«). 
4a  (a««-ic4-l)(«*4-a?  +  l)(a?*-aj"  +  l). 

44.  (a  +  6  -  c)  (a  -h  c  —  6)  (6  H-  c  —  a)  (a  4-  ft  +  c). 

45.  (a  -  b)(a  +  6  -  c)+(6  -  c)  (6  +  c  -  a)-|-(c  -  a)(c  +  a  -  6). 

Multiply  / 

46.  (a  +  6)a^+(a-6)a?  +  2  by  (a- 6)35*  + (a  +  6)aj  +  l. 

47.  a«  +  (n  -f  1) a'  +  (n»  —  n  +  l)a  +  3  by 
a«  -  (n  -  l)a  -  (n*  +  n  + 1). 

What  is  the  value  of  a'  —  a6  -f-  3, 

4a  When  a  =  aj  +  l,  6  =  aj  —  l? 

49.  When  a  =  x4-y,  b  =  x  —  y? 

50.  When  a  =  m4-w  —  1,  6  =  m  —  n  +  l? 

The  Product  (jr  H-  a)  (jr  4-  6). 

&  By  actual  multiplication^  we  have 

(jr  +  fl)  (x  +  6)  =  jr«  4-  (a  H-  «)  jr  +  ab; 
(jr  +  a)  (jr  -  6)  =  jr»  4-  (a  -  6)x  -  a«; 

(jT  -  a)  (jr  -  6)  =  jr*  -  (a  +  6)  jr  4-  fl*. 
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That  is,  the  product  of  two  binomials,  having  the  same  first 
term,  is  equal  to  the  square  of  this  term,  plus  the  2)roduct  of  the 
algebraic  sum  of  the  second  terms  by  the  common  first  term,  plus 
the  product  of  the  second  terms. 

Ex.  1.  (oj  H-  3)  (a?  +  5)  =  aj*  +  8a;  -f  16. 

Ex.  2.  (x«  -  7)  (a^  -f  4)  =  «*  -  3a^  -  28. 

Ex.  3.  (ax  —  b)  {ax  —  c)  =  aV  —  (6  -f-  c)  aa?  -f-  be. 

Ex.  4.     (a-|-6-|-5)  (a-|-6-3)=[(aH-6)+5]  [(aH-6)-3] 

=  (a-|-&)«-h2(a-h6)-15. 

Observe  that  in  applying  the  type-form  to  the  last  example 
the  binomial  a  +  6  is  regarded  as  the  first  term. 


BXBBCISB8  ni. 

Find,  without  performing  the  actual  multiplications,  the 
values  of  the  following  indicated  products: 

1.   (a;  4- 7)  (a -f  4).      2.   (m  +  3)  (m  +  9).      3.   («  -  5)  (a;  -  4). 

4-   (y-l)(y-ll).     5.   (a-6)(a  +  8).         6.   (a;  -  3)  (a?  +  2). 

7.   (2  +  a?)  (1  +  a).      a   (5  4- 6)  (7 +  6).         9.   (3  -  a;)  (4  -  a;). 
10.   (7-aj)(5-a).  U.   (6  +  2^)(-34-y). 

12.   (7 -2)  (-5 -2).  la   (2a  +  l)(2aj  +  3). 

14.   (ay -h  1)  (ay -h  5).  15.   (3ajy  -  8)(3a^  -  7). 

16.   (5a-3  6)(5a-7&).  17.   (2 «y 4- 3 2) (2 ajy - 4 «). 

la   (a:»  -  7)  (aj»  -  6).  19.   (2  aj»  -  11)  (2  a:^ -f  4). 

2a   (5a^-3yz)(5a^'-2yz).      21.   (a»  +  3) (a" - 5). 

22.  (a-+i  -  4)  (af +1  -  7). 

23.  (2  a*--*  -  6-+^)  (2  a*»-'  +  3  6-+^). 

24.   (aj-fy-3)(a:-t-y-5).  25.    (a  +  3  6 -|-7)(a  + 3  6  -  11). 

2a   (m— ?i— 3p)(m— n+5j3).     27.   (ax4-6y— c)(aa;4- 6y  —  2  c). 
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The  Cube  of  an  Algebraic  Expresalon. 

.  7.  By  actual  multiplication,  we  have 

(a  -f  by  =  a«  +  3a'b  +  3a6» -|-  b\ 

That  is,  tJie  cube  of  the  sum  of  two  numbers  is  equal  to  the 
cube  of  the  first  number,  plu^  three  times  the  product  oftlie  square 
of  the  first  number  by  the  second,  plus  three  times  the  product  of 
the  first  number  by  the  sq^tare  of  the  second,  plus  the  cube  of  the 
second. 

E.g.,  (3a?+23^)»=(3a;)«+3(3«)*(2y)+3(3a:)(2y)«+(2y)» 

=27  a:»+54  0^^4-362^+83^. 

&  By  actual  multiplication,  we  have 

(a  -  by  =  a^-3a'b  +  3a6«-  A«. 

That  is,  the  cube  of  the  difference  of  two  numbers  is  equal  to 
the  ctcbe  of  the  first  number,  minus  three  times  the  product  of  the 
square  of  the  first  number  by  the  second,  plus  three  times  the  prod- 
uct of  the  first  number  by  the  square  of  the  second,  minus  the 
cube  of  the  second, 

E.g.,  (5i?^3y)«=(ox)8-3(5a:)*(3y)+3(5a;)(3yy-(3y)» 

=125  a:»  -  225  a^t/ -h  135  a^  -  27  y«. 

Observe  that  this  type-form  is  equivalent  to  that  of  Art.  7, 
since  (a  -  6)»  =  [a  -f  (-  b)J. 

It  is  important  to  notice  also  that 

(a-6)8  =  -(6-a)». 

9.  The  cube  of  a  trinomial  can  be  obtained  by  regarding  the 
sum  of  any  two  of  its  terms  as  one  number. 

E.g.,  in  (x-\-2y^Szy, 

if  a;  -h  2y  be  regarded  as  one  number,  and  3«  as  the  other,  we 
have 

(ic  +  2y-3«)»  =  [(a:  +  2!/)-(3z)]»  =  (a;  +  2y)»-3(a5-h2y)*(3«) 

H-3(x  +  2y)(3»)*-(3z)» 
=0:^4-60^ -f- 122^4-8^^-90^2 -36  a^2 

-36y*«  4- 27a»'^4- 543/2*- 272". 
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EXEBCISBS   IV. 

Write,  without  performing  the  actual  multiplications,  the 
values  of 

1.   (a -hi)'.  2.   (a-2)».  a   (2 a? +  3)1 

4.  (3-4y)».  5.   (a  +  2by.  a   (3a-b)\ 

7.  (ax  +  by)\  a   (2x-3yzy.  9.   (a^4-3a;)^ 

10.  (aV-6an)».  U.   (2a;m«-f5a^y 

12.  (|a*aj-|aa^«.  la   {^i  xy^u  -  ^  a^yuy, 

14.  (7  af -I- 2  a^-*)».  15.    (a-6  -  5  (//>'»+y. 

la  (6  ar+y-»  +  1)*.  17.   (3  a'-^^ft'-^c"  -  7  a''-*6''+ V+')«. 

la  (a«-f-a  +  l)'.  19.   (3  -  a;  -  if*)8. 

20.  (faj'-aJ  +  i)*.  21.   (2-a&  +  a%*/. 

22.  (2  a'a;  -  aV  H- 3  oar^l       23.   (a"-»  -  3  6-+^ -f  2  a-^ft— ')». 

24.  What  is  the  value  of  a^— 3aj*4-3a;--l,  when  aj=m4-l? 

25.  What  is  the  value  of  a^  —  2aj*+3a?— 1,  when  x  =  y  —  2? 

26.  What  is  the  value  of  a'  —  3  a^b  -\-2ab,  when  a  =  »  +  y, 
b=x-y? 

Verify  the  following  identities : 

27.  (a  -f  6  +  c)'  -  3  (a  4-  6)  (6  4-  c)  (c  +  a)  =  a«  +  6«  +  c». 

28.  (a-6)'+3(a-6)«(a+6)-f(a4-6)»+3(a-6)(aH-6)«=8a». 

29.  (a  +  6-hc)3-(6+c-a)«-(cH-a-6)'-(a+6-c)»=24a6c. 
aa  Multiply  aj»4-(a  +  6)«*+(a-6)aj  +  (a-6)2 

by  aj*  — (a— 6)a;4-(a-}-^). 

Higher  Powers  of  a  Binomial. 
10.  By  actual  multiplication,  we  have 
(a-f6)*  =  a*  +  4o»6+  6aV+  4a6« +6*; 
(a-6)*  =  a*-4a«6H-  6a'6*~  4a** +6^; 
(a  4- 6)«  =  a*  +  5  a*6 -f  10a*6*  +  lOaV  +  5  a6^  +  A*; 
(a-6)*  =  a'-5a*6  +  10a^A*-10a*A*  +  5fl6*-**; 
(a  +  6)«  =  a«  4  6  0*6  + 15  a**^  4  20  a«6»4- 15  «***+  6  a6*H-  b' ; 
(a  -  6)«  =  fl^  -  6  a*6  4- 15  a'b^  -  20  o«6»4- 15  aV-  6  a6*+*^ 
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The  result  of  performing  the  indicated  operation  in  a 
ix)wer  of  a  binomial  is  called  the  Expansion  of  that  power  of 
the  binomial.  Thus,  the  second  members  of  the  above  identi- 
ties are  the  expansions  of  the  corresponding  powers  of  a  +  6. 

In  the  preceding  powers  the  following  laws  are  evident : 

(i.)  The  number  of  terms  in  the  expansion  exceeds  the  binomial 
oxj)onent  by  1. 

(ii.)  The  exponent  of  a  in  the  first  term  is  equal  to  the  binomial 
exponent,  and  decreases  by  1  from  term  to  term, 

(iii.)  Tlie  exponent  of  b  in  the  second  term  is  1  and  increases 
by  1  from  term  to  term,  and  in  the  last  term  is  equal  to  the 
binomial  exponent, 

(\y.)  The  coefficieiU  of  the  first  term  is  1,  and  thai  of  the  second 
term  is  equal  to  the  binomial  exponent. 

(v.)  The  coefficient  of  any  term  after  the  second  is  obtained  by 
multiplying' the  coefficient  of  the  preceding  term  by  the  exponent  of 
a  in  thaJt  termj  and  dividing  the  product  by  a  number  greater  by 
1  than  the  exjjonent  of  b  in  that  term. 

E.g.,  the  coefficient  of  the  fijlh  term  in  the  expansion  of 

(a  +  by  is  10x2-^4  =  ^). 

(vi.)  Tlie  signs  of  the  term^  are  all  jwsitive  when  the  terms  of 
the  binomial  are  both  positive;  the  signs  of  the  terms  alternatey 
-f  and  — ,  ichen  one  of  the  terms  of  the  binomial  is  negative. 

( )bserve,  as  a  check : 

(vii.)  The  sum  of  the  exponeiUs  of  a  and  b  in  any  term  is  equal 
to  the  binomial  exponent. 

(viii.)  Tfie  coefficients  of  two  terms  equally  distant  from  the 
beginning  and  the  end  of  the  expansion  are  equal. 

In  a  subsequent  chapter  the  above  laws  will  be  proved  to 
hold  for  any  positive  integral  power  of  the  binomial. 

Ex.  1.   (2x-3yy=:(2xy--4.(2xy(Sy)-{-ei2xy(Syy 

=  16  a:*  -  96  a^  +  216  a^y»  -  216  xy'  +  81  y*. 


'.  ••  •   • 

;.  •:  •••  •••  •  : 

•        •    •       •  • 
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Ex.  2.   (3  aH  aft)*=  (3  ay  -h  6  (3  a')*  (ab)  + 15  (3  a^'  (abf 

-h  20  (3  ay  (aby  + 16  (3  ay  {aby 
-f6(3a«)(a6)*+(a6/ 

=729a"+ 1458  a"6  + 1215  a^»6«  4-  540  a^b^ 
+  135  aV  +  18  a^6«  +  aW 

BZBRCI8B8  V. 

Find  the  values  of  the  following  powers : 

1.  (1  H-  xy,  2.  (3  -  4  ay.  3.  (2  a;  +  3  y)*. 

4.  (3w-2n)*.  5.  (2a-f-iy  6.  (3aj-2y/. 

7.  (a»  +  a6)*.  a  (aj»-a;)*.  9.  (2m*n-mny. 

10.  (a*+^-6)*.  U.  (a"-*6 -h  a6")*.  12.  (a*+*ar-^-a"-^a:-^^)*. 

13.  Verify  the  identity 
[(a  -  6)«^(&  -  cy+(c  -  a)^«  =  2  [(a  -  6)*+  (6  -  c)H  (c  -  a)*]. 

§2.     TYPE-FORMS   IN  DIVISION. 

Quotient  of  the  Sam  or  the  Difference  of  Like  Powers  of  Two 
Nombeni  by  the  Sum  or  the  Difference  of  the  Numbers. 

1.  By  actual  division,  we  have 

(a»-6*)-f-(a  +  6)=a-6  and  (lI'-6*)-^(a-6)=a^-6. 

That  is,  the  difference  of  the  squares  of  two  numbers  is  exactly 
divisible  by  the  sum  of  the  numbers,  and  also  by  the  difference  of 
the  number Sy  taken  in  the  same  order;  the  quotient  in  the  first 
case  is  the  difference  of  the  two  numbers,  taken  in  the  same  order, 
and  in  the  second  case  is  the  sum  of  the  two  numbers. 

Ex.  1.   (9 -25««) -!- (3 -f  6a;)  =  3 -5a;. 

Ex.2.   (16aJ*-81y«)-*-(4a;*-9y«)  =  4a;'4-9y». 

Ex.  a   (a;*  +  y«  -  2*  -  2«y)  -^  (a;  -  y  -  2) 

=  (a^  -  2xy  -^  y^  -  z^  -i-  (x  -  y  -  z) 
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2.  By  actual  division,  we  have 

(o»  +  6«)  -i-  (a  +  6)  =  0*  -  a6  +  6* ; 

(a*  +  «*)  +  (a  +  6)  =  a*  -  a»6  +  « V  -  «*»  +  4*. 

(a*  -  *»)  +  (a  -  6)  =  a*  +  o6  +  *» ; 

6»)  -s-  (o  -  6)  =  o<  +  «»6  +  a'6*  +  o6»  +  b*. 

{a*  -  6«)  +  (o  +  6)  =  o"-  0*6  +  a6'  -  A»; 
(a*  -  6^)  +  (a  -  6)  =  a»  +  a'6  +  a6'  +  6». 


(i-){ 


The  above  identities,  and  the  identities  in  Art.  1,  illustrate 
the  following  principles,  which  will  be  proved  in  Art.  6 : 

(i.)  The  sum  of  the  like  odd  powers  of  two  numbers  is  exactly 
divisible  by  the  sum  of  the  numbers, 

(ii.)  The  difference  of  the  like  odd  powers  of  two  numbers  is 
exactly  divisible  by  the  difference  of  the  numbers,  taken  in  the 
same  order. 

(iii.)  The  difference  of  the  like  even  powers  of  two  numbers  is 
exactly  divisible  by  the  sum,  and  also  by  the  difference  of  the 
numbers,  taken  in  the  same  order. 

(iv.)  When  the  divisor  is  a  sum,  the  signs  of  the  terms  of  the 
quotient  alternate,  4-  o.nd  — . 

(v.)  When  the  divisor  is  a  difference,  the  signs  of  the  terms  of 
the  quotient  are  all  +. 

(vi.)  In  the  first  term  of  the  quotient  the  exponent  of  a  is  less 
by  1  than  its  exponent  in  the  dividend,  and  decreases  by  1  from 
term  to  term. 

(vii.)  The  exponent  of  h  isl  in  the  second  term  of  the  quotient, 
and  increases  by  1  from  term  to  term. 

Observe  that  the  quotient  is  homogeneous  in  a  and  b,  of 
degree  less  by  1  than  the  degree  of  the  dividend. 

It  is  important  to  notice  that,  as  we  shall  prove  in  Art.  6, 
the  sum  of  the  like  even  powers  of  two  numbers  is  not  exactly 
divisible  by  either  the  sum  or  the  difference  of  the  numbers. 

E.g.,  a*  +  6*  is  not  divisible  either  by  a  -h  &  or  by  a  —  6. 

Ex.1.   (8a:»-hTi7)  +  (2aj  +  i)  =  (2aj)»-(2a:)(i)  +  (i)« 
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Ex.2.   (626  a*6*  -  c») -f- (5  oft  -  c«) 

=  (6  a6)»  4-  (5  a6)V  -f  5  a6  (c«)«4-  (c«)« 
=  126aW  +  25aVc«  +  6a6c*  -h  (^. 
Ex.3.   (32  a'^  -  a;^ -*- (2  a"  -  ic») 

=  (2  ay  -f  (2  a*)«(a^  +  (2  a«)»(a^«  +  2  a«  (a^)»  +  (aJ»)* 
=  16a«  H-  8aV  4-  4aV  +  2aV  4-  a?" 

Notice  that  in  the  type-forms  each  term,  beginning  with  the 
aecondf  is  equal  to  the  preceding  term  multiplied  hy  b-i- a 
when  the  divisor  is  a  —  6,  and  by  —  6  -«-  a  when  the  divisor  is 
a-|-&.  This  gives  a  convenient  working  rule  for  more  com- 
plicated examples. 

By  this  rule,  the  terms  of  the  quotient  in  Ex.  3  are  formed 
as  follows : 

16a*  =  32a«>H-2a«;  8aV  =  16a«  x  aj*-f-2a*; 

4aV  =  8aVxaj»H-2a*;  2a*a5'  =  4aV  x  aj»-!-2a«; 

aj"  =  2aVxaj»^-2a». 

BZBBOISBS  VI. 

Find  the  values  of  the  following  quotients,  without  per- 
forming the  actual  divisions: 

1.  (aj»  - 1) -*- (a?  - 1).  2.  (25  -  a:^ -4- (5 -f  a?). 

a  (4a«-9)-*-(2a-3).  4.  (i  -  st^f) -^  (i  +  xy). 

5.  (16aj»-93^-!-(4a?-3y).  6.  (64aV-121c^-s-(8a6-f-llc). 

7.  (16  ajy  -  81  a*6*c») -*- (4  a?y  -  9  a6c). 

a  (aJ*  - 1) -4- (aj»  4- 1).  9.  (4  a*  -  6«) -^  (2  a«  -  6). 

10.  (81  ofiV"  -  26aj^<»)  -8-  (9a*b  4-  5ar^. 

11.  (81aJ*-wV")-*-(9«*-nV). 

12.  (a*  - 1)  H- («*  - 1).  la  (a^-166^«)-f-(a*'4-4y). 
14.  (aj*'+«  -  4)  -!-  (af+*  4-  2).       15.  (a*»  -  6*"+*)  -!-  (a*»  -  6«»+«). 
16-  (Ji  ^^Y^^  -  9  2*"+**)  -!-  (I  af+y-  -^4-3  2;^+*'). 

17.  [(a+6)'-l]-8-(a4-64-l).    la  [4  -  (a  4-  i>)']-*-(2  -  a  -  6). 
19.  (a>-2a64-&'-l)  +  (a-&4-l). 
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20.  (a*  —  n*  — p*  -I-  2np)  -s-  (a  —  n  -hp). 

21.  (p*_r"-4-4r)-f-(/)-r-2). 

22.  [(a* -h  2  a6  4- 6«)aj«  -  y]  -  [(a  +  6)aj»  +  .v^. 

23.  (a?*  +  2icy  4-  3^  -  »*  -  2«tt  -  It*)  ^  (ic»  +  y*  -h  u  +  2). 

24.  (a*-6*  +  262-2aa;  +  ar^-2*)-^(a-a;-6  +  2). 

25.  (flC* -h  4 a'c  -  46'  4-  46cP  +  4c«  -  d*)  ^  (a*  +  d« H-  2c  -  26). 
2&  (ir»  4- 1)  ^  (aj  +  1).  27.   (1  -  a»)  ^  (1  -  a). 

2a   («»  4- 125) -^  (a;  4- 5).  29.   (8a«- 27)  ^  (3  -  2a). 

30.  (o^y*  4- 1) -«- («y  +  1). 

31.  QmW  — 125ajy2;')-i-(|mn  — 6ajy0). 

32.  (a«  -  1)  -f-  (oj*  - 1).  33.  (a"  4-  27)-s-(a*  4-  3). 

34.  (a»ai8  4- 64  6y) -^  (aV  4- 4  6*y»). 
35.   (8m''w»-|^«)-^(2m*n-p*).      ^a  (a*"  - 1)  h- (a"  -  1). 

37.  (343  a^-»  -  3^) -s- (7  af'-"  -  y*»). 

38.  [(a;4-y)'-«']-!-(a:4-y-2*). 

39.  [8  aW  ~  (a6  4- 1)T -*- (2  a'6«  -  a6  -  1). 

40.  (a:»4-82/»4-2?4-6a^4-12aJ2r^-f-(a;4-2y4-«). 
41.   (a^  _  1)  ^  (a;  -  1).  42.   (1  -  16  a^) -*- (1  +  2  a). 
43.  (^a^-162^)-5-(ia:-2y).     44.   (81a^-162^^(3a:«+22^. 
45.  (a^2/"-256«'°)^(ary-4^).   46.   (aj*- -  y**)  ^  (aJ*  4- y"). 

47.   (a^+<-16y^)-5-(aj*»+^-23/*'). 
4a  (81  a*"6""-^  -  c**)  ^  (3  a"6*-i  -  c*-). 

49.  (a^  4- 1)  ^  (a  4- 1).  50.  (32  aj»  4- ir") -s- (2  a  4- .v). 

51.  (1  -  a^ -^.  (a;  -  1).  52.  (243  a*6*  -  c«) -s- (3  a6  -  c). 

53.  (x'V+32z^^)'^{x'y+2^,  54.  (a'°6«c^-0-h(a%V-d*). 

55.  (ar*"  -  1) -f.  (a:*  -  1).  5a  (1  4- a^) -^  (1  4- a"). 

57.  (a«  -  6«)  H- (a  -  6).  5a  (a"  4- 60  "S"  («  +  ^)- 

59.  (a"  4- 1) -?- (a  4- 1).  60.  (a"  - 1)  h- (a  -  1). 

61.  (aW-^6*)-^(a«-i6).  62.  (a' -  a;^<) -s- (a  -  a^. 

63.  (.-c*  _  1)  -L.  (a?5  4-  l;.  64.  (a"x'"  4-  6^*-)  -?-  (aV  4-  6*"). 
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bf  what  divisions  are  the  following  expressions  the  quo- 
tients : 

65.  aj'-hx-f  1.                           66.  a'  — ad  +  ft*. 
67.  a^-a!«  +  aj-l.                   6a  a*  +  a»4-a"-ha  +  l. 
69.   a:y+maj'y*4-m*{»y+m*.       70.  aj*"' +**"*+ a**-* H f-a+l. 

3.   If  3x«  -  4x2  -  6x  +  7  be  divided  by  x  -  2,  we  have 


3x»--4x«-6x  +  7 

x-2 

3x»-6x« 

2x2 
2x«-4x 

3x«  +  2x- 

• 

2 

-2x 

-2x  +  4 

3 

The  division  is  not  exact,  and  the  remainder  is  3.  If  now  2  be  sulv- 
Btituted  for  x  in  the  given  expressloD,  we  obtain 

3  X  2«  -  4  X  2*  -  6  X  2  +  7  =  3,  the  above  remainder. 

This  example  illustrates  the  following  principle  : 

If  an  expressioHj  arranged  to  ascending  or  descending  poxoers  of  a  let- 
ter of  arrangement^  say  z,  be  not  exactly  divisible  by  x  —  a,  the  remainder 
of  the  division  is  equal  to  the  resuU  of  substituting  a  for  x  in  the  given 
expression. 

The  method  of  proving  the  principle  enunciated  will  be  first  illustrated 
by  the  above  example. 

By  Ch.  III.,  §  4,  Art.  13,  we  have 

3x»  -  4a52  -  6x  +  7  =  (3x2  +  2x  -  2)(x  -  2)  +  3. 

If  2  be  substituted  for  x  in  this  equation,  we  obtain 

3x2»-4x22~6x2  +  7  =  (3x22  +  2x2-  2)(2  -  2)  -f  3 

=  (3  X  22  -f  2  X  2  -  2)  X  0  +  3 

=  3,  since  iVT  x  0  =  0,  and  0  -f  3  =  3. 
We  thus  see  that 

3x2«-4x22-6x2H-7i8  equal  to  3, 

without  performing  the  indicated  operations. 

In  general,  let  the  given  expression  be  of  the  form 

Ax?"  -f  Bx"-'  H V  Ux+  V, 

in  which  n  is  a  positive  integer. 

Let  Q  stand  for  the  quotient  of  the  division  by  x  —  a,  and  R  for  the 
remainder. 
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Then,  by  Ch.  III.,  §  4,  Art  18,  we  have 

If  now  a  be  substituted  for  x  in  the  last  equation,  we  obtain 

Aor  +  jBa»->  +  •.•  +  Afa  +  F  =  ^(a  -  a)  +  jB 

=  ^ .  0  +  i?  =  iJ. 

That  is,  the  remainder,  £,  of  dividing  the  given  expression  by  x  -  a  is 
equal  to  the  result  of  substituting  a  for  x  in  the  expression. 

4.  From  the  principle  of  the  preceding  article  we  derive  the  following : 

If  an  expression^  arranged  to  ascending  or  descending  powers  of  a  let- 
ter of  arrangement^  say  x,  be  exactly  divisible  by  x  —  a,  the  result  of 
substituting  a  for  x  in  the  given  expression  is  0  -,  and  conversely. 

For  if  the  division  be  exact,  the  remainder  is  0,  and  therefore  the 
result  of  the  substitution  is  0. 

E.g,,    3x*  —  4x^  —  6x  +  4  is  exactly  divisible  by  x  —  2. 
Substituting  2  for  x,  we  obtain 

3  x2«-4x2« -6x2  +  4  =  0. 

5.  If  an  expression  be  arranged  to  descending  powers  of  a  letter  of 
arrangement,  the  following  is  a  convenient  method  of  substituting  a  par- 
ticular value  for  the  letter  of  arrangement. 

Ex.  1.   Substitute  2  for  x  in  3  x»  -  4  x«  -  6  x  +  7. 

We  have  3x»  =  3x •  x«  =  6x«,  when  x  =  2 ; 

therefore       3x«  -  4x«  =  6x«  -  4x«  =  2x«,  when  x  =  2 ; 
then  2x>  =  2x-x  =  4x,  when  x  =  2 ; 

and  4x  —  6x  =  -2x  =  —  4,  when  x  =  2  ; 

finally  —  4  +  7  =  3,  the  result  of  the  substitution. 

Ex.  2.    Substitute  -  3  for  x  in  12x«  +  5x*  -  3x«  -  llx«  +  6x  +  8. 

When  X  =  —  8,  we  have 

12x«=-36x«; 

-  86x»  +  6x6  =  - 31x»  =  93x* ; 

»3x*  -  3x«  =  90 X*  =  -  270 x»  =  810x« ; 
810x3  -  11  x2  =  799x«  =  -  2897 x ; 

-  2897  X  +  6  X  =  -  2391  x  =  7173 ; 

7178  +  3  =  7176,  the  result  of  the  substitution. 

Ex.  3.  l8C«  +  x^-x  +  7  exactly  divisible  by  x  +  2  ? 

Since  x  +  2  =  x— (—  2),  we  substitute  —  2  for  x  in  the  given  ex- 
pression. 
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W%  thtn  hav*  x>  =  -  2aE^ ; 

2ac  ~  X  =  z  =—  2; 

-2+7  =  5. 

Therefore  x^  +  x*-x  +  7  is  not  exactly  divisible  by  x  +  2,  and  the 
remainder  of  the  division  is  6. 

Ex.  4.   Is  X*  -  2x*  -  6x«  +  8x«  +  6x  -  6  exactly  divisible  by 

(x+l)(x-l)(x-3)? 

If  the  given  expression  be  divisible  by  (x  +  l)(x  —  l)(x  -  3),  it  must 
be  divisible  by  each  factor  of  that  product. 

Since  x  +  l=x  —  (— 1),  we  substitute  —  1  f  or  x  in  the  given  expres- 
sion, and  have 

x*  =  —  X*; 

-««-2x«=-3x*  =  3x»; 

8x»-6x»  =  -3x»  =  3x«; 

3x^  +  8x«  =  llx2  =  -llx; 

-llx  +  6x  =  -6x  =  6; 

6  -  6  =  0,  the  result  of  the  substitution. 

In  like  manner  it  can  be  shown  that  the  given  expression  \b  exactly 
divisible  by  x  -  1  and  x  -  3. 

BZBB0I8B8  VII. 

Prove  that  the  following  dividends  are  exactly  divisible  by  the  corre- 
sponding divisors,  without  performing  the  divisions : 

1.  (x«-3x  +  2)-«-(x-2).  2.    (x«-3x  +  2)-i-(x-l). 

3.  (x«-18x-35)  +  (x-6).      4.    (x«  + 2X» -x -2)-i-(x  + 1). 

5.  (x«  +  21x  +  342)  +  (x  +  6).     6.    (2x«  +  3x«  +  3x  +  l)-i-(x  +  J). 

7.  (a«-ex*-19a«  +  84)  +  (x«-3)(x»  +  4). 

8.  (a!»  +  4x«  +  x«-6)  +  (x«-l)(x«  +  2). 

9.  (76«*  +  140x«  -  223xa  +  92x  -  12)  +  (x  -  J)(x  -  i). 

10.  (x*  +  2x«  -  7x«  -  8x  +  12)  +  (x  -  2)(x  +  2)(x  +  3). 

11.  (2x»  +  4ax»-6a«x«-8a«x  +  2a4)  +  («-o). 

12.  (x*+3a%5«  +  6a«x  +  a*)  +  (x  +  a). 
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Find  the  remainders  of  the  following  indicated  divisions*  without  per- 
forming the  divisions : 

13.  (2x»- 7x»  +  6x  -  16)-^(r +  4). 

14.  (6x*- llx2  4.2x-7)-E-(x-2). 

15.  (17x»-2x«  +  4z-3)-5-(x- J). 

16.  Prove  that  (x  +  !)■•  +  (x  -  1)»  is  exactly  divisible  by  x  when  m  i>' 
odd. 

17.  Prove  that  (a  +  6  +  c)*  —  a*  —  6'  —  c*  is  exactly  divisible  by 
(a-^b){a-{-c){b  +  c). 

18.  Prove  that  x^y  +  y^z^  +  z^x'  -  x''y*  -  y^z*  -  arxt  is  exactly  divisible 
by  (x-y)(x-«)(y-«). 

6.   We  are  now  prepared  to  prove  the  following  principles  enunciated 
in  Art.  2 : 

(i.)  a"  +  6"  i8  exactly  divisible  by  a-\-b,  but  not  by  a—b,  when  n  is  odd, 

(ii.)  a"  -  6"  is  exactly  divisible  by  a  —  b^  but  not  by  a  +  b,  when  n  is 
odd, 

(iii.)  a"  —  6*  is  exactly  divisible  bya  +  b^  and  6y  a  -  6,  when  n  is  even. 

(iv.)  a"^  +  b*  is  not  exactly  divisible  by  either  a  -\-  b  or  a  —  b,  when  n 
is  even. 

For  if  —  6  be  substituted  for  a  in  a"  +  ft",  we  obtain 

(—  6)"  +  ft"  =  0,  only  when  n  is  odd. 

Therefore,  a"  +  6"  is  exactly  divisible  by  a  +  6,  only  when  n  is  odd. 
If  b  be  substituted  for  a  in  a**  +  6*,  we  obtain 

Therefore  a"  +  6"  is  not  divisible  by  a  —  6. 
In  like  manner  the  other  principles  can  be  proved. 
It  is  evident  that  the  forms  of  the  quotients  considered  in  this  article, 
obtained  by  actual  division,  conform  to  principles  (iv.)-(vii.),  Art  2. 
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L  The  use  of  parentheses  to  inclose  an  expression  which  is 
to  be  treated  as  a  whole  in  subsequent  operations  has  been 
briefly  discussed  in  Ch.  II.,  §  2,  Arts.  12-15.  It  is  frequently 
necessary  to  employ  more  than  two  sets  of  parentheses  in  the 
same  chain  of  operations,  and  in  order  to  distinguish  them  the 
following  forms  are  used : 

Parentheses,  (  ) ;  Brackets,  [  ] ;  Braces,  {  j. 

A  Vinculum  is  a  line  drawn  over  an  expression,  and  is  equiv- 
alent to  parentheses  inclosing  it. 


E.g.y  (a  4-  &)  (c  —  d)  =  a  +  6  •  c  —  d. 

If  more  forms  of  parentheses  than  the  above  are  needed 
in  any  operations,  one  or  more  of  them  is  made  larger  and 
heavier. 

Removal  of  Parentheses. 

2.  The  principles  given  in  Ch.  II.,  §  2,  Arts.  12-14,  are  to 
be  applied  successively  when  several  sets  of  parentheses  are 
to  be  removed  from  a  given  expression. 

In  thus  removing  parentheses  we  may  begin  either  with  the 
inmost  or  with  the  outmost. 

3.  The  following  examples  will  illustrate  the  method  of  re- 
moving parentheses,  beginning  with  the  inmost. 

Ex.  1.  4  a  -  { 3  a  -f-  [2  «  -  (a  -  1)]  j 

=  4a  -  {3a -h  [2a  -  a -h  1]| 

=  4a-}3aH-[tt4-l]} 

=  4a  — |3a4-a-f  Ij 

^4a  —  3a  —  a  —  1=  —  1. 
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Ex.2.      aj*-j2aj»-[3a5*  +  (4aj»-6aj>-l)]| 

=  aj«-{2x«-[3x«  +  (-aj"-f  1)]{ 

=  aj»-{2a^-[2a^4-l]{ 
=  a:»-j2aj»-2a^-l} 
=  a*_j_l{  =  a:«  +  l. 

Ex.  a      [6«  -  { (a«  +  6)  a  -  (a«  -  6)  6  -  a«  (a  -  6)  { y 

=  [fti  _  |a«  +  a6  -  a%  +  6«  -  a«  -h  a%}]» 

=  [fts -aft -  V]'  =  (- aby  =  - aW. 
Ex.4. 
60a;  +  5(l-aj«  +  }»'  +  3--3[4««  +  l  +  2(a;-a.2a;-l)]j) 

=  60a;4-6(l-aj»  +  {iB«4-3-3[4a«  +  H-2(a;-2a^  +  aj)]{) 

=  60aj4-5(l-ic«  +  K4-3-3[4x«  +  l  +  4a?-4.'B«]}) 

=  60a;  +  5(l-««4-la*  +  3-3-12a;}) 

=  60  a? +  5(1 -a!"  4- a* -12  a;) 

==60a;  +  5-60aj  =  5. 

4  The  method  of  removing  parentheses,  beginning  with 
the  outmost,  may  be  illustrated  by  reworking  Ex.  2,  Art.  3. 

Notice  that  the  part  which  is  free  from  parentheses  is  sim- 
plified at  the  same  time  that  the  next  parentheses  are  removed. 


a!«-|2flj»-[3aj«+(4aj«-5ir«-l)]j 

=  a?-2a;*  +  [3aj'  +  (4cc*  —  5a^  —  1)],  removing  braces, 
—  _aj«4.3ic«4.(4a;"- Saj*-!),  removing  brackets, 
=  2  a;*  +  4  aj*  —  6aj*  — 1,  removing  parentheses, 
=  6a5'  —  Sai^  +  l,  removing  vinculum, 
=  aj«  +  l. 
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BXBB0I8B8  I. 

Simplify  the  following  expressions  by  removing  parentheses: 

1.  a-f-26-[6a-{36-(6a-66)}]. 

2.  7a-{3a-[4a-(6a-2a)]{. 
a  2a?-{3y-[4aj-(6y-6a:)]{. 

4.  j[(a  +  4-«-3)«  +  7]a:  +  8}a. 

5.  {60-[36-(10-aj)a;]a?}x. 

e.  4a?-}[aj-3(2-aj)]x-4}2. 

7.  6a -[7 a -{8 a -(9 a -10a -6)}]. 

a  a-j26-f-[3c-3a-(a  +  6)+2a-(6  +  3c)]{. 

a  a  -  {6  6  -  [a  -(3c  -  3  6)+  2  c  -(a  -  2  6  -  c)]{. 

la  12  - 13  [10(7  .  4aj  -  3  -  6)-  9]. 

11,  12a-13{10[7(4a-3)-6]-9a|. 

12.  a?-{aj  +  y— [»-f-y-i-2— («  +  y-l-«  +  v)]{. 

la  10-2|aj-5[3-2a:-6(4x-7)]-3(5-2a;)}. 

14.  7  a"  -  {2  a-  -[a"  -  3  a*  +(5  a*  -  2  a")-  4  a-]-  2  a»{. 

15.  6a-{4a-[2a-(3a-h2  6+3c)-|-4  6]4-2  6(  +  4c. 

la  3m-[4m  — J2n— [2m  +  3n-(3m-|-n)]  +  3m{ 
-(2n-3m)]. 

17.    {[(aj  +  y*)aj-(2y-l)]aj-(aj»-2y)a;-ajy}*. 

M-   [(«-y)*  +  6icy]-[(aj»  +  2icy)-{«"-[2xy-(4icy-y«)]j 

-(-«•- 2  icy)]. 
19.  |a*aj  +  f aaj"-{iaa^-[-|a*aj-(iaaj*-a)]{. 

Find  the  values  of  the  expressions  in  Exx.  1-9  and  14-19, 
2a  When  a=— 3,  6=4,  c=—5,  m=2,  n=l,  a:=8,  y=— 9. 

21.  When  a=7,  6= —6,  c=3,  m=4,  n=3,  «=— 11,  y=0. 

Solve  the  following  equations : 

22.  (a?  +  3/  =  a?  +  15.  2a  (2«+ 1/- 8=(2a?-l)« 
24.  (6-|-«)*+9=3»(9+iaj).        25.   («+l)«=[6-(l-a?)]aj-2. 
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26.  (4a;~ll)2=(4a:4-3)(4aj-3). 

27.  {3^ixf-^{ix^5y  =  (ixy, 

2a  (6x^iy+(Sx--'3y=(iox-7y, 

29.  2aj*4-17a;  =  (8  +  2a;)*-67-aj(3  +  2a). 

30.  (x  +  l)(x-l)=x(x-2). 

31.  (2  a^  +  1  -  a:)(2  »« - 1  +  a)  =  1  +  aj*(2  a;  +  1)(2  «  -  1). 

32.  (a;-l)(aj»  +  aj  +  l)-6(iC«-l)  =  -(2-aj)». 

33.  (»H-4)«-6aj«  =  a;(a^4-6aj  +  20)+68. 

34.  56  ic«  -  4  a;(4 aj  -  7)*  =  164  a^ -(2  a? -6)8. 

35.  6-[3  +  {2-(5~a:)}]=8.    36.  i(i  IKia a? -!)]{)=  1. 
37.  6-{5-(4-{3-[2-(l-a?)]i){. 

3a  2[8-2{6-2(5-2a;-l)}]=8. 
39.  Kf  +  i{i  +  i[|-f  l(5  +  a:)]})=l. 
«>•  f[f  {f(6-a?)-a;}-a;]-a?  =  4. 
*!•  i(i{4[ia«  +  2)+2]+2H-2)=l. 

42.  4i4[4(4a;-3)-3]-3{-3  =  l. 

43.  13(l0|[7(4aj~3)-6]-9}-12)=l. 

44-  K+{i[i(^  +  2)-h4]+6}H-8)=l. 

45.  _4_4j4-4[4-4(4~a;)]}  =  44. 

46.  -  4  a;  -(5  a?  -  [6 a;  -  {7  a;  - (8  a;  -  9) {])=  -  10. 

47.  i[4{i(i«^-i)-il-i]-i  =  0. 

4a  4a:+i(x-2)-2(2aj-[iaj-3V{16-4(a?-|-4)n)=|(aJ-f-2). 

49.  10-{aj-[3-2aj-(4aj-7)]j=aj-{10-f3aj-[5-(5-3«)]{. 

What  is  the  value  of  the  product 

(a  4-  6  -  c)(a  -  6  -|-  c)(a  -h  6  +  c), 

50.  When  a  =  4,  6  =  3,  c  =  -2? 

51.  When  a  =  -5,  6  =  -|,  c  =  8? 

52.  When  a  =  m-f-l,  &  =  «i  +  2,  c  =  2m  +  l? 

63.  When  a  =  6  ?  54.  When  a  =  —  6,  and  c  =  —  6  ? 
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Insertion  of  FarentheBes. 

5.  The  principles  for  inserting  parentheses  in  a  given  ex- 
pression  were  proved  in  Ch.  II.,  §  2,  Art.  16. 

Ex.  1.  Express  4(a?  —  y)-fy  —  ajasa  product,  of  which  one 
factor  is  a?  —  y. 

We  have    4(a5  —  y)+  y  —  a  =  4(a;  —  y)—(x  —  y) 

Ex.  2.  Express  a'-\-V-^2ab-^c^  —  2cd  as  a  difference  in 
which  the  minuend  is  a'  -h  6*  +  c*. 
We  have 
a«+&"  +  2a6  +  c*~2cd  =  a«  +  6«-hc«-(2cd-2a5). 

The  sign  +  or  —  before  a  pair  of  parentheses  can  evidently 
be  reversed  from  +  to  — ,  or  from  —  to  -f,  if  the  signs  of  the 
terms  within  the  parentheses  be  reversed. 

Ex.  a     7(aj-l)-3(l-a;)=7(a?-l)+3(a?-l) 

=  10(aj-l). 

BXBBCISBS  II. 

Write  each  of  the  following  expressions  as  a  product,  of 
which  the  expression  within  the  parentheses  is  one  of  the 
factors : 

1.  3(a-6)-a  +  6.  2.  5(a:»-y)-a:*  +  y. 

3.  3m-6n-4(6n-3m).  4.  1  -  a" -f  3(a"-l). 

5.  a" -6" -2(6" -a*).  6.  ai"  -  2  -  7  (2  -  ir*). 

7.  6(«'  — 05  +  1)— aj*-|-a?  — 1.        a  aj  — y  —  2  — 6(y  +  »  — aj). 

a  6(5m-3n-2)+2  — 6m  +  3w. 

10.  Write  each  one  of  the  expressions  in  Exx.  1-9  as  a 
product,  of  which  one  of  the  factors  is  the  expression  without 
the  parentheses. 

Write  each  of  the  following  expressions  as  a  single  product 
of  which  the  expression  within  the  first  parentheses  is  a  factor : 

U.  (2aj-l)-3(l-2a?).  12.  2(2m-3n)+(3n- 2m). 

13.  6(aj«-y«)+2(y-aj«).  14.  7 (a^ -»)-(«- a^). 
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15.  3(a^-|-«-l)-2(l-aj«-a?). 

16.  6(a*-a6  +  y)+5(a6-6«-o«). 

17.  Write  each  of  the  expressions  in  Exx.  11-16  as  a  single 
product,  of  which  the  expression  within  the  second  parentheses 
is  a  factor. 

Simplify  the  following  expressions  without  removing  the 
parentheses : 

la  (a  — 6)c -|-(6  — a)c.  19.  5(x  —  y)Z'\-5(y  —  x)z. 

20.  (l-«)(H-aj»)+(aj-l)(l-faj*). 

21.  (m  —  n)(m  -}-  n)  —  3  (n  +  in)(n  —  m). 
9(«y  +  3)(2-5)+7(«y4-3)(5-2). 


CHAPTER  VIII. 

FACTORS  AND  MULTIPLBS  OF  INTEORAL  ALGSBRiaC 


1 1.  INTEGRAL  ALGEBRAIC  FACTORS. 

L  Factors  have  already  been  defined  in  multiplication 
(Ch.  II.,  §  3,  Art.  15).  The.  factors  were  there  given,  and 
their  product  was  required. 

The  converse  process,  given  a  product  to  find  its  factors,  is 
equally  important,  and  to  that  we  now  turn. 

2.  A  product  of  two  or  more  factors  is,  by  the  definition  of 
division,  exactly  divisible  by  any  one  of  the  factors. 

An  Integral  Algebraic  Factor  of  an  integral  expression  is  an 
integral  expression  by  which  the  given  one  is  exactly  divisible. 

E,g.f  integral  factors  of  6  dfx  are  6,  a^x,  Sx,  2  a',  etc. ; 
integral  factors  of  a'  —  6*  are  a  +  6  and  a  —  6 ; 
integral  factors  of  ac-\-bc  are  c  and  a  +  6. 

The  word  integral,  here  as  in  Gh.  III.,  §  1,  Art.  1,  refers 
only  to  the  litercU  parts  of  the  expression. 

E.g.,  ^a  and  ^x  are  integral  algebraic  factors  of  6a^x. 

We  shall,  however,  not  introduce  numerical  fractions  as 
factors  of  integral  algebraic  expressions  whose  numerical  co- 
efficients are  integers,  unless  there  is  some  special  reason  for 
so  doing. 

3.  Since  any  expression  is  divisible  without  a  remainder 
by  itself  and  by  unity,  it  has  itself  and  unity  as  factors. 

Thus,  1  and  a  are  factors  of  a ;  1  and  x-\-y  are  factors  of 
x  +  y. 
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4.  A  Prime  Factor  is  one  which  is  exactly  divisible  only  by 
itself  and  unity. 

E.g.y  the  prime  factors  of  6  a^  are  2,  3,  a,  a,  x. 

A  Composite  Factor  is  one  which  is  not  prime,  i.e.f  which  is 
itself  the  product  of  two  or  more  prime  factors. 

E.g.f  composite  factors  of  6  a'x  are  6,  ax,  2  a,  3  ax,  etc. 

5.  Any  monomial  can  easily  be  resolved  into  its  prime 
factors. 

E.g.,  the  prime  factors  of  4a'5'  are  2,  2,  a,aja,b,b; 

the  prime  factors  of  3 a;(a  +  6)  are  3,  x,  a  +  b. 

The  Fondamental  Fonniila  for  Factoring. 

6.  A  multinomial  whose  terms  contain  a  common  factor  can 
be  factored  by  applying  the  converse  of  the  Distributive  Law 
for  Multiplication.     From  Gh.  III.,  §  3,  Art.  15,  we  have 

ai-\-ac  —  ad=a(b  +  c  —  i/). 

That  is,  if  the  terms  of  a  multinomial  contain  a  common  fac- 
tor, the  multinomial  can  be  written  as  the  product  of  the  com- 
mon factor  and  the  algebraic  sum  of  the  remaining  factors  of 
the  terms. 

As  we  shall  have  occasion  to  refer  frequently  to  the  above 
relation,  let  us  call  it  the  Fundamental  Formula  for  Factoring, 

Ex.  1.  Factor  2  a»y  -  2  a:y*. 

The  factor  2a^  is  common  to  both  terms;  the  remaining 
factor  of  the  first  term  is  x,  that  of  the  second  term  is  —  y,  and 
their  algebraic  sum  is  a  —  y. 

Consequently  23?y ^2x^=^2 xy(x^y), 
Ex.  2.  aV  -f  abc  -f-  6'c  =  6  (ab  +  ac  -|-  6c). 

7.  In  the  fundamental  formula  the  letters  a,  6,  c,  d  may 
stand  for  binomial  or  multinomial  expressions. 

Ex.1.  Factor  a(ar-2y)-f6(a?-2y). 


INTEGRAL  ALGEBRAIC  FACTORS.  218 

The  factor  x—2y  is  common  to  both  terms;  the  remaining 
factor  of  the  first  term  is  a,  that  of  the  second  term  is  b,  and 
their  algebraic  sum  is  a  -f  &. 

Consequently  a(x  —  2y)+  h(x  —  2y)=(a?  —  2 y)(a  +  6). 

Ex.  2.  Factor  1  —  a  -f  a(l  —  a). 

The  factor  1  —  a  is  common  to  both  parts ;  the  remaining 
factor  of  the  first  part  is  1^  that  of  the  second  part  is  x. 

Hence  1  —  a  +  x(l  —  a)=(l  —  a)(l  +  x). 

Ex.  3.  Factor  (x -  y)(a«  +  ft*)-(«  -h  y)(a*  +  b^. 

The  factor  a'  +  V  is  common  to  both  parts ;  the  remaining 
factor  of  the  first  part  is  x  —  y,  that  of  the  second  part  is 

Consequently 

(a:-y)(a«-f6»)-(^+y)(«'+^')=(«'+^[(a^-y)-(a^-i-y)] 

=  -2y(a«+6^. 

The  beginner  should  at  first,  in  examples  like  the  last,  write 
parentheses  within  parentheses,  simplifying  afterwards.  As 
he  advances  in  factoring  he  can  shorten  his  work  by  perform- 
ing some  of  the  reductions  mentally. 

The  following  method  of  procedure  is  recommended : 

Determine  by  inspection  the  common  factor  of  the  parts  of  the 
given  expression  ;  write  this  factor  on  the  left  of  a  parenthesis,  (  ; 
after  this  parenthesis  write  each  term  as  it  is  obtained  by  dividing 
the  corresponding  term  of  the  given  expression  by  the  common 
factory  followed  by  a  closing  parenthesis,  ). 

This  division  can  usually  be  done  mentally. 

Ex.  4.    aj*(a5—a)+»(»—a)*+»— «=(«—«)(«*+«[«— a]+l) 

=  (aj— a)(2  ir"-aa?+l). 

Ex.5.    aj(rf  +  V)-«(a'-^=«[(a'-i-^)--(a"-^] 

=  a;[2  6«]  =  26«x. 

It  frequently  happens  that  the  parts  of  a  given  expression 
have  a  common  factor  except  for  sign. 
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Ex.  e.  Factor  «•(!  -  m)-f(m  - 1). 

Since  1  —  m  and  m  —  1  differ  only  in  sign,  i.e,, 

m  — 1  =  —  (1  —  m), 

we  may  take  either  as  the  common  factor. 
Taking  1  —  m  as  the  common  factor,  we  hare 

a5«(l  -  m)~  3^(m  -  1)=(1  -  m)(aj*  +  ^. 

Taking  m  —  1  as  the  common  factor,  we  have 

a5»(l  _m)- 2^(111 -l)=(m-l)(- a? -y») 

Ex.  7.     a(m  —  n)-|-  b(n  —  m)=(m  —  n)(a  —  6) 

=  (7t  — m)(— a  +  &). 

The  fundamental  formula  must  often  be  applied  more  than 
once. 

Ex.  a  Factor  6y (a?  — a)— to (y  — a). 
Taking  out  the  factor  b,  we  obtain 

6[y(aj-a)-a;(y-a)]; 
reducing  the  expression  within  the  brackets,  we  obtain 

b[ax  —  ay']. 
Taking  out  the  factor  a,  we  have 

a5(a;-y). 

Ex.  9.  x(y  -  z)(a  -f  6)  +  y  («  -  x)(a  +  b) 

=  (a  -h  6)[a;0^  -  «)+  y(2  -  a?)] 
=  (a  +  6)(-  a»  4-  y2;)=  «(a  +  &)(y  —  «). 

BXBBCI8BS  I. 

Factor  the  following  expressions : 

1.  5 a; +  5.  2.  3 a; -3.  3.  4m  +  4n. 

4.  ab  +bc.  5,  ax —  a.  6.  4  a'  —  6. 

7.    -aj»-ai«.  a  a*6-a6*.  9.  2an-4nl 

10.  3a^-2aj*.        11.  12aW-3aV.        12.  10aV-15aV. 
la  30  aVd -h  12  aVc*d».  14.  15  +  20a-30a« 

15.  12  a» -60  oft -f  24  od.  la  3a6 -f  6ac- 12ad. 
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17.  12abd-ebcd  +  ShcP.  IB.  70 ajy - 98 y« - 140 ya;. 

19.  j^aa?  +  |f  6aj«+iaJ.  2a  6 aa^ -  15 a^bx"  + 18 a^bhf. 

21.  8aViV-10anV4-4a*nV.    22.  7  (a  4- ft) -14. 

2a  16(m*  +  n»)-8.  24.  a»(a +  a)+aj*(a -ha?). 

25.  a(n  +  l)-6(n4-l).  '  26.  5a^(a-2a;)-h2(a-2aj). 

27.  3a(a-l)-3(a-l).  2a  2(n  +  l)*-4(rH- 1). 

29.  a(ar  — l)--aj  +  l.         aa  6aa*(a;-~2a)'H-15a'a?(x  — 2a). 

aL  4aj(a5  — m)+m  — 05.  32.  m(g— p)— (p  — g). 

3a  2a;(aj*-a;4- l)-3(a:«-aj  +  l). 

34.  9 a(a -  1)»  +  36  6(a-l)«-63(a- 1)1 

35.  -2a'  +  4a^.  36.  a-^+'-a. 

37.  5-+' -6.  3a  5-+5-125. 

39.  6m"+*-3m*.  4a  8  a*+"6''+*  - 12  a"'+*6'+'. 

41.  aaJ*  -  6af +^  +  caJ^*.  42.  a*"*  +  2  a"+^  -  3  a"+«. 

4a  3a--4a*-«-5a*+^  44.  2"+* -  8  x  2—*  +  16. 

8.  When  all  the  terms  of  a  given  expression  do  not  contain 
a  common  factor,  it  is  sometimes  possible  to  group  the  terms 
in  such  a  way  that  all  the  groups  shall  contain  a  common 
factor. 

Ex.  1.  Factor  2  a  +  2  6  +  aa;  +  ft«. 

Factoring  the  first  two  terms  by  themselves,  and  the  last 
two  terms  by  themselves,  we  obtain 

2(a  +  b)-\'X(a  +  6)=(a  +  6)(2  4-»). 

Ex.  a  «*  — xy— a»  +  y2=sa5(aj  — y)— 2(a;  — y)=(a;— y)(a;— 2). 

Ex.  a  (2a-6)*  +  4aa?-26aj=(2a-6)*+2a;(2a-6) 

=  (2a-6)[2a-6  +  2a?]. 

BXEBCISBS  II. 

Factor  the  following  expressions : 

1.  ac  +  ad'\-bc -\-bd.  2.  2 aa?  —  3 6y  —  2 ay  +  3 6x. 

a  6ad-j-106d-18a/-306/.    4.  20ad-35  6cf-8aa:-fl46x. 
5.  24ag  — 32 bg  — 6 ah -{-Sbh.    6.  5aa;  — ca?  —  Say +  cy. 


216  ALGEBRA. 

7.  33  odd/- 21  dy+ 22  a6gr  - 14  dg. 

la  aj*~aj*  +  a?-l.  U.  18 n*aj - 12 a; - 9 n'+ 6. 

12.  3aj*  — aj»  +  6aj-2.  la  3c*-3 Ai-f  c?i»-n» 

14.  3r»  +  naj'-6n*aj-2a?.        15.  6n«~9a*n-2an« +3a* 
la  6a»-6a»y4-2ay*-2^. 

17.  A«d-«M~H«/+IIV 

19.  12a»6*-4aV-4aV  +  12aV. 

20.  faWaj»  +  fa6'ir»-Ja6V-t&»aj». 

21.  a*  — crVi*  +  a*n  — an'  +  n*  — an*. 

22.  cu^  —  bsf  +  ax  —  ca^  —  bx  —  cx. 
2a  ad  —  aA  -I-  6d  —  6A  —  cA  -h  cd. 

24.  2a5rH-3ftgr-6g/'+8aA4-126^--20/%. 

25.  aj*-aa:»  +  3aV-2a*6aj*  +  2a«6aj-6a*&. 

26.  8af+»-4af+V-T2icV  +  20af+*z  +  a^-5xy2. 

27.  aa;  +  &^  +  c2  +  &a;  +  <^  +  a2  +  csx  +  ay  +  te. 

Ufla  of  Type-Forms  In  Factoring. 

9.  If  an  expression  be  in  the  form  of  one  of  the  type-forms 
considered  in  Ch.  VI.,  or  if  it  can  be  reduced  to  such  a  form, 
its  factors  can  be  written  by  inspection. 

We  shall  now  consider  the  most  important  type-forms  in 
connection  with  the  expressions  which  they  enable  us  to 
factor. 

Trinomial  Tjrpe-Forma. 

10.  From  Gh.  YI.,  §  1,  Arts.  1  and  2,  we  haye 

a'''2ab  +  b^  =  (a^by. 

From  these  identities  we  see  that  a  trinomial  which  is  the 
square  of  a  binomial  must  satisfy  the  following  three  condi- 
tions : 
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(i.)  One  term  of  the  trinomicU  is  the  square  of  the  first  term 
of  the  binomial, 

(ii.)  A  second  term  of  the  trinomial  is  Uie  square  of  the  second 
term  of  the  binomioL 

(iii.)  The  remaining  term  of  the  trinomial  is  twice  the  product 
of  the  two  terms  of  the  binomial. 

Ex.1.  Factor  aj" -h  6  a  +  9. 

0^  is  the  square  of  x,  9  is  the  square  of  3^  and  6a;  =  2  •  a; •  3. 

Therefore  a»  +  6  a?  -f  9  =  (a?  +  3)1 

Notice  that  the  following  steps  would  have  led  to  an  equally 
correct  result : 
a^  is  the  square  of  —  a;,  9  is  the  square  of  —  3,  and 

6aj  =  2(-aj)(-3). 

Therefore  a5»  +  6aj  -f  9  =  (-«-  3)". 

Although  the  last  result  is  equally  correct,  we  naturally  take 
the  first  form,  which  is  simpler,  unless  there  is  some  reason 
to  the  contrary. 

Ex.2.  Factor —4a5y  +  4a?  +  y*. 

4a^  is  the  square  of  2a;,  or  of  ~2a?;  y'  is  the  square  of  y, 
or  of  —  y. 

Since  the  middle  term  in  the  given  expression  is  negative, 
we  must  take  one  of  the  terms  of  the  binomial  negative,  the 
other  positive. 

Therefore  -4a^  +  4a^  +  y'  =  (2aj  — y)*  =  (-2a?  +  y)". 

Ex.  a  4aV-12aft«a^H-96y  =  (2ax-36V)'- 

Ex.4.  (n»-2na;)*H-2(nV-2na^  +  a?*. 

=(n«  -  2na:)"-f  2aj"(n«  -  2na;)+  n^ 

=  (n«-2nx-f  a^* 

=  [(n-aj)^»=(n-a?)*. 

Ex.5.  60ajy-36a^-26y"  =  -(36a*-60a?y-f 263^ 

=  -(6aj-6j()«. 
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BXBBCI8B8  lU. 

Factor  the  following  expressionB : 

l.sB'-2aj-hl.  2.a"  +  6a4-9. 

a  y»  +  12y-|-36.  4.  a«-10a  +  26. 

5.  a? -14  a; +49.  6.  4  a* -12  a +  9. 

7.  9 a* +  30 a +  26.  a  20x-4aj«-26. 

a  36a;-4a:«-81.  la    -90a;- 25««-81. 

U.  4a;»-12a^  +  9y».  12.  16 a*  +  40 a5  +  26 6*. 

la  49a«-28a?y  +  4y».  14.  a V  +  2  a6cd  +  c«cP. 

15.  9«V-30a^  +  26«*.  la  24a^-9a^-16y*. 

17.  a*-2a*aj  +  «*.  la  a^-2«*^  +  y*. 

la  aV-4ac»aj  +  4<?.  20.  2aV-a*-a?*. 

21.  a«-2ajy+y».  2a  (a  +  aj)«  +  2(a  +  aj)+l. 

2a  (a.-4)*-4(a;-4)+4.  24.  (2aj-9)*-6(9-2»)+9. 

25.  4a^-12af  +  9.  2a  a*'  +  2a"p"+p*». 

27.  26aJ^-8aj*  +  ||.  2a  36 a"+« - 48 a"  + 16 a""'. 

29.  4aaj  +  2a'  +  2aj*.  3a  2 aVi  +  a*  +  a*n«. 

31.  6aW-3aW-3a*a;.  3a  8a«a;  +  18aa»-24aW. 

33.  16aW  +  9c8  +  24a!>«c*.  34.  27 a*  +  3 nV -  18 oViV. 

35.  aV-18aV  +  81ax^.  36.  a*"*  -  2  a"" V+*  +  aj^l 
37.  a"+«  +  a"y*  -  2  a"+W. 
3a  a*(a;  +  2)«  +  2(aj  +  2)»  +  2aj(aj  +  2)» 

39.   (a*+2a6+&^c+(a+6)(P.  40.  a^  — a»— (y«-2j^  +  «^. 

41.  a*  +  2an+n'  — op- pn.  4a   2a  +  ad  — cP  — 4d  — 4. 

4a  a*+2a6— 4ac— 46c+4c*.  44.  7i*a;— xy— n*y+2ny— ^. 

45.  8  a"+*a;"+«  +  4  a"+' V"^  +  4  a"af +>^ 

46.  2a«-a*n+(n-2)(an-a)l  47.   (a-c)»+2a«c-4ac"+2c». 

U.  From  Ch.  VI.,  §  1,  Art.  6,  we  have 

jr*  +  (fl  +  6)jr  +  a*  =(x  +  a)(x  +  4). 
In  this  identity  a  and  6,  either  or  both,  may  be  positire  or 

negative. 
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When  a  trinomial,  arranged  to  descending  powers  of  some 
letter,  say  x,  can  be  factored  into  two  binomials,  in  both  of 
which  the  first  term  is  the  letter  of  arrangement,  it  must 
satisfy  the  following  three  conditions: 

(i.)  One  term  of  the  trinomial  is  the  square  of  the  letter  of 
arrangement^  i.e.,  of  the  common  first  term  of  the  binomial  factors. 

(ii.)  The  coefficient  of  the  first  power  of  the  letter  of  arranger 
ment  in  the  trinomial  is  the  algebraic  sum  of  two  numbers  whose 
product  is  the  remaining  term  of  the  trinomial, 

(iii.)  These  two  numbers  are  the  second  terms  of  the  binomial 
factors. 

Ex.  1.  Factor  a^  +  8  « -f  16. 

The  common  first  term  of  the  binomial  factors  is  evidently  x. 
The  second  terms  are  two  numbers  whose  product  is  15,  and 
whose  sum  is  8. 

By  inspection  we  see  that 

3  +  5  =  8  and  3x5  =  16; 
that  is,  the  second  terms  of  the  binomial  factors  are  3  and  5. 
Consequently,    iB*  -f  8  a?  + 16  =  (a?  -f  3)  (a?  -f  6). 

Ex.  2.  Factor  aj*  -  7  a?  -|- 12. 

The  common  first  term  of  the  binomial  factors  is  x.  The 
second  terms  are  two  numbers  whose  product  is  12,  and  whose 
sum  is  —  7.  Since  their  product  is  positive^  they  must  be  both 
positive  or  both  negative;  and  since  their  sum  is  negative,  they 
must  be  both  negative. 

The  possible  pairs  of  negative  factors  of  12  are  —1  and 
- 12,  -  2  and  -  6,  -  3  and  -  4. 

Since  -.3+(-4)  =  -7, 

the  required  second  terms  of  the  binomial  factors  are  —  3  and 
-4. 
Consequently    «■  —  7a:  +  12=(aj  —  2l)(x  —  4). 

Ex.  3.  Factor  aV  +  5  oa;  —  24. 

The  common  first  term  of  the  binomial  factors  is  ax.  The 
second  terms  are  two  numbers  whose  product  is  —24,  and 
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whose  sum  is  5.  Since  their  product  is  negative,  one  must  be 
positive  and  the  other  negative;  and  since  their  sum  is  posi- 
tive, the  positive  number  must  have  the  greater  absolute  value. 
The  possible  pairs  of  factors  of  —  24  are  —  1  and  24^—2  and 
12,  -  3  and  8,  -  4  and  6. 

Since  -3  +  8  =  5, 

the  required  second  terms  of  the  binomial  factors  are  —3  and  8. 

Consequently  ah?  -f-  5  oaj  —  24  =  {ax  —  3)(aa?  +  8). 

Ex.  4.  Factor  aj»  -  3  icy  -  28  y». 

The  common  first  term  of  the  binomial  factors  is  x.  The 
second  terms  are  two  numbers  whose  product  is  —28^,  and 
whose  sum  is  —  3y.  It  is  evident  that  both  of  these  terms 
contain  y  as  a  factor.  Therefore  we  have  only  to  find  their 
numerical  coefficients. 

Since  their  product  is  negative,  one  must  be  negative  and 
the  other  positive ;  and  since  their  sum  is  negative,  the  negative 
number  must  have  the  greater  absolute  value.  The  possible 
pairs  of  factors  of  —  28  are  1  and  —  28,  2  and  — 14,  4  and  —7. 

Since  4+(-7)=-3, 

the  required  second  terms  of  the  binomial  factors  are  4y  and 

Consequently  oj*  —  3ajy  —  28y'=(a?  +  4 y)(x  —  7 y). 

BXBBCISBS  IV. 

Factor  the  following  expressions : 

1.  aj*-j-3a?  +  2.  2.  7?-\-x  —  2.  3.  aj^-aj  — 6. 

4.  0^  —  50?  + 6.  5.  «*-6a?  +  5.  6.  0^-40? -60. 

7.  aj«  +  7a?-30.  a  ic«  +  7 a?  +  12.  9.  ic«-f  12x  +  32. 

10.  a»  +  10ic-ll.  11.  aj*-3x-40.  12.  ic* -  12 a? -f  36. 

la  JB'-17a5*  +  72aj.  14.  aj*-6a:-27.  15.  a^  +  13a:-30. 

la  aj*  +  18«  +  72.                    17.  120 jt**  +  26 a^ - 6 a?». 

la  Qx-Q^  —  T?.  19.  36  +  2a;-a*.  20.  24-lla;  +  aj«. 

21.  a?*  +  8aj»  +  16.  22.  «*  +  2ar»-24.  2a  iB*-6a^-24. 
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24.  a?*-24aj*-|-63.    25.  3 aj^ -f 39 aj?  +  66.  26.  a5^-aj»-66. 
27.  a^-9ar»-22.      2a  a^ - 28 aj» -f  75.     29.  aj**  + 15 af -f  36. 
aa  a^-f  lOaf-24.  31.  aj*» -f  6  af  -  112.  32.  aj^  - 16  aj"  +  55. 
33.  a^-f-(a  + 6)a?-f  a6.  34.  a^  —  (m -{•  n) x -{- mn. 

35.  aj^+(i>-g)a?-i>g.  36.  aj'^- (3r  ~2«)»  — 6r«. 

37.  aa^4-7a»aj+6rf.  3a  aj'4-2a?y- 15j^. 

39.  a^-4aa?-12a".  4a  aj' - 7 oa?  + 12 a» 

41.  2aajy-26aay-f84aa^.   42.  a^ - 11  a?wi 4- 30 m*. 
4a  a5V  +  12a»-13.  44.  aV-7a5  +  10. 

45.  TO V - 20 mn  H- 99.  4a  (a +  ft)»  +  7(a  4-6)4-6. 

47.  (a-6)'4-7(a-6)4-12.     4a  (m 4- w)* 4- 2(m  +  n)- 15. 

49.  m(m  —  n)*  —  4 ?»(m  —  n)—  12m. 

12.  By  actual  multiplication,  we  obtain 

(ax  4-  *) (ex  4-</)  =  aex*  4-  (ad  +bG)x  +  hd. 
A  trinomial  which  can  be  factored  by  this  type-form  must 
satisfy  the  following  three  conditions : 

(i.)  One  term  of  the  trinomial  is  the  product  of  the  first  terms 
of  its  binomial  factors, 

(ii.)  *  A  second  term  of  the  trinomial  is  the  product  of  the  sec- 
ond terms  of  its  binomial  factors, 

(iii.)  The  remaining  term  of  the  trinomial  is  the  sum  of  the 
products  of  the  first  term  of  each  binomial  factor  by  the  second 
term  of  the  other. 

In  this  type-form  that  part  of  the  multiplication  which  gives 
the  middle  term  of  the  type-form  may  be  represented  concisely 
by  the  following  arrangement : 

cxxd 

X 

aa;4-ft 
(ad4-  bc)x 

The  products  of  the  terms  connected  by  the  crossed  lines  are 
called  cross-products,  and  their  sum  is  the  middle  term  of  the 
given  trinomial. 


222  ALGEBRA. 

Ex.  1.  Factor  6  a^  + 19  a?  +  10. 

The  first  terms  of  the  required  binomial  factors  are  factors 
of  6  a^,  the  second  terms  are  factors  of  10 ;  and  the  sum  of  the 
cross-products  is  19  a?. 

The  factors  of  6  a^  are  x  and  6  a;,  2  a?  and  3  a?;  and  the  factors 
of  10  are  1  and  10^  2  and  5. 

The  following  arrangements  represent  possible  pairs  of  fac- 
tors: 

x  +  1  a;-fl0  X'^2  x-\-5 

X        X        X        X 

6a;-f  10  6a?-fl  6x^5  6aj-f2 

16a?  61a?  17a?  32a? 

2a;-|-l  2a?  +  10  2a?  +  2  2a?-h5 

X        X        X        X 

3a?-fl0  3a?H-l  3a?-f  5  3a?  +  2 

23a?  32a?  16a?  19  a? 

Since  the  sum  of  the  cross-products  in  the  last  arrangement 
is  equal  to  the  middle  term  of  the  given  trinomial,  we  have 

6a?»-f  19a?4-10=(2a?-h5)(3a?H-2). 

Ex.2.  Factor  5  a?*  -  6  a?y  -  8  y*. 

The  factors  of  5  a?^  are  a?  and  5  a?,  and  the  factors  of  ^Sy* 
are  y  and  —  8y,  —  y  and  Sy,  2y  and  —  4y,  —  2y  and  4y. 

The  following  arrangements  represent  possible  pairs  of  fac- 
tors: 

a?4-3/  a?-8y  x  —  y  a?  +  8y 

X       X        X        X 

6a?  — 8y  6«H-y  6a?  +  8y  Bx  —  y 

—  Sxy  —S9xy  Sxy  S9xy 

a?-f2y  a?  — 4y  x  —  2y  a?  +  4y 

X        X        X        X 

5x  —  4y  5  a?  -h  2  y  5x4-4.?/  5  a?  —  2  y 

6xy  —ISxy  —  6  ary  18  xy 
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Since  the  sum  of  the  cross-products  in  the  next  to  the  last 
arrangement  is  equal  to  the  middle  term  of  the  given  tri- 
nomial, we  have 

5aj»  -  6ajy  -  8y*  =  (aj  -  2y)(5a?  +  4y). 

Observe  that  the  reason  given  in  Art.  11,  Ex.  4,  for  rejecting 
at  sight  some  factors  of  the  last  term  of  the  trinomial  does  not 
hold  in  the  above  example. 

Por,  although  the  middle  term,  —  6  ajy,  is  negative,  the  neg- 
ative factor  of  ~  8^  is  less  in  absolute  value  than  the  positive 
factor. 

The  student  should  accustom  himself  to  determine  the  fac- 
tors of  a  given  trinomial  without  the  continued  use  of  such 
arrangements  to  represent  possible  pairs  of  factors.  They 
have  been  given  here  because  the  beginner  does  not  always 
find  it  easy  to  choose  the  proper  factors  and  needs  some  sys- 
tematic guidance.  He  will  soon  learn  to  reject  some  pairs  of 
factors  at  sight,  and  to  test  other  pairs  of  factors  by  perform- 
ing mentally  the  cross-multiplications  and  additions. 

Ex.  3.  Factor  6  a*  -  17  oft  +  10  V. 

The  factors  of  6  a*  are  a  and  6  a,  2  a  and  3  a ;  and  the  fac- 
tors of  106*  are  b  and  10b,  -  6  and  - 106,  2b  and  66,  -26 
and  —56. 

Since  the  second  terms  of  the  required  binomial  factors  are 

either  both  positive  or  both  negative,  and  since  the  sum  of  the 

cross-products,  — 17  a6,  is  negative,  the  positive  factors  of  10  6^ 

can  be  rejected  at  sight.     By  trial  we  then  find  that  thd 

arrangement 

a-26 

X 

6a  — 66 
-17a6 

gives  the  middle  term  of  the  trinomial. 

Consequently,  6  a*  - 17  a6  -H  10  6*  =  (a  -  2  6)(6 a  -  6  6). 
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Ex.  4.  Factor  10  a*  -f  afh  -  21  b\ 

Notice  that  this  example  is  arranged  to  descending  powers 
of  a". 

The  factors  of  10  a*  are  a'  and  10  a\  2  a'  and  5  a* ;  and  the 
factors  of  -  21 6«  are  6  and  -216,  -  6  and  21 6,  36  and  -7  6, 
—  3  6  and  7  6. 

By  trial  we  find  that  the  arrangement 

2a»  +  36 


X 


5a»-76 
a*6 
gives  the  required  middle  term  of  the  trinomial. 

Consequently,  10  a*  +  a'6  -  21 6«  =  (2  a«  +  3  6)(5  o^  -  7  6). 

If  the  first  term  of  the  given  trinomial  be  negative,  either  of 
its  factors,  i.e.,  the  first  term  of  either  of  the  required  binomial 
factors,  may  be  taken  positively,  and  the  other  negatively. 

Thus,  since 

(2»  -  5)(-  3a  -h  4)  =  -  6a?  +  23  a?  -  20, 

and  (-  2a?  -h  5)(3aj-  4)=-  6a?  -f  23a?  -  20, 

the  factors  of  - 6a?  +  23 a: -  20  are 

2 «  —  6  and  — 3a5-t-4,  or  — 2a:4-6  and  3 a?  —  4. 

Ex.5.  Factor  -16 a? +  22 a? -8. 

The  factors  of  —  15  a?  are  x  and  — 15  a:,  3  a  and  —5a;  the 
factors  —a  and  15a,  —3a  and  5a,  need  not  be  considered, 
since,  as  we  have  seen,  either  factor  may  be  taken  positively 
and  the  other  negatively. 

The  factors  of  —  8  are  1  and  —8,-1  and  8,  2  and  —4,-2 
and  4. 

By  trial  we  find  that  the  arrangement 

3a  — 2 


X 


— 5a-t-4 
22  a 
gives  the  middle  term  of  the  trinomial. 
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Consequently,  - 16  «» +  22  a?  -  8  =  (3  »  —  2)(-  6  a?  +  4). 

If  we  had  taken  the  factors  —Sx  and  5x  of  —  16a^,  we 
should  have  obtained 

-16iB»4-22aj-8=(-3aj  +  2)(6a?-4). 

13.  The  following  directions  may  be  observed  in  factoring 
trinomials  which  come  under  this  type-form : 

(i.)  When  all  the  terms  of  the  trinomial  are  positive,  only  posi- 
tive factors  of  the  last  term  are  to  be  tried. 

(ii.)  When  the  middle  term  of  the  trinomial  is  negative  and 
the  last  term  is  positive,  the  factors  of  the  last  term  must  he  both 
negative. 

(iii.)  WJien  the  middle  term  and  the  last  term  of  the  trinomial 
are  both  negative,  one  of  the  factors  of  the  last  term  must  be  posi- 
tive and  the  other  negative, 

(iv.)  Select  that  pair  of  factors  of  the  last  term  which,  by  cross- 
multiplication  and  addition,  gives  the  middle  term  of  the  tri- 


,  nomial. 


BXBBCISB8  V. 

Factor  the  following  expressions : 

1.  2aj»  +  6a?-f-2.         a  10+16a?-h6aj*.      a  4aj«+8a?-f3. 

4.  9x»  +  36a?  +  20.     5.  6+13a?-63«*.      a  3 a? -f- 13 a?  + 12. 

7.  6a*  +  19a; -36.     a  40 -f  2 a;  -  2 «*.     9.  25a^-\-25a!^-6x. 

la  36a;*-18x»-10.  11.  12a;-6a;«-90x». 

la  10x*  +  7a:-33.  la  8a^-19»*-16. 

14.  40-f-6aj-27««.  15.  49a*-35a  +  6. 

la  64«*-92a;  +  30.  17.  6-19a  +  16a^. 

la  6a*-41a;-66.  19.  14 «* - 39 a;  + 10. 

20.  30a!* -89a; +  36.  21.  18a;*-3a^ -46y*. 

22.  3a*-6a6-26*  2a  18 aV - 71  a^ - 46 ««. 

24.  18a^-|-3a;*y-103^.  25.  a6a;»-(a*- 6«)a;- a6. 

2a  6aV-4a»a»-96«*.  27.   -10a*  +  7aV  +  126*. 

2a  4a?-a;y-3y".  29.  10 a«  + 11  a6 - 6 61 

30.  9a*'-4af-6.  31.  2  a^«  -  3  af+^  -  2. 
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32.  3  a*"-^ -h  4  ar-«  -  4.  33.   6  «*•  +  a?-y  -  16  y**. 

34.  10(a4-6)*+7c(a4-&)-6c«.  35.  7(a?-y)«-372(a?-y)+102*. 

36.  6(a^  +  3^«-9(a"-f-2^«'-16«*. 

37.  2(a«-c*)2-4&(a*-c«)-6&«. 

Binomial  Tjpe-Fonn». 

14.  From  Ch.  VI.,  §  1,  Art.  5,  we  have 

a«-6»  =  (a  +  6)(a-6). 

That  is,  f^e  difference  of  the  squares  of  two  numbers  can  he 
written  as  the  prod/act  of  the  sum  and  the  difference  of  the 
numbers. 

Ex.  1.  aV  -  i  V  =  (axy  -(^  by 

=  (aaj-hi6)(aaj-|6), 

Ex.  2.  32m*n-2n«  =  2n(16m*--n*) 

=  2  n  [(4  m«)«  -  n"] 
=  2n(4m*  +  n)(4m»-n). 

As  in  the  preceding  type-forms,  the  letters  a  and  b  may 
stand  for  multinomials. 

Ex.  a    (a+6)*-(a-6)«=[(a4-&)  +  (a-6)][(a+6)-(a-6)] 

=  (2a)(2  6)=4a6. 

Ex.4.    iB*^4ajy  +  4y*-92*  =  (aj-2yy-(3«)« 

=  (a?-2y-f  32)(a;-2y-32). 

In  factoring  a  given  expression  the  type-form  must  fre- 
quently be  applied  more  than  once. 

Ex.  5.        4 aV  -(a«  -  6«  +  c^« 

=  (2ac  +  a*  -  6'  -h  c«)(2ac  -  a*  -|-  6*  -  <j») 

=  [(a-fc)>-6»][&«-(a-c)*] 

=  (a  +  c  +  ft)(a  +  c  -  6)(6  4-  a  -  c)(6  —  a  +  c). 

15.  The  difference  of  the  like,  or  unlike,  even  powers  of 
Iwo  numbers  can  always  be  written  as  the  difference  of  the 
squares  of  two  numbers,  and  should  therefore  first  be  factored 
by  applying  this  type-form. 
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Ex.  a  a*-&*=(a*)«-(6«)» 

=  (a»  +  62)(a«-6») 

=  (a*  +  6«)(a-h6)(a-6). 

BSXBBCI8BS  VI. 

Factor  the  following  expressions : 

1.  a^-1.  2.  4 -a*.  a  a^-7?f. 

4.  26aj*-9.  5.  36a«-496«.  a  4aj»-tf*. 

7.  86»-14l  a  57«-43*.  9.  37«-27«. 

10.  81a*-16.  U.  25aV-166y.     12.  |a%«-}|c«cP. 

la  16  a«- 256V.    14.  a*6V-f  15.  ^aV-y^a^. 

16.  a**-!.  17.  a*'-^*-.  la  a^*-4. 

la  «*-+«- 9  y*».       2a  9a«-6«-4c**.         21.  36  a*"+*6*-»  - 1. 

2a  (m-n)*-l.      2a   (a-f-6)«-c».  24.   c*-(a-6)*. 

25.  4-(2-a?)«.       26.  9 -(3 -a;)*.  27.   (4a?-3)"-16aj». 

2a  (a-6)«~(c-d)».  29.   (5  a;  -  2)«  - (4 a;  -  3/. 

30.  (7a-f-6)«-(6a-8)«.         31.  (2a  +  36)«-(a +  2  6)*. 

32.  (3ajy-5)«-(2ajy~6)«.      33.   (a^ -|- «  4- 1)' -  («*  -  a?  + 1)*. 

34.  a^-1.  35.   7 -112  a?*. 

3a  16a^-y*.  37.  625aV-6V.  3a  a«-6«. 

39.  l-256ajy.  4<X  a^'-y".  41.  a>«-l. 

4a  6a«-180Jl  43.  75  a%*  -  108  c«d^ 

44.  300 a6c« -  432 a6(P.  45.  243yc«-766^ 

4a  18aV-986*a^.  47.  \a}^-'^ac\ 

4a  4ajy*-^a»«.  4a  ^a^W -  ^a^lfiif, 

5Q  I  a«n V  -  f  a*aA?^  51.  a*" -6**. 

5a  a^-6^  5a  144a:" -af+l 

54.  4a*'+«-a"+^  55.  a*'+'6**  -  a*6*'+*. 

5a  9af+y"+^-16af»+y*+>.  57.  I  a*»-»6*"  -  ^  a''*-^^-. 

5a  m^-*n*»+*  -  1.  59.   a:3y*+^*' —  9  a^+^y*^'. 

60.  9  af +»y**+^  - 16  «"+ V+\  61.  -J  a^-W- -  ^  a^-^ft". 

6a  arj^""  ~  9  .i'*"+y+*'.  63.   a«- 6*-f  (a  +  6)c. 
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64.  ar^-f  3ar»  — a^-3a;.  65.  a' -  sc* -|- a  -  ». 

66,  a^  —  xz  —  yz  —  y',  67.  a'  —  ahi  -f-  a»*  —  »*. 

6a  a*-f2a6  +  &»-c*.  69.  aj*  -  2 ary  +  y*  -  «». 

70.  ««-aj»  +  2a?y-y'.  71.  a* -h 2 6c - 6* - c». 

72.  a*  — n'H-2np— jj".  73.  |>«  — a;*  —  4« -  4. 

74.  a*-2a6»-6*-|-2a»6.         75.  a»H-6«-c*-cP+2(a6+c(i). 
7a  a'H-6«-c»-d*-2(a6-cc?).  77.  2(a5-j-cd)-(a«-|-6*-c*-d«). 
7a  2(a6-cd)-(a*+6*-c*-cP).    79.  a*-6«+262;-2aaj+ic*-2;*. 
80.  a*+4a*c-46«+4  6(^^+4  c*-(P.        81.  4a%»-(a«+6*-c*)l 
82.  4(ad+6c)*-(a»-6*-c*-fdy  8a  a^_a*'-2a'»'-a*^ 

84.  s^y  -  xf -\- 3i?y -h  xf.       85.  (a+n)(a«-a^-(a-a;)(a*-n*). 
8a   (n-aj)(5n"-4aj«)-(3aj«-4n«)(a?-n). 

1&  From  Ch.  VI.,  §  2,  Art.  2  (i.)  and  (ii.),  we  derive 

a«  -  6« = (a  -  *)  (ff « +  a*  +  60  • 

Ex.1.  aj»  +  8y»  =  aj»+(2y/ 

=  (a?  +  23/)[a^-«(23/)  +  (2y)«] 
=  (ir  +  2y)(a*-2a?y-|.4y«). 

Ex.  a    27  - 126  aV  =  3»  -  (5  ajy)» 

=  (3  -  6a^y«)[3«  ^- 3(5a:y)+(6aY)«] 
=  (3-6  a«y^(9  +  16  a^y«  4-  25  aj*y*]. 

Ex.  a 

(1  _ aj)» -  8aj»=(l  -  «)» -(2a:)» 

=  (l-.a;_2aj)[(l-aj)«4-(l-a;)(2aj)+(2a;)«] 

=  (l-3a;)(l+3«»). 
Ex.  4. 

612a^  +  2/»=(8aO'+W 

=  (8aj»  +  3^[(8aj«)»-(8ar^)(2^-hW] 

=  [(2  «)» +  y*]  (64  aJ«  -  8  ary  4-  2/^) 

=  (2x-[-y)(4.7^^2xy  +  f)(Ua^^Ha^y'  +  f), 

Ex.  a 

a«  -  729  6«  =  (a«)»  -  (27  6»)» 

=  (a»  +  27  6«)(a^-27  6^ 

=(a+36)(a«-3a&+9  6")(a-3ft)(a«+3a5+9ft'). 
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17.  From  Ch.  VI.,  §  2,  Art.  2  (i.)  and  (ii.),  we  infer : 

(i.)  The  sum  of  the  like  odd  powers  of  two  numbers  coyitains 
the  sum  of  the  numbers  as  a  factor. 

(ii.)  The  difference  of  the  like  odd  powers  of  two  numbers  con- 
tains the  difference  of  the  numbers  as  a  factor. 

Ex.1.  a;'-|-3/*  =  (aj  +  y)(a^-a^  +  aV-aJ2/'-f-»*)- 

Ex.2.  aj'-3^  =  (a;-y)(a^  +  aj»y  +  aY  +  aV4-aV  +  «S^  +  A 

18.  The  sum  of  the  like  even  powers  of  two  numbers,  whose 
exponents  are  divisible  by  an  odd  number,  except  1,  can  be 
factored  by  applying  the  type-forms  of  Arts.  16  and  17. 

Ex.       «"  + y"=(a^)'-t(y*)» 

=  (a^  +  J^)[(a^)'-(a?*)(2^)  +  (yO"] 

BXBBCISBS  Vn. 

Factor  the  following  expressions : 

1.  aj'  +  l.  2.  aj»  — 8.  a  a'H- 27. 

4.  64aj»-l.  5.  aW-f  1.  6.  Sa^-27. 

7.  27a«+TMTr^-         »■  Scc'-y*.  9.  64aV-l. 

la  125aY  +  S-  II-  a^-{-x.  12.  3a«-24a*. 

13.  4aj»-32ir*y».  14.  27a-aW.        15.  3 a»6 V - 375 6c». 

16.  2a^  +  4S2f.        17.  a* +  243.  la  a^  +  y«. 

19.  aJ"-64.       20.  a^-64.v'.       21.  aj*-f  y».         22.  a:*- 1. 

23.  a^-b^.       24.   a^«  +  y»«.  25.   a?"- 1.         26.   aV*-*". 

27.  n"-l.        2a   »V*~1-        29.   a;"-fy".       Sa   a**  +  6^. 

31.  1  -  05".        32.  1  -  a'*.  3a  a"  H-  y^.       34.  a**  -  6**. 

35.  8aj»V-7292r^V.  36.  81  a'a?*»  -  648  oT+y. 

37.  l-(aj-fy)»  3a  8-(a  +  6  4-c)'. 

39.  27 -(3 -1-2  a?)*.  40.   (a-h6)»-(c  +  d)*- 

41.  (2a  +  »)'-f  (a-2»)».  4a  flj»-a^-ic"  + 1. 

4a  4-aj*-h4aj"-aj».  44.  aj*- 8  -  6«*  + 12». 

45.  aj^-y»-2ajV-l-2a^.  4a  a«  -  4 a«c  - 4 ac« -|- A 

47.  n«-|-6nV-|-5nV-|-a:^. 
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Multinomial  Typa-Fonns. 
19.  From  Ch.  VI.,  §  1,  Art.  3,  we  derive 

a*  +  *' 4-  c^  +  2ff6  +  2ffc  H-  2*c  =(ff  -f-  *  +  c)*, 

wherein  a,  &,  and  c  may  be  positive  or  negative. 

That  is,  if  three  terms  of  a  mvltinomicU  of  six  terms  be  the 
squares  of  three  numbers,  respectively,  and  if  the  three  remxiining 
terms  be  equal  to  twice  the  products  of  these  numbers,  taken  in 
pairs,  the  multinomial  is  the  square  of  the  sum  of  the  three  num- 
bers, 

Ex.   Factor  4ic*-- 120^-1-93^ H-16a»--24y»-|- 162*. 

Since  some  of  the  terms  of  the  given  multinomial  are  nega- 
tive, one  or  more  of  the  terms  of  the  factors  must  be  negative. 

We  have 

4{r»  =  (2aj)»,  or(-2aj)*; 

93^  =  (3y)«,  or(-3y)«; 

162*  =  (4«)«,  or  (-42)2. 

The  term  +  16  a»  shows  that  the  terms  in  x  and  z  have  the 
same  sign ;  the  terms  — 12  xy  and  —  24  yz  show  that  when  the 
terms  in  x  and  z  have  the  sign  +,  the  term  in  y  has  the  sign 
— ,  and  when  the  terms  in  x  and  z  have  the  sign  — ,  the  term 
in  y  has  the  sign  +. 

If  the  terms  in  x  and  z  be  taken  with  the  sign  -)-,  we  have 

~12xy  =  2(2x)(-3y), 

16a»  =  2(2a;)(42), 

-24y2  =  2(-3y)(42). 
Consequently, 

4a«  -  12ajy  +  9y* -f  16a»  -  24y2 -i- 162*  =(2a?  -  3y  +  4  2)^ 

If  the  terms  in  x  and  z  be  taken  with  the  sign  — ,  we  have 

-12ajy  =  2(-2a:)(3y), 

16aa  =  2(-2ic)(-4»), 

-24y2  =  2(3y)(-42). 
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Consequently, 

4a^  -  12  ajy  +  9^*  +  16a»  -  24y2:  H- le**  =(- 2a  +  3y  -  4«)l 

Notice  that  the  trinomials 

2aj  —  3y  +  42  and  -2a;H-3y-425,  =-(2ir-3y-h4a;), 
differ  only  in  sign,  and  that  therefore  their  squares  are  equal. 

BXBBCISB8  VIII. 

Factor  the  following  expressions  : 

1.  a^+ft^-f 2a-f- 264-2a6  +  l. 

2.  4a«4-6*H-c"  +  4a^>  +  4ac-f 26c. 

3.  1-f  4a-f  4a'~66  +  96*-12a6. 

4.  a*4-46«  +  9c«-4a64-6ac-126c. 

5.  4a*  +  4y"-f  2;*  — 8a?y  —  4y2i -|-4a». 

d  36aj*-f 60iry  +  25y*+48a;  +  40y  +  16. 
7.  163?*  + Jy*  +  42*-4a?y-16a»  +  2y2;. 
a  25a^4- Jy'  +  ^a^-hSa^  — 6a»  — ^y«. 
9.  a*  +  6*  +  c'  +  2a6  +  2ac  +  26c-4. 
10.  aj«  +  i^]^4-a;*  +  a?y-f  2a»  +  y2-a*-2a5  — 6*. 

20.  From  Ch.  VI.,  §  1,  Arts.  7  and  8,  we  derive 

0?  +  3fl'*  +  3a**  -f  **=(a  +  *)», 

wherein  a  and  6  may  be  positive  or  negative. 

From  this  identity  we  see  that  a  multinomial  of  four  terms 
which  is  the  cube  of  a  binomial  must  satisfy  the  following 
three  conditions : 

(i.)  One  term  of  the  multinomial  is  the  cube  of  the  first  term 
of  the  binomial. 

(ii.)  A  necond  term  of  the  nudtinomial  is  the  cube  of  the 
second  term  of  the  binomial 

(iii.)  The  tico  remaining  terms  of  the  multinomial  are  three 
times  the  product  of  the  square  of  the  first  term  of  the  bi- 
nomial by  the  secoiuU  and  three  times  the  product  of  the  first 
term  of  the  binomial  by  the  square  of  the  second,  respectively. 
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Ex.   Factor  8-36a;  +  54aj*-27a^. 

8  is  the  cube  of  2,  —27a^  is  the  cube  of  —  3a?,  and 

-36a?=3x2*x(-3aj),  54aj«  =  3  x  2  x(-3aj)«. 
Therefore,    8-36aj-|-54aj*- 27a?=(2-3aj)». 

BXEBOISB8  IX. 

Factor  the  following  expressions : 

1.  27a»-27a*64-9a6*-&». 

2.  8a»-12a'6-|-6ay-6». 

a  8»»-36aj*3^-h54a5y»-27y». 

4.  125a«-525a«&-735ay-343ft». 

5.  a^-12iC*-|-48a^-64. 

6.  a«  - 15  a*6«  4-  75  a^ft*  - 125  &•. 

7.  aj>-18a^^  +  108iBy-2162^. 
a  iB**-3aj*»  +  3x"-l. 

9.  l_6aj  +  12aj*-8aj»-a«4-3a*&-3a5'  +  6«. 

2L  The  method  of  Art.  12  can  be  extended  to  factor  multi- 
nomials of  the  second  degree  whose  factors  contain  three  or 
more  terms. 

Ex.  1.  Factor  ax^  ^ai^  +  x-^y^ax  +  ay—l. 

The  terms  oaf  —  ay*  are  evidently  the  product  of  the  terms 

which  contain  x  and  y  in  the  two  factors.     These  may  be 

either 

aX'\-ay  and  x  —  y,  or  ax  — ay  and  x  +  y. 

Since  the  last  term  of  the  multinomial  does  not  t;ontain 
either  x  or  y,  it  must  be  the  product  of  terms  in  the  factors 
which  do  not  contain  x  or  y.  These  can  be  only  +  1  and  —  1. 
Therefore,  the  following  arrangements  represent  possible  pairs 
of  factors : 

(ax+ay^+1       (oaj-fay^— 1        {ax—ay^+1       (ax—ay')—l 

(x-yS-i  (a?-y)4-l  (g-f-yf-l  (ar+yVfl 

x—y—ax—ay  —  a?-fy4-a«-l-ay  x+y— aa?-hay  —x—y-^ax—ay 
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Only  the  sums  of  the  cross-products  are  given  above.  Since 
the  third  arrangement  gives  the  remaining  terms,  aj+y— cKC+ay, 
of  the  multinomial,  we  have 

flW5*  —  ay"-}-a5-hy  —  aaj  +  ay  —  l=(aj  +  y  —  l)(aa5  —  ay  + 1). 

Ex.2.  Factor  aj«-f-3iKy-h2y«-a?-3y-2. 

The  factors  of  the  part  of  the  second  degree  are  x-^-y  and 
X'\-2y;  the  factors  of  the  last  term  are  1  and  —2,  or  — 1 
and  2. 

Therefore  the  following  arrangements  represent  possible 
pairs  of  factors: 


(a?-fy)-hl  (aj-f.y)-2  (aj  +  y)-l  (x'^y)+2 


(a?4-2y)~2  (x  +  2y)-\-l        (x-\-2y)+2       (a?-h2y)- 

—  a?  — oj  — 3y  X  x  +  Sy 

Since  the  second  arrangement  gives  the    remaining  terms, 
—  a?  — 3y,  of  the  multinomial,  we  have 

aj'  +  3a?y4-23/«-a?-3y-2=(aj-f  2y  +  l)(aj-hy-2). 

Ex.  a  Factor  2«»-12y*  +  4«»-5a?y  —  8yz  —  9a». 

The  given  expression  is  of  the  form  of  the  product  of  two 
trinomials,  both  of  which  contain  terms  in  a;,  y,  and  z.  The 
part  2aj*  —  Say—  12y*i8  evidently  the  product  of  the  parts  of 
the  factors  which  contain  terms  in  x  and  y,  and  the  term  4  2^  is 
evidently  the  product  of  the  terms  in  z  in  the  factors. 

The  factors  of  2a^  — 5a^  — 12y*  are  found  to  be  2aj-i-3y 
and  a?  — 4y;  the  factors  of  ^s^  are  z  and  42f,  —z  and  — 4«, 
2z  and  2z,  —2z  and  —  2«.  By  trial  we  find  that  the  follow- 
ing arrangement 

(2a?-f3y)-    z 


(a?  — 4y)— 4g 
—  9  aa  —  8  y2 

gives  the  remaining  terms  of  the  multinomial. 
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Consequently, 

«(2a?  +  3y-af)(a;-4y-42). 

BXBBCISBS  z. 

Factor  the  following  expressions : 

1.  y'-4ic»  +  4aj-l.  a  a5«-2^-2y-l. 

a  a*+V+2ab+Sa-\'Sb-9,      4.  aj*4-ajy-2a;-6y*-16y-8. 

5.  a?  +  2xy  +  Sx  +  f-\-Sy'\-2. 

e.  3a*-7a6-62>*-6c-h4acH-c*. 

7.  2i»"-8a?y  +  23aj-12y  +  30. 

a  2a^  — 3y'  — 2*  +  a?y +  a»-h4y«. 

9.  aj^-f 3iry4-6a;  +  22/«  +  8y  +  6. 

10.  2a«-9ac-5a64-4c*-86c-12y. 

11.  aj"-f  3ajy-h3arH-2y*-h6y  +  2. 

12.  aj*-3a^  +  3a?  +  2y*-6y  +  2. 

13.  a*  +  4^  - 4ajy  - 10 aj-h20y- 56. 

14.  4a^  +  9y»  +  19-12a?y  +  40aj-60y. 

15.  6a^-ajy-6a^-2/  +  ll3/>2»-.12^. 

16.  56a?'-63^-122f«-5ajy  +  34a»-222^. 

17.  Sa^  —  4:ax  +  2bx-2db  +  aK 

la  28a*-21a«64-23aV-12ay  +  46*. 


By  actual  multiplication,  we  can  verify  the  following  identities  : 

a«  +  6»  +  c»  -  8a6c  =(a  +  6  +  c){a^  +  6«  +  c«  -  a6  -  ac  -  6c)     (i.) 

(a  +  6  +  c)»  -(a»  +  6«  +  c»)=  8(a  +  6)(a  +  c)(6  +  c)  (U.) 

»(a»6«  +  II V  +  6V»)  -  (0*  +  6*  +  c*) 

=  (a  +  6  +  c)(a  +  6  -  c){a  -  6  +  c)(6  +  c  -  a)      (iii.) 

Ex.  1.  Factor  8!K»  -  y»  -  126 «•  -  80jBy«. 

Since       8««=(2x)»,  -y»=(-y)«,  -  125 «•=(-.  6 #)•, 
and  ~30xy«  =  -3(2a;)(-y)(-6«), 

we  have 
8x«-y«-126«»-30xy«=(2x-y-6«)(4aja+ys^.26««+2«y+10!M-6y»). 
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Ex.  2.   Factor  (2x  +  3y  -  6»)«  -(27y»  +  8x»  -  126««). 

Since        8x»  =  (2x)«,  27y»=(3y)«,  -  126*»=(- 6*)«, 
we  have 
(2x+3y-6«)*-(27y»+8a»-126«»)=8(2x+3y)(2x-6«)(8y-6«). 

Ex.  3.  Factor  8a«  +  186»  + 72a«6> -(1  +  16a*  +  816*). 

Since  1  =  1*,  16  a*  =  (2  a)*,  81 6*  =  (3  6)*, 

and     8a«=2(l)a(2a)2,  18  6«  =  2(1)«(3  6)«,  72a«6«=2(2a)«(36)«, 

we  have  8a«  +  186«  +  72a26a  -(1  +  16a*  +  81 6*) 

=  (l  +  2a  +  36)(l  +  2a-36)(l-2a  +  36)(2a  +  36-l). 

BXBBCISB8  XI. 
Factor  the  following  expressions : 

1.  a»  +  6»-c>  +  3a6c. 

2.  (5«-2y  +  7«)«+8y«-343««-126x». 

3.  8a:ay«  +  2*«««  +  8y»2«-x*-16y*-«*. 

4.  72±8ya+ 18a«««  +  8y«2J«-81x*-16y*-«*. 

5.  l-8m«-612n»  +  (2m-l  +  8n)«. 

6.  o«-6»-c»-3a6c. 

7.  a5»  +  y»-l  +  3xy. 

8.  (a6  -  3  +  6c(i)«  -(a»6«  -  27  +  126cV). 

9.  8x^  +  72xV  +  18y«-16x*-81y*-l. 

10.  72x2  +  128y«  +  288a^ya-81x*-256y*-16. 

11.  xV  —  a^  +  a5V«*+  (a^  —  xy*  —  xy»)K 

12.  x»-8y«-27«»-18xy«. 

13.  ix'  +  iVy'  +  A^'-Jay*- 

14.  8x«  +  32y9  +  128itV-16x*-266y*-l. 

15.  (6m-3n  +  2)»-8  +  27n«-126m«. 

16.  343  a»6»  -  612  (i»e«  -  lOQOpg*  +  (lO/jr  +  8  f  <f  -  7  a6)«. 

17.  2xV  +  I***'  +  72y%»  -  tV«*  -  16y*  -  81  **. 

19.  27x»  + Jy»-8«»  +  0xy«. 

20.  Jx»-126y«- A««-6xy«. 

21.  72xa  +  2y»  +  JxV-18-81«*-Ay*. 
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Special  Devices  for  Factoring. 

23.  The  redaction  of  factorable  expressions  to  known  type- 
forms  will  now  be  taken  up.  Only  general  suggestions,  not 
a  definite  mode  of  procedure  for  all  expressions,  can  be  given. 
Much  will  in  the  end  depend  upon  the  ingenuity  of  the  student. 

24.  A  factorable  expression  can  frequently  be  brought  to 
some  known  type-form  by  adding  to,  or  subtracting  from 
it  one  or  more  terms. 

Ex.  1.  Factor  a?*  -h  aj»y»  +  3/*. 

This  expression  would  be  the  square  of  a?*  4-^,  if  the  co- 
efficient of  icy  were  2.  We  therefore  add  a-y,  and,  in  order 
that  the  value  of  the  expression  may  remain  the  same,  we 
subtract  ah^.    We  then  have 

a?*  + 2icy  +  y*  -  aV  =  (iB»  + yO*  -  ajy 

=  (»■  +  y*  -f  icy)  («*  4-  y*  -  ajy). 

Ex.  2.  Factor  aj»-f  3aj«-2. 

The  terms  a^  -h  3  a"  suggest  the  cube  of  a?  4- 1. 
To  complete  the  cube  of  a;  -f  1  we  must  add,  and  therefore 
also  subtract,  3  a?  + 1. 
Doing  so,  we  obtain 

«»-f3a:»-f3aj4-l-3a;-3  =  (a?H.l)»-.3(aj-fl) 

=  («  +  l)[(a:  +  l)»-3] 
=  (a?H-l)(»«-f  2aj-2). 

Ex.  3.  Factor  a"  -  3  a?  -f  2. 

Subtracting  1  from,  and  adding  1  to  the  given  expression, 

we  obtain 

ap?-3aj  +  2  =  a?-l-3aj  +  3 

=:(x»-l)-3(aj-l) 

=  (a;-l)[(fl5«  +  aj  +  l)-3] 
=  (a:-l)(ic«  +  a:-2) 
=  (aj-l)(aj-l)(x  +  2). 
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The  method  of  adding  or  subtracting  terms  could  have  been 
applied  to  factor  the  type-form  s,  without  assuming  that  they 
are  the  products  of  known  factors. 

Ex.  4.  a*  —  6*  =  a«  -  a6  4-  aft  —  6* 

=  a(a-6)4-6(a-6) 
s=(aH-6)(a-6). 


Another  device  consists  in  separating  a  term  into  two 
or  more  terms,  and  grouping  these  component  terms  with 
others  of  the  given  expression. 

Ex.  1.  Factor  ic"  4- «  +  2. 

Separating  +  2  into   +1+1,  and  rearranging  terms,  we 

obtain 

«»  +  aj  +  2  =  (a5»  +  l)  +  (aj  +  l) 

=  (aj  +  l)(aj»-a?  +  l)  +  (aj  +  l) 

=  (aj  +  l)[(aj«~aj  +  l)  +  l] 

=  (aj  +  l)(a5*~aj  +  2). 

Ex.  2.  Factor  aj»—  3aj*  +  4. 

Separating  —  3  oj*  into  —  2  aj*  and  —  a*,  we  obtain 

aj»-3«*  +  4  =  aj'-2a?-aj»  +  4 
=  ic*(a?-2)-(aj«-4) 
=  (aj-2)[aj»-(»  +  2)] 
=  (aj-2)(aj»-a:-.2) 
=  (aj-2)(a;-2)(a?+l) 
=  (X  -  2)\x  + 1). 

The  trinomials  considered  in  Arts.  10-12  could  have  been 
factored  by  the  methods  of  this  and  the  preceding  article. 

Ex.  a  aj*  +  5a;  +  6  =  aj'  +  2a?  +  3aj  +  6 

•  ■  =aj(«  +  8)  +  3(aj  +  2) 

=  (jc  +  2)(ft  +  3). 

Ex.4.    10ic«-7a:y-122^=l§aj»-16a?y  +  8iry-12y« 

=  6aj(2a;-3y)+4y(2aj-3y) 
=  (2aj-3y)(6a?+4y). 
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2&  8 jminatry.  —  An  expression  is  symmetrical  with  respect  to  two 
letters  if  it  remain  the  same  when  these  letters  are  interchanged. 

E.g^  <ibj  a*  +  b^,  a^  +  2  a&  +  ^^  are  symmetrical  with  respect  to  a  and 
d,  since,  when  a  and  b  are  interchanged,  they  become 

fca,  b^  +  (ifi,  6*  +  2  6a  +  a^,  as  above. 

27.  An  expression  is  symmetrical  with  respect  to  three  or  more  letters, 
if  it  be  symmetrical  with  respect  to  any  two  of  them. 

B,g.f  a(b  +  c)+b(C'{-  a)-\-c{a  +  6)  is  symmetrical  with  respect  to  the 
three  letters  a,  5,  and  c.  For,  if  any  two  letters,  say  a  and  c,  be  inter* 
changed,  we  obtain 

c(fi  +  a)+  6(a  +  c)+  a(^c  +  6),  as  above. 

28i  Cyclo-symmetry. — An  expression  is  cyclo-symmetrical  with  re- 
spect to  three  or  more  letters  it  it  remain  the  same  when  the  first  letter  is 
changed  into  the  second,  the  second  into  the  third,  and  so  on,  and  the 
last  into  the  first. 

Such  an  interchange  of  letters  is  called  a  cyclic  interchange. 

Thus,  dbc     becomes  bca  by  a  first  cyclic  interchange  ; 

becomes  cab  by  a  second  cyclic  interchange ; 
becomes  abc  by  a  third  cyclic  interchange. 

Therefore  abc  is  a  cyclo-symmetrical  expression  with  respect  to  a,  5, 

andc. 

The  expression  (a  -  <!)(&»  -  c^)  +  (b  -  d)(ca  -  a2)  +  (c  -  d)(a«  -  6«) 
is  cyclo-symmetrical  with  respect  to  a,  &,  and  c.  For,  after  making  a 
cyclic  interchange  of  these  letters,  we  have 

(b  -  d)(c«  -  a«)  +  (c  -  d)(a«  -  b^)  +  (a  -  <f)(6«  -  c2),  as  above. 

Observe  that  this  expression  is  not  cyclo-symmetrical  with  respect  to 
all  four  letters,  a,  &,  c,  and  d, 

29.  A  symmetrical  or  cyclo-symmetrical  expression  can  frequently  be 
factored  by  arranging  its  terms  to  powers  of  one  of  the  letters  with 
respect  to  which  it  is  symmetrical. 

Ex.  Factor         6»(c  -  a)  +  c«(^  -  6)  +  a«(6  -  c). 

Arranging  the  given  expression  to  descending  powers  of  a,  we  have 

a«(6  -  c)-  a(6»  -  c»)  +  6c(6«  --ta) 

=  (6  -  c)[a«^-  a(6a  4-  6c+  cs>+  6c(6  +  c)> 
=  (6  -  c5[a»J-  a6« ^  abc  -  atf -^  b^  +  6c95 
=  (6  -  c)  [5(0*  -  c«)  -  ^^(a  -  <^  -  6c(a  -  c)] 
=  (6  -  c)(a  -'ciXa^a  +  <d  -  6«  -  6r] 
=  (6  -  c)(a  -  c)[a«  +  ac  -  6«  -  6c] 
=  (6  -  c)(^a  -  c)l(a^  -  6«)  +  c(a  -  6)] 
=  (6  -  c)Ca  -  c)(a  -  6)(a  +  6  +  c). 
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BXEBOI8BS  XU. 

Factor  the  following  expressions : 

1.  1-f  4a^.  2.  m*-f4n*. 

3.  l+64a?*.  4.  l+4a^ 

5.  a^4-43^.  6.  aW-f  64c»d*. 

7.  l-|-3a*  +  4a*.  a  l-7a*  +  a*. 

9.  l  +  2a^  +  9a5y.  la  a?*-aY  +  16y*- 

la  {B*  +  2ajy  +  9y*.  14.  16a?*-ajy-fy*. 

15.  aY  +  13iBy  +  49y*.  la  25a*6*+6aVc»(?+9(J*c^. 

17.  a^  +  4y*-12ajy.  la  36ajy H-3a?*y*  +  y*. 

19.  aJ*  +  3^  +  iry-  ^a  aj*  +  y®  - 142  a?y • 

21.  aj*-3a?y-f9j^.  22.  4mV-f  8m«nW  +  121i)V- 

2a  26(«-y)*-|-ll(»»-y«)*  +  36(x  +  y)*. 
24.  l+2(a*-f6»)*+9(a«+6*)*.         2a  a^  +  a^^  +  l. 
2a  49 a;*V  + 10 a^y*"  + 1.  27.  a;»-6iB"  +  16. 

2a  aj«  - 16 a^ -f  250.  29.  aj»  +  6aj»  +  10a  +  4. 

aa  aj»-9a5*-f  32aj-42.  aL  aj»- 16a? +72«- 110. 

32.  8a? - 36a?  +  48a? -18.  3a  27a?-27a?-6«  +  4. 

34.  ac(^a  —  c)  —  ab(a  —  6)  —  bc(b  —  c). 

35.  a«(6  -  c)  +  6«(c  -  a)  +  (^(a  -  6). 

36.  a«(6  +  c)  +  6«(c  +  a)  +  c«(a  +  6)  +  2 ahc. 

37.  (a  -  d)(6a  -  c»)  +  (6  -  <«)(c>  -  a*)  +  (c  -  <J)(a«  -  6»). 

38.  a«(6«  -  <J«)  +  &»(<^  -  a«)  +  (^(a^  -  b^. 

39.  a*(6a  -<?«)+  6*(c«  -  a«)  +  clH^a^  -  6*). 

Method  of  Substltatioii. 

30.  In  Ch.  VI.,  §  2,  Art  4,  it  was  proved  that  if  an  ezpreMion  he 
divisihle  "by  x  —  a  (i,e.j  if  x  —  a  he  a  factor  of  the  expression),  the  residt 
of  substituting  a  for  x  in  the  given  expression  is  0. 

The  following  example  will  illustrate  the  method  of  applying  this  prin- 
ciple in  factoring  certain  symmetrical  expressions. 
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Ex.  1.  Factor  (x  -  y)"  +  (y  -  «)»  +(«  -  xf. 

The  given  expression  has  the  factor  x  —  y,  if  it  be  divisible  by  x  —  y ; 
that  is,  if  the  result  of  substituting  y  for  x  be  0.  Making  this  substitution, 
we  have 

o«  +(y  -  «)•+(«  -  yy  =(y  -  «)•  -(y  -  *)• 

=  0. 

Therefore,  x  —  y  is  a  factor  of  the  given  expression. 

In  like  manner  It  can  be  sl^own  that  y  ^  z  and  z  —  x  are  factors.  It  is 
evident  that  the  given  expression,  which  is  of  the  third  degree,  cannot 
have  a  fourth  literal  factor,  since  the  product  of  four  literal  factors  is  an 
expression  of  the  fourth  degree.  But  it  may  possibly  be  equal  to  the 
product  of  the  three  factors  x  —  y,  y  —  z^  z  —z^  and  a  numerical 
coefficient. 

Let  us  assume,  therefore, 

ix  -  y)»  +  (y  -  2r)»  +  («  -  x)«  =  CCx  -  y) (y  --z)(z-  x),  (1) 

wherein  C  is  some  numerical  coefficient  yet  to  be  determined. 

Now  (1)  is  an  identity,  and  hence  its  first  member  must  be  equal  to  its 
second  member  for  all  values  of  the  letters  x,  y,  and  z  (Ch.  IV.,  §  1,  Art.  3). 

If  we  substitute  x  =  0,  y  =  1,  «  =  2,  in  both  members  of  (1),  we  have 

(-  1)«  +(1  -  2)«  +  2«  =C(-  1)(1  - 2) X  2, 

or  6  =  2  C  (2) 

Solving  (2)  for  C,  we  have  C  =  3. 

Consequently, 

(«  -  y)'  -f  (y  -  «)»  +  («  -  aj)«  =  3  (X  -  y)  (y  -  2f)  (z  -  X) , 

and  the  given  expression  is  completely  factored. 

This  method  evidently  depends  upon  the  possibility  of  forming  in 
advance  of  factoring  a  given  expression  some  idea  of  the  nature  of  its 
factors. 

Ex.  2.   Factor  (a+6-c)»(a-6+c)  +  (a+&+c)(a+6-c)(6+c-a). 

The  given  expression  has  the  factor  b  if  it  be  exactly  divisible  by  5—0 ; 
that  is,  if  the  result  of  substituting  0  for  &  be  0.  Making  this  substitu- 
tion, we  have 

(a-c)«(a+c)  +  (a+c)(a-c)(c-a)  =  (a-c)«(a+c)-(aH-c)((i-c)«=0. 

Therefore,  &  is  a  factor  of  the  given  expression. 

In  like  manner,  it  can  be  shown  that  c  is  a  factor,  and  that  a  is  not  a 
factor. 

It  is  evident  that  the  given  expression  reduces  to  0,  when  a+&— c=0. 
Therefore,  a  +  5  —  c  is  a  factor. 

We  now  assume 

(a+6-c)«(a-6+c)H-(a-|-6+cXa+6-c)(6+c-a)  =  C6c(a+6-c). 
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In  this  identity  let  a  s  0,  d  =:  1,  c  =  2.    By  this  substitation  we  obtain 
C=4. 
Therefore, 

(a+6-c)a(a-&+c)  +  (a+6+c)(a+6-c)(6+c-a)=46c(a+6-6). 

In  iactoring  ezpreaBions  like  the  above,  it  is  advisable  to  test  such  ex- 
pressions as  a  +  2>i  a  —  &,  a  -^b  -^  Cy  a  +  b  —  c,  a,  b,  etc.,  according  as 
any  one  of  them  is  suggested  by  the  form  of  the  expression  to  be  factored. 

BXBB0I8B8  ZUI. 
1-6.  Factor  the  expressions  given  in  Exercises  XIL,  Exx.  84-80. 
Factor  the  following  expressions : 

7.  a(6  +  c)»  +  6(c  +  a)«  +  c(a  +  &)*-4aftc. 

8.  (6  +  c  -  a)«(a  -  6  +  c)  +  (a  +  6  +  c)(6  +  c  -  a){a  +  6 -  c). 

9.  (aH-6)«  +  (a  +  c)a-(cH-d)«-(6  +  d)«. 

10.  (x  +  y  -f  «)  (xy  +  y«  +  zx)  —  xyz. 

11.  (a«  -  b^y  +  (6«  -  c«)»  +  (c*  -  aa)». 

12.  (aj  +  y  +  «)•-(«  +  y  -  «)« -(x  +  «  - y)*  -(«  +  y  - x)». 

13.  a(b-cy  +  b(c-ay-^c(a-b)*. 

14.  x2y  +  y««  +  ««x  -  xy«  -  y««  -  x?«. 

15.  (a  +  6  +  c)»-(a«  +  &»  +  c«). 

16.  (a  +  6  +  c)*  +  0*  +  6*  +  c*  -(6  +  c)*  -(c  +  a)»  -(a  +  6)*. 

17.  2(a«6»  +  aV  +  6*c«)-(a*  +  6*  +  c*). 


Factor  the  following  expressions  by  the  methods  given  in 
this  chapter: 

1.  a*  +  2a^6-2aft*-6*.  2.  aa5*-f(a  +  &  +  c)«  +  6 +  c 

a  10(J*'+^-6<?*+^-5c^^  4.  ajy  + 17  ajy -h  16. 

a  6a*-6rfc  +  2aV~2o'caj*  +  6a»a?  +  2aV. 

6.  a«-aV  +  3aV-aV  +  3aV  +  2*. 

7.  2(a^  +  3^-ajy(aj«  +  j^(2icy-3a^  +  3j^. 
a  a^  +  64.  a  a^-a. 

la  36a«-a»+l  11.  aJ*  +  2aj«  +  9. 

la  24a:^-(36-8a)aj-a6.       la   &•- c«  +  a(a-2&). 

14.  «*-»-!- 2 ar+»  +  a^+«.  15.  a?*-2»»-l  +  2aR. 
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17.  jB»H-«-3aj**+y  +  3af+y-y«. 

la  aaj*-|-6aJ*+(XB»— ooj"— 6»— c.     19.   (a+6)aj»+(a— 26)aj— 36. 

ao.  a"-6«-c«-2a+26c+l.       21.  49ajy  ^-42aJ'y^  +  9a?»V'• 
23.  27«»  +  27iBV  +  9«y«  +  y'-a^-3fl^-3a5«-l. 
2«.  (aa?-|-6y)»-(a  — 6)(«  +  2;)(aaj  +  6y)-f-(a  — 6)"a». 
25.  28(a;  +  3)*-23(aj'-9)-16(«-3)«. 

26.  a^-2aj  +  l  — y  27.   15 ic*  +  « - 40. 

2aaB^  —  iB%  +  as2;"  —  2?.  29.  o^  —  1-fc  —  oc. 

aa  aW  +  1.  aL  a?-fy^ 

32.  a*  — a  — 1  — a'c-f  ac+c.  33.  2a*-|-a— 4aa?— a?+2»*. 

34.  9ac  +  2a«-5a6  +  4c«4-86c-126". 

35.  (cue  — 6y)"— (a  +  6)(a?  +  »)(aaj  — &y)  +  (a4-ft)*a». 


37.  2»"+»-64. 
39.  aj*  — 5a5*  — a?-h6. 
41.  26aV+70a«6V+49c*. 
4a  aj»-9«*-4y(yH-3«). 
45.  a«+a*c+a6c+6*c-ft». 
47.  3(a-l)»-(l-o). 
49.  a^  —  005  —  te  -f  a6. 
51.  iB»  +  9-2aj(3  +  2a?!^. 


36.  a^-1. 

3a  20  aj"  - 123  «  + 180. 

4a  a«(aj  +  l)-6«(6  +  l). 

42.  a5*y -f  aia^  —  ajy  —  «. 

44.  aj8-2ajy+3^-4ay(aj«-y*)*. 

4a  a^-2ajV+2a!y-2ay+j^. 

4a  a^-3^  +  l-2a».     • 

50.  «y4-25-92*-10ajy. 

52.  a6aj»-(a+6)(a6-|-l)ic-f(aft-hl)*. 
5a  a6+2a*-3V-4  6c-ac-.c«.      54.  3a^  +  8aJ*-8a*-3. 
55.  7aW-f  49a»a;  +  84a.  56.  | a Vx -f- i a Vaj» - 1 a Va». 

57.  (aj»+ajy+y«)«-(a«-ajy+y*)'.      5a  a?H-8  6» - 27  c» -f  18  a6c. 
5a  25  a*6*'+>  +  9  a*^ V  -  30  a»+*6"+». 
6a  49 a:*  + 121  y* - 155 a?y.  61.  cd^M  +  a{b -c). 

6a  8a:>-60««4-140aj-100.         6a  (««-}.  1)« - (y» h- 1)« 
6*.  a^  +  y*  +  l-3aj»y.  65.  a6aj»-h«-f  a6  +  l. 

6a  36a*-21a«  +  l.  67.  10 a?* - 47 »» 4- 42. 
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6a  (aj"  4- ajy  -  y*)*  -  («■  -  a^  -  y*)'- 
69.  aj^-hc(a4-&)aJ4-a&(o4-c)(c  — 6). 

72.  6a«-180y.  7a  ^abif^i^abd?, 

74.  10«^  +  3aj-18.  75.  aj*'-2/*'  +  43r-4d^. 

7a  ab(of-f)'\'Xy(cf-V),       77.  126»»-150aj»+45a?-2. 

7a  36aW-60a?^y-f25aW.      79.  a«(a«- 1)- 6«(ft*- 1). 

sa  (m-n)*-12(m-n)4-27.     at  aV(a«  -  a?)  -  a'aj»(a5'- a). 

82.  33a«-36a6  +  66ad-220aflf  +  2406gr-440c%r. 

sa  3(a - l)(a»  +  7)«-  12(4flC»  +  28)(a - 1)  +  192(a - 1). 

84.  a^  +  32ajy*.  85.  a*  — 1. 

8a  2o*-16ay.  87.  offf^JlH. 

aa  (aj  +  y)'-18(aj-f  y)  +  77.      89.  (a*-6V-(«*+^«+«*- 

9a  300 a6c»  -  432 a6(P.  91.  |a6«-|ac^. 

92.  (a^  +  aj-l)«-(y»  +  a!-l)». 

9a  80a«c"n»  +  6a"c«n  +  320c«n» 

94.  76 aV -  108 c«cP.  95.  M^^^^-tt^**"- 

9a  18aV-986y.  97.  lajy^-^aa;*. 

9a  faV-^^oc*.  99.  aj»-2aj"  +  aJ. 

lOa  18(ic  +  y)*4-23(aj«-y«)-6(aj-y)«. 

lOL  Express  (a*— W)(c'— (P)  as  the  difference  of  two  squares. 

5  2.   HIGHEST  COMMON  FACTORS. 

L  If  two  or  more  integral  algebraic  expressions  have  no 
common  factor  except  1,  they  are  said  to  be  prime  to  one 
another^  or  are  called  relatively  prime  expressions. 

E.g.f  db  and  cd]  Ba^  and  8 »•;  a"  -f  &*  and  a*  —  6*. 

2.  The  Highest  Common  Factor  of  two  or  more  integral  alge- 
braic expressions  is  the  expression  of  highest  degree  which 
exactly  divides  each  of  them. 

E,g.y  the  highest  common  factor  of  cui?,  ba?,  and  csc^  is 
evidently  ac". 

The  words  Highest  Common  Factor  are  frequently  abbrevi- 
ated to  H.  C.  F. 
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H.  C.  F.  by  Factoxliig. 

3.  Monomial  Expressions.  —  The  H.C.  F.  of  monomials  can 
be  found  by  inspection. 

Ex.  1.  Find  the  H.  C.  F.  of  aj*y»2;,  Q^f7?y  and  ajY?*. 

The  expression  of  highest  degree  which  exactly  divides 
each  of  the  given  expressions  evidently  cannot  contain  a  higher 
power  of  X  than  a?*,  a  higher  power  of  y  than  y^,  and  a  higher 
power  of  z  than  «.     Therefore  the  required  H.  C.  F.  is  a*^. 

Observe  that  the  power  of  each  letter  in  the  H.  C.  F.  is  the 
\xyim^  power  to  which  it  occurs  in  any  of  the  given  expressions. 

If  the  monomials  contain  numerical  factors,  the  Greatest 
Common  Measure  (G.  C.  M.)  of  these  factors  should  be  found 
as  in  Arithmetic. 

Ex.  2.  Find  the  H.  C.  F.  of  18  a^h^&d,  42  O'hf^,  and  30  aWc». 

The  G.  C.  M.  of  the  numerical  coeflScients  is  evidently  6. 
The  lowest  power  of  o  in  any  of  the  given  expressions  is  a'; 
the  Jowest  power  of  &  is  &;  the  lowest  power  of  c  is  c*;  and 
d  is  not  a  common  factor. 

Therefore  the  required  H.  C.  F.  is  6  (jfhf?. 

In  general,  the  H,  C,  F.  of  two  or  more  monomials  is  obtained 
by  multiplying  the  O.  C.  M,  of  their  numerical  coefficients  by  the 
product  of  their  common  literal  factors,  each  to  the  lowest  power 
to  which  it  occurs  in  any  of  the  given  monomials, 

IDXBBOISBS  XV. 

Find  the  H.  G.  F.  of  the  following  expressions : 

1.  aaj»,  a^x,  2.  16a,  20a',  106,  6. 

a  a%a5»,  a5V,  a^bhi,  4.  2aJ*,  3aj«,  aj»,  5a^. 

5.  b^x^,  70  a?y,  98  «y.  6.  20aV6,  40  oa^,  10  a V. 

7.  20  aV,  12  a»,  10  a%.  a  55  x^b\  20  ar^6^  15  a^'b^x,  5  a'b\ 

a  100  ojV,  1202/5,  60asr»,  80icV^. 

10.  105aWcVy*,  35a«6Va^,  28  a*6Va^*,  ^daJ'b^c^a^. 

11.  15  aV,  20aV-S  10a«"+S  5a^af^^,  25  aV. 

12.  (aJ  -  y)»(a -f- 2;)^  (a?  -  y)«(a; -f  «)*. 

la  27  (x  "  yy(a -\- x)\b -h  x),  18(a?-y)«(«-f  6)(a  +  a). 
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4.  Multinomial  Expressions. — The  method  of  finding  the 
H.  C.  F.  of  multinomials  by  factoring  is  similar  to  that  of  find- 
ing the  H.  G.  F.  of  monomials. 

Ex.  1.  The  expressions 

aj«-l=(a;-l)(a?4-l), 
and  aj"H-a;--2=(ic  —  T)(x  +  2), 

hare  only  the  common  factor  x  —  l.    This  is  therefore  their 
H.  C.  F. 

Ex.  2.  The  expressions 

a^-  3^  =  («"  +  f)(^  -f  y)(«"-  y)f 
and  aj»  -  3a^  -  2^^  =  («  +  y)*(a  -  2y), 

have  only  the  common  factor  x-^y.    This  is  therefore  their 
H.  C.  F. 

Ex.  3.  The  expressions 

=  4a?y»(a  +  2y)(a:  4-y)(aJ  -  y), 
2a^  -  2ajy  4-2a?V  -  2icy"==  2ay  (»» -  a^  +  iT* --y») 

=  2  ajy  (a? -M)(a?  +  y)(aj  -  y), 
have  the  common  factors  2xy,  x-^-y,  x  —  y. 
Therefore  their  H.  C.  F.  is 

2  a?y  (a?  -f  y)  (a  ~  y)  =  2  a?y  (»*  —  y^ . 

Ex.  4.  The  expressions 

a?"y»-2a?*2r^-fajy  =  «y(«'-2ajH-l) 

and    «»y«-3a?yH-3«V-ajy  =  aj"y*(aj»-3aj«  +  3a?-l) 

have  the  common  factors  ojV  ^^^  {^  —  1)* 

Therefore,  their  H.  C.  F.  is  ajV(«  - 1)* 

In  general,  the  H,  C  I'l  o/  two  or  more  midtinomial  expree- 
sione  is  the  product  of  their  common  factors,  each  to  the  lowest 
power  to  which  it  occurs  in  any  of  them. 
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BXBSBOISB8  XVI. 

Find  the  H.  G.  F.  of  the  following  expressions : 

1.  aj»  +  «y,  a"  +  2ajy  +  y*.  2.  a*-ab,  o"  — 2a6  +  6*. 

a  «■  — 1,  a5»  +  2a?  +  l.  4.  05^-1,  aj"4-»  +  l. 

5.  a?  +  y»,  a«-y.  e  16a* -816*,  4a-66. 

7.  8-a»,  a*-4.  a  a?-|-2a?-8,  a^4-4a:-12. 

9.  i»"+7«-30,  a^-6  aj+6.        10.  a^-f-27,  iB*  +  6a?  +  9. 
H-  «*-y*,  (P^-f)*'  12.  ic»-4aj4-3,  ir«-7a;  +  12. 

la  aj"+2a^-|-y"-a*,  2a?-|-2y+2a.    14.  a^-^-xy,  7^  +  ff. 
15.  a^ -- 1^,  ax -- ay.  la  as*  — y*,  aj"  — y*. 

17.  3aj*+16a:-35,  6iB*+33»-14.    la  flB»+l,  ic»-|-»Mc»-f  wwj+l. 
19.  a?*  +  9aj*  +  20,  a^  +  7aj'  +  10. 
2a  2aj*  +  5aa;-|-3o»,  3«*-aa;-4a*. 

21.  3a»-8aj*  +  4a?,  a5»-6aj»  +  12aj-8. 

22.  2a^  +  5aV-|-3a*,  6a?*-3aW-9(«*. 
2a  3a5»  — oa?  — 4a",  6 a;*  — 17 oo?  +  12 a". 

24.  a«  +  2a*  +  2a  +  l,  a«  +  l. 

25.  aa^-3aV  +  3a5'a»-a»*,  5 aj" - 10 aa^  +  6 ofe. 
2a  «*-l,  «*-l,  (a?-l)*. 

27.  a"-V,  3(a-6),  5(a-by. 

2a  «*  +  6a:  +  4,  a?  +  2a?-8,  aj»  +  7a?H-12. 

29.  a?''2a*  —  ax,  ijf  —  ^a*,  aj"  — 6a*  +  a». 

30.  2a^  +  9ay  +  7y*,  2a^-2j^,  3a^-2ay-5y». 

31.  a»-2a?-3,  aj*-7aj  +  12,  a^-a?-6. 

32.  aJ"-y«,  a^  +  «3^,  a^  +  2aV  +  »*. 
3a  a»  +  V,  a*  -  6*,  a»  +  6». 

34.  a6(aj  +  a),  a[x«+(a  — 6)aj-a6],  6(aj*  +  a«). 

H.  C.  F.  by  DMskm. 

&  A  Multiple  of  an  integral  algebraic  expression  is  an  ex- 
pression which  is  exactly  divisible  by  the  given  one. 
E.g.,  mtiltiples  of  a  4-  6  are  2  (a  +  b),  (a?  —  y)(a  +  b),  etc. 
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6.  If  the  given  expressions  cannot  be  readily  factored,  their 
H.  C.  F.  can  be  obtained  by  a  method  analogous  to  that  nsed  in 
Arithmetic  to  find  the  6.  C.  M.  of  numbers. 

This  method  depends  upon  the  following  principles : 

(i.)  A  factor  of  an  integral  algebraic  expression  is  alao  a  factor 
of  any  multiple  of  the  eaBpression, 

E.g,j  x^y  i&  9k  factor  of  a?  —  j^,  and  also  of  the  multiples 
2(aj*-/),  a^(aj«-y»),  etc. 

(ii.)  A  common  factor  of  two  integral  algebraic  eoepreasiona  is 
also  a  factor  of  the  sum  or  the  difference  of  any  mvUiples  of  the 
expressions  (indvding  simply  the  sum  or  the  difference  of  the 
easpressions). 

E.g.,  oj  —  y  is  a  common  factor  of  of  —  ^  and  oj*  — 2ajy-f-y*; 
and  x^y\%  also  a  factor  of 

of  (aj*-y«)-(aj"-2ajy+j/^=-2y*+2a?y=2y(a?-y), 

of     3(aj«-y»)H-2(a^-2ajy+y«)==5a?--4ajy-y*=(5ic+y)(«--y). 

The  proofs  of  the  principles  enunciated  are  as  follows : 

(L)  Let  E  stand  for  any  integral  algebraic  expression,  and  F  for  any 
factor  of  E ;  then  we  are  to  prove  that  F  is  also  a  factor  of  ME^  wherein 
M  stands  for  any  number  or  integral  algebraic  expression. 

Since  ^  is  a  factor  ot  E^  EiB  the  product  of  F  and  some  other  alge- 
braic expression,  say  Q ;  or, 

E^QF. 

Multiplying  both  members  of  this  equation  by  3f,  we  have,  by  Ch.  U., 

S  8,  Art  17, 

ME  =  MQF. 

The  latter  equation  shows  that  ME^  =  MQ  •  F^  contains  jP  as  a  factor, 
the  other  factor  being  -MQ. 

(ii.)  Let  E\  and  E%  stand  for  the  two  expressions,  and  JP  for  their 
common  factor.    Then  we  are  to  prove  that  J^  is  a  factor  of 

MEi  +  NE%, 

wherein  M  and  N  stand  for  two  numbers  or  integral  algebraic  expressions. 

Since  ^  is  a  factor  of  ^i,  E\  is  the  product  of  F  and  some  other 
expression,  say  Qi ;  or 

-fi^i  =  <iiP>  (1) 

For  a  similar  reason  E%  =  Q%F.  (2) 
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Multiplying  both  members  of  (1)  by  3r,  and  both  memben  of  (2)  by 
N,  we  have,  by  Ch.  II.,  §  3,  Art.  17, 

MEi  =  MQiFy  and  NS^  =  N'QtF. 

Adding  corresponding  members  of  the  last  equations,  we  have,  by  Ch.  n., 
§  1,  Art  19, 

MEi  +  ^Ei  =  MQiF  +  NQiF 

=  (MQi-^NQ2)F. 

The  last  equation  shows  that  MEi  +  NEt  contains  ^  as  a  factor,  the 
remaining  factor  being  MQi  +  yQt^ 

7.  The  expressions  whose  H.  C.  F.  is  required  should  be 
arranged  to  descending  (or  ascending)  powers  of  some  common 
letter  of  arrangement. 

If  one  of  two  expressions  be  divisible  without  a  remainder 
by  the  other,  which  must  be  of  the  same  or  lower  degree  in  the 
letter  of  arrangement,  then  the  latter  (the  divisor)  is  the 
required  H.  C.  F.    For  it  is  a  factor  of  the  other  expression. 

But  if  the  one  expression  be  not  divisible  without  a  remain- 
der by  the  other,  their  H.  C.  F.  is  found  by  repeated  applica- 
tions of  the  following  principle : 

If  an  integral  algebraic  expression  be  divided  by  another  (of 
the  same  or  lower  degree  in  a  common  letter  of  arrangement)  and 
if  there  be  a  remainder,  then  the  H.  C,  F.  of  this  remainder  and 
the  divisor  is  the  H.  C.  F,  of  the  given  expressions, 

E,g,,  the  H.  C.  F.  of 

a^- 10  ir»+  36  a?-  50  a:  +  24,  =(x-  l)(x  -  2)(x  -  3)(x  -  4),  (1) 

and        aj»-7aj»-f  ll«-5,  =  (a;  -  1)  (a?  - 1)  (a?  -  6)  (2) 

is  evidently  x  —  l.    The  remainder  obtained  by  dividing  (1) 
by  (2)  is  found  to  be 

3a^-12a?-h9,  =  3  (a?  -  1)  (a?  -  3).  (3) 

The  H.  C.  F.  of  this  remainder  and  the  divisor  (2)  is  evi- 
dently also  X  -  1,  the  H.  C.  F.  of  (1)  and  (2). 

It  is  important  to  notice  that  the  H.  C.  F.  of  the  remainder 
and  the  dividend  (1)  is  (x  —  l){x  —  3),  and  is  not  the  H.  C.  F. 
of  (1)  and  (2). 
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The  proof  of  the  principle  is  as  follows : 

Let  El  and  Et  stand  for  two  integral  algebraic  expressions,  which  have 
a  common  factor,  and  let  ^i  be  of  the  same  or  higher  degree  than  Et  in 
some  letter  of  arrangement. 

Let  Q  be  the  quotient  and  B  the  remainder  of  dividing  Ei  by  E^. 
Then  since,  by  Ch.  III.,  §  4,  Art.  13,  the  dividend  is  equal  to  t?ie  product 
of  tfie  quotient  and  the  divisor,  plus  the  remainder,  we  have 

^1  =  QEt  +  B.  (1) 

From  this  equation  we  infer,  by  Art  6  (ii.),  that  any  common  factor 
of  B  and  Eq,  and  therefore  their  H.  C.  F.,  is  also  a  factor  of  QEt  +  B ; 
that  is,  of  El. 

Transferring  QE^  to  the  first  member  of  (1),  we  obtain 

El  -  QEt  =  B.  (2) 

From  the  last  equation  we  infer  that  any  common  factor  of  Si  and  Et, 
and  therefore  their  H,  C.F,,i&  also  a  factor  of  Ei  —  QEt ;  that  is,  of  B, 

If  now  the  H.  C.  F.  of  Ei  and  Et  be  not  the  H.  C.  F.  of  B  and  Et, 
then  Et  must  have  in  common  with  B  some  factor  of  higher  degree  than 
is  contained  in  Ei.  But  this  contradicts  the  first  part  of  the  proof,  that 
the  H.  C.  F.  of  B  and  Et  is  also  a  factor  of  Ei. 

Hence  the  truth  of  the  principle  enunciated. 

8.  The  following  example  will  illustrate  the  method  of 
applying  the  principle  of  Art.  7  to  find  the  H.  C.  F.  of  two 
given  expressions. 

Ex.  Find  the  H.  C.  F.  of 

aj»-4a^  +  4a?-l  (1) 

and  ic*-3aj-|-2.  (2) 

Dividing  (1)  by  (2),  we  have 

aj8  — 4aj*-f4a:-l  I  ap»-3a?-f  2 
a^_3aj*H-2ic         |  a? - 1 

-a'  +  2aj 
-a:*-f-3a:-2 

-JC  +  1 

By  Art.  7,  the  H.  C.  F.  of  (1)  and  (2)  is  the  H.  0.  F.  of 

aj*-3«  +  2,  (2) 

and  the  remainder  —  a;  -f  1.  (3) 
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Dividing  (2)  by  (3),  we  have 

a?-3a;  +  2 

-2aj  +  2 
-2aj  +  2 


-aj  +  1 


-aj4-2 


Since  the  remainder  of  this  division  is  0,  the  divisor  — as+l 
(i.e.,  the  remainder  of  the  first  division)  is  the  H.  G.  F.  of  itself 
and  (2),  and  therefore  of  (1)  and  (2). 

9.  The  following  principle  will  simplify  the  work  of  finding 
the  H.  G.  F.  of  two  expressions : 

Either  of  the  expressions  can  be  multiplied  or  divided  by  any 
number  which  is  not  already  a  factor  of  the  other  eo^ession. 

For  a  factor  introduced  by  multiplication  into  one  expression 
will  not  be  common  to  both  of  them,  and  therefore  will  not  be 
introduced  into  their  H.  G.  F. 

In  like  manner,  a  factor  removed  by  division  from  one 
expression  was  not  common  to  both  of  them,  and  therefore 
would  not  have  been  a  factor  of  their  H.  G.  F. 

Ex.1.  Find  the  H.  G.  F.  of 

aj*-10aj»  +  36a*-50»  +  24  (1) 

and  a?-7aj»4-lla-6.  (2) 

If  (1)  be  divided  by  (2),  we  have 

aj«_10aj»  +  36aj«-60a?-h24 
a^—   7a^-fllaj*—   6a; 


a*  —  7»"-hll«  —  6 


aj-3 


-  3a'-h24«"-45a; 

-  3aj»-h21»«-33aj  +  16 


3«*-12a?+   9 

But,  by  Art  7,  the  H.  G.  F.  of  (1)  and  (2)  is  the  H.  G.  F.  of 

aj»-7a*H-lla;-6,  (2) 

and  the  remainder  3 «"  — 12  a?  -f-  9.  (3) 

The  work  of  finding  the  H.  G.  F.  of  (2)  and  (3)  by  division 
will  introduce  fractional  coefficients.  To  avoid  these,  we 
divide  (3)  by  3,  since  3  is  not  a  factor  of  (2),  and  obtain 

ajt-4aj-|.3.  (4) 
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The  second  stage  of  the  work  is  then  as  follows : 


aj»-7aj»-f  llaj-5 

-Saf-h   Sx 
-3iB*  +  12a;-9 


aj«-4a;-|-3 


aj-3 


—   4aj  +  4 

But,  by  Art.  7,  the  H.  C.  F.  of  (2)  and  (3),  and  therefore  the 
H.  C.  F.  of  (1)  and  (2),  is  also  the  H.  G.  F.  of  the  first  remain- 
der (divided  by  3) 

aJ-.4a;  +  3,  (4) 

and  the  second  remainder  —  4  a;  +  4.  (5) 

To  avoid  fractional  coefficients,  —  4  a;  -f  4  is  divided  by  —  4, 
since  ~  4  is  not  a  factor  of  (4).  The  third  stage  of  the  work 
is  as  follows : 


a?  — 4aj  +  3 

g*—    X 
-3a?  +  3 
-3aj  +  3 


x-1 


«-.3 


Since  the  remainder  of  this  division  is  0,  the  last  divisor, 
g  —  1,  is  the  H.  C.  F.  of  (4)  and  (5),  and  therefore  of  (2)  and 
(3),  and  hence  of  (1)  and  (2). 

The  work  of  this  example  may  be  arranged  more  compactly 

thus: 

iBt  divisor, 

a*-7x«+llx-6|x*-10x»+36a!»-60a5+24|«  -8 

a4-  7g>-Hlaa-  6a; 

-  8x»+24a5«-45« 

-  3a*+21x«-33x+16 


8         3x«-12x+  9 


2d  divisor,  a5«-  4«+  3|x»-7x«+ll«-6|«-8 

g»~43s»+  Sx 
-3x8+  8x 
-8xH12x-9 
•<-(-4)|-  4x4-4 
8d  divisor  and  H.C.F.,  x-l|x*-4x+8{x-8 

X*— X 

-3x 
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Observe  that  the  divisor  is,  for  convenience,  placed  on  tti% 
left  of  the  dividend  and  the  quotient  on  the  right. 

Ex.  2.  Find  the  H.C.F.  of 

aj*-6aj»  +  6aj*-3a;  +  2,  (1) 

2ic»-6iB«-h7aj-4.  (2) 

The  first  of  these  expressions  cannot  be  divided  by  the 
second  without  introducing  fractional  coefficients.  To  avoid 
these  we  multiply  the  first  by  2,  since  2  is  not  a  factor  of  the 
other  expression. 

The  work  then  proceeds  as  follows : 

2x«-6««+7x-4|2«*-12a^+12a;a-  6x+  4|x+r 

2x*-  6x«+  7x2-  4x 


x(- 

-2)L 

-  7x»+  5x2-  2x+  4 

14x8-10x«+  4x-  8 

14x«-85x2+4ftx-28 

+6|26x«-46x+20 

6x»-  9x+  4|10x«- 

-26x«+  85  X- 

■  20|2 

x-7 

10x«- 

-18x«+     8x 

-  20 

x5[; 

m 

-  7x«+  27x- 

-36x«+136x- 

■100 

- 

-85x2+  63  x- 

.  28 

-9x+4|5«- 

+72|72x- 

■  72 

X- 

1  6x«- 

-4 

6x2- 

• 

-6x 
-4x 

-4x+4 

Observe  that  in  beginning  the  second  stage  of  the  work  the 
dividend  is  the  first  divisor  multiplied  by  6. 
The  required  H.C.F.  is  a;  —  1. 

10.  If  either  or  both  of  the  given  expressions  contain  mono- 
mial factors,  these  should  first  be  removed,  and  their  H.C.F. 
set  aside  as  a  factor  of  the  H.C.F.  of  the  given  expressions. 
The  remaining  factor  of  the  required  H.C.F.  will  then  be 
obtained  by  the  method  of  division.  Notice  in  particular  that 
at  any  stage  of  the  work  either  the  divisor  or  the  dividend 
may  be  multiplied  or  divided  by  any  positive  or  negative 
number  with  the  limitations  stated  in  Art.  7. 
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Ex.  i.  Find  the  H.C.F.  of 

2aJ*y  -  2(a  +  &)«V  +  2(a6  +  l)aj*y  -  2airy 
=  2ajy  [aj» -(a  +  6)iB* -|-(a5  +  l)aj  -  a] 

and  a^3^  —  (a  +  l)ay  +(a  +  6)»*y*  —  aftaj^ 

=  xy^la^  -(a  H-  !)«*  +(a  +  b)x-  db]. 

We  set  aside  asy,  the  H.C.F.  of  2  a;^  and  jcy*,  as  a  factor  of 
the  required  H.C.F.,  and  find  the  H.C.F.  of  the  remaining 
factors  by  division. 

a?'-(a+l)a?+(a-\-b)X'-ab\3i?-^(a'{-b)a?+(ab+l)x—a\l 

-h(l~6)|(l-6)g'+(l-a)(l-6)a;~a(l-6) 

a^-f  (1— a)a5— a 

ic*4-(l— a)a;— a|flB?— (a-|-l)a?+(a+fe)aj— o6|a;— 2 

g'+(l~-a)ag'--aag 

-2a^+(2a-h6)aj-a6 

~2a^-2(l-a)g+2a 

H-(6+2)|(&-f2)a?-a(&-h2) 

a?— a|aj*+(l  — a)ic— a|aj+l 
g*— oa? 

ag— g 

The  required  H.C.F.  is  jcy  (a5  —  a). 

If  the  divisor  and  dividend  at  any  stage  can  be  factored 
readily,  it  is  better  to  find  their  H.C.F.  by  factoring  than  by 
continuing  the  method  of  division. 

Thus,  in  the  last  example,  after  the  first  partial  division  in 
the  second  stage  of  the  work,  we  have  to  find  the  H.C.F.  of 
the  two  expressions 

aj*  -f  (1  —  a)x  —  a  =(a?  —  a)  (a?  4- 1) 

and  -  2«*  +(2a  +  b)x -  ab  =(6  -  2a;) (a?-  a). 

The  factor,  x  —  a,  is  thus  obtained  with  less  work. 
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U.  The  examples  worked  in  the  preceding  articles  illustrate 
the  following  method  of  finding  the  H.C.F.  of  two  expressions : 

(i.)  Remove  from  the  given  eocpressions  any  monomial  favors, 
and  set  aside  their  H.  C,F,  as  a  factor  of  the  required  H.  C.  F. 

(ii.)  Divide  the  eocpression  of  higher  degree  in  a  common  letter 
of  arrangement  by  the  one  of  lower  degree;  if  the  expressions 
he  of  the  same  degree^  either  may  he  taken  as  the  first  divisor. 

(iii.)  Divide  tJie  first  divisor  hy  the  first  remainder,  the  first 
remainder  (second  divisor)  hy  the  second  remainder,  and  so  on, 
until  a  remmnder  0  is  obtained.  The  last  divisor  will  he  the 
required  H.  C.  F, 

If  a  remainder  which  does  not  contain  the  letter  of  arrange- 
ment, and  which  is  not  0,  is  obtained,  the  given  expressions  do 
not  have  a  H.  C.  F.  in  this  letter  of  arrangement. 

(iv.)  At  any  stage  of  the  work  the  dividend  may  he  multiplied 
by  any  number  which  is  not  a  factor  of  the  corresponding  divisor; 
or  the  divisor  may  he  divided  by  any  number  which  is  not  a 
factor  of  the  corresponding  dividend. 

12.  To  find  the  H.  C.  E.  of  three  or  more  integral  algebraic 
expressions  find  the  H.  C.  F.  of  any  two  of  them,  next  the 
H.  C.  F.  of  that  H.  C.  F.  and  the  third  expression,  and  so  on. 

For  any  common  factor  of  three  or  more  expressions,  and 
hence  their  H.  C.  F.,  must  be  a  factor  of  the  H.  C.  F.  of  any 
two  of  them. 

BXEBCISBS  XVn. 

Find  the  H.  C.  F.  of  the  following  expressions : 

1.  aj*  — 5aj  +  6,  aj"-f-3«  — 10. 

2.  18a*-9a-14,  30a«- 59a-h28. 
a  18 aJ* - 33 ic»  + 14,  3a?*  +  iB*-2. 

4.  aj»4-4aj-6,  aj8-2aj"  +  6aj-6. 

5.  2  aj»  H- 3  aj'-aj- 12,   6aj»- 17a^  +  2a;  + 16. 

6.  x»-3a!*  +  4,   iP»-2a'-4a:H-8. 

7.  aj"-3»-f2,  «*-6a:*  +  8ii?-3. 
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9.  a»-3a?  +  4,  3aj»-18aj»-|-36aj-.24. 

la  a^— (a  +  6  — c)a?+(a6  — oc  — 6c)aj  +  a6c, 
05*  — (a  —  6  +  c)sB*+(ac  —  a6  —  bc)x  -f  abc 

11.  a?+aj"-6a?  +  3,  2aj^  +  7iB^-9. 

12.  3a?-8aj»-36aj  +  6,  9aj»-50a^  +  27aj-10. 
la  3o»-23a*  +  16a-7,  2a»-lla"-26a  +  28. 
14.  4ajy-3iBy-4a^  +  3,  Sojy +  8»y +  a^- 14. 
15*  aj»-3ajy*-23/»,  2 aj* - 6 aj«y - a?y"  +  6 y*. 

la  7aj»  +  34««y-102ajy*  +  21y«,  4aj»-f  33aj*y  +  29iBy*-42y». 

17.  a»-a«-6a4-2,  3a?- a*-8a  +  12. 

la  6aj»  +  4a»-51aj  +  21,  21 «» - 94 aj»  + 144 a; - 91. 

19.  14«»-41ajV+17»y*-5y»,  10  a»-31  ajV+23  0^-20  y». 

20.  6aB?-a"  +  16,  10aj»-19aj»  +  26a;-8. 

21.  a5»  +  2a5»  +  2«  +  l,  aj?-4aj"-4a?-5. 

22.  2aW  +  aW~aa  +  10,  3aV  +  llaV  +  3aaj-14. 
2a  aV-6aV-5aic-6,  2aV-3aV-3aaj-6. 

24.  30a!?-25aa«-f  8a^-a*,  18aj»-24aaj»  H-16a^-3a?. 

2a  6a^-31aj"4-7aj-6,  16jB*-13aj*  +  6»-2. 

2a  36a«  +  9rf-27a*-18a»,  27 a«6« - 9 a»6« - 18 aW. 

27.  3aj»-10aj»  +  15aj  +  8,  iB»-2a^-6aj»  +  4«*  +  13a  +  6. 

2a  2aV-2a*6a^  +  2oWajy--2WBy», 

4aVaY-2aWaj'y»-2  6V- 
2a  2aj»-9aj"-26a;+42,  4 ai» - 29 oj*  +  37 « - 42. 

aa  9a»-9a?-4aj  +  4,  16 a^ - 19 aj»  +  4. 

3L  3a^-2aj*-36»-36,  2aj»-17a?  +  23aj  +  66. 

32.  aj»H-4a^  — 4a;-h6,  a^-h4a'  — 6aj»  +  3aj-|-16. 

aa  2ai»-3aj"-8a?-3,  2a^-9aj»  +  13«*-23a?-16. 

34.  2  aW-7  aW+11  aa-16,  2aV-7a«aj»+8aV-12aa?-9. 

35.  aj»  +  aj»-8aj*-8,  a?* - 2 a^  +  a?" - 2 a?. 

3a  76aJ*-|-140ar»-223aj*  +  92a:-12, 
46«*-93»»  +  66«»-19«  +  2. 
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37.  a^-f4a5-f3,  aj^  — 4aj  — 6,  2ufi  —  6x  —  l. 

3a  2ic«  +  5a;-12,  2aj*-13aJH-15,  10aj"-23aj  +  12. 

3a  ir»-4a;-l-3,  2aj"-f »'-7aj  +  4,  a?-2a*  +  l. 

4a  2a^+5a5»-4aj-10,  2ic»-f  6aj*+2ajH-6,  2ic»H-7a5'+7ajH-5. 

41.  a8  +  fl5*  — 5a;-i-3,  ic»-7a;  +  6,  a? - oj*  — 10 a?  + 10. 

4a  aj'--2aj2-34aj  +  5,  aj»  +  6 aj*  +  a? -|- 6,  3aj'  +  16aj*  +  6a;-f  5. 

4a  3a?*-14«»-9a?4-2,  2aJ*-9a"-f«"-19a  +  4, 
6aj»-23aj«-5a?  +  2. 

44.  2a^-f-6aj»+4a^,  3a'4-9a?-f  9aj  +  6,  3«»  +  8aj»4-5a  +  2. 

45.  10a'^+10aW+20a*6,  2a'+26»,  46*+12aV+4a»6+12ay. 

4a  a:»-3aj»-4aj+12,  ar»-7aj«+16a?-12,  2»»-9a^+7a?-|-6. 

47.  aV  —  aW  — 11  ox-lO,  aV -  5 aV -f- oaj -h  10, 
2aV-5aV-13aaj-5. 

4a  2a^-a^  +  3aj«  +  «-i-4,  2af*- 3ar»-2a^  +  9a;-12, 
4  a?*- 16  ar^  4- 25  aj«- 23  a;  +  4. 

13,  The  words  Highest  Common  Factor  in  Algebra  refer  to 
the  degree  of  the  common  factor.    Thus,  the  H.  0.  F.  of 

aj» -.  2  aj«  -  «  + 2  =(»*  -  l)(aj  -  2), 
and  a^  —  4a^  —  a54-4  =  (a5*  — 1)(»  —  4) 

is  evidently  a?  —  1. 

That  factor  is  of  higher  degree  in  x  than  any  other  common 
factor. 

E,g.f  than  x  —  l  or  a?  -f  1. 

The  words  Greatest  Comm^on  Measure  refer  to  the  greatest 
numerical  common  measure  when  particular  numerical  values 
are  substituted  for  the  letters. 

Thus,  if  we  substitute  6  for  a;  in  the  expressions  given  above, 
we  have 

a3_2a:«-aj-h2=:(aj»-l)(aj-2)=:35x4  =  140, 
and     aj»-4a?-a;-t-4  =  (a5«-l)(a;-4)  =  35x2  =  70. 
The  arithmetical  Q.  C.  M.  of  70  and  140  is  evidently  70. 
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Now  notice  that  when  x  =  6,  the  G.  C.  M.  of  the  expressions 
is  not  the  same  in  numerical  value  as  the  H.  C.  F. ;  for,  when 

aj»  -  1  =  35,  not  70. 

The  reason  for  this  is  that  while  x^2  and  a;  — 4  do  not 
have  an  algebraic  common  factor,  their  numerical  values  for 
particular  values  of  x  may  have  a  common  numerical  factor. 

Thus,  when  a;  =  6,  a;  —  2  and  a;  —  4  have  the  values  4  and  2 
respectively,  and  therefore  have  the  common  factor  2. 

The  words  Greatest  Common  Measure  should  not  therefore 
be  used  in  the  same  sense  as  the  words  Highest  Common  Factor, 

14.   The  following  principles  will  be  of  use  in  eubseqaent  work : 

(i.)  In  the  proceaa  for  finding  the  arithmetical  0.  C.  M,  of  two  in- 
tegers^ M  and  N,  the  remainder  at  any  stage  of  the  work  can  be  expressed 

in  t?ie  form 

±(mM^nN), 

wherein  m  and  n  are  positive  integers,  and  the  upper  sign  goes  with  the 
first,  third,  etc,  remainders,  and  the  lower  sign  with  the  second,  fourth,  etc. 

Let  M  be  greater  than  N.  Then,  in  the  process  for  finding  the 
6.  C.  M.,  let  Qi  be  the  quotient  and  ^i  the  remainder  of  the  first  division, 
Qi  and  ^2  the  quotient  and  the  remainder,  respectively,  of  the  second 
division,  and  so  on.  It  is  to  be  kept  in  mind  that  the  Q's  and  the  ^*s  are 
positive  integers. 

Then,  by  Ch.  III.,  §  4,  Art.  13,  we  have 

M  =  QiN-\-Bu  (1) 

N^QiRi-^-Bt,  (2) 

Bi  =  QtBi  +  Rt,  (3) 

etc. 
We  now  have, 

from  (1):     Bi  =  M-Qi2i;  (4) 

from  (2):     2?,  =  - Q2R1  +  iV 

=  -(22C3f-«iiV)+iV; 
substituting  the  value  of  ^1  from  (4) 

=  -[C2ilf-(Ci««  +  l)J^r];  (6) 

from  (8):      2?8  =  -  QzRi  +  Ri 

=  (C2«s+l)^/- («!«««»+ «i+C«)-^-     (6) 
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In  like  manner,  the  value  of  each  succeeding  remainder,  in  terms  of  M 
and  JV,  can  be  derived. 

In  (4),  msl,  n=C2i;  in  (5),  m=Q8,  »=:QiQ2+  1>  and  so  on. 
Since  the  Q^s  are  positive  integers,  these  values  of  m  and  n  must  be  posi- 
tive integers.    Hence  the  truth  of  the  principle  enunciated. 

(ii.)  J(fM  and  Nhe  two  positive  integers j  prime  to  each  other,  then  two 
positive  integers,  m  and  n,  can  be  found,  such  that 

mM-  nNz=±  1. 

Since  M  and  N  are  prime  to  each  other,  1  is  their  G.  C.  M.  Therefore, 
the  next  to  the  last  remainder  will  be  1  (the  last  being  0).  Consequently, 
by  (i.)  two  positive  integers,  m  and  n,  can  be  found,  such  that 

±  (f» 3/ -  niST)  =  1 ; 

whence,  inJf— niV=±l. 

(iii.)  y  M  and  N  he  two  positive  integers,  prime  to  each  other,  then 
any  common  factor  of  M  and  NB  must  be  a  factor  of  B. 

For  by  (ii.),  mM  -  niV=  ±  1. 

Therefore,    mMB  -  nNB  =  ±B,  or  mB  -  M-n  -  NB  =  ±B. 

Since,  by  Art.  6  (ii.),  any  common  factor  of  M  and  NB  is  a  factor  of 
mB  '  M—n'  NB,  the  last  equation  shows  that  this  factor  is  a  factor  of  B. 

The  following  principles  follow  directly  from  (iii.) : 

(iv.)  JfMbe  a  factor  of  NB  and  be  prime  to  N,  it  is  a  factor  ofB. 

(v.)  If  M  be  prime  to  B,  S,  etc.,  it  is  prime  to  BS  "•. 

(vi.)  Jff"  each  of  the  integers  M,  N,  P  be  prime  to  each  of  the  integers 
B,  S,  T,  then  MNP  is  prime  to  BST. 

(vii.)  Jf  M  be  prime  to  N,  then  Mp  is  prime  to  N',  wherein  p  is  a 
positive  integer. 

§8.  LOWEST  COMMON  MULTIPLES. 

1.  The  Lowest  Common  Multiple  of  two  or  more  integral 
algebraic  expressions  is  the  integral  expression  of  lowest 
degree  which  is  exactly  divisible  by  each  of  them. 

E,g,y  the  lowest  common  multiple  of  aa^,  ha?,  and  cx^  .is 
evidently  abcaf. 

The  words  Lowest  Common  Multiple  are  frequently  abbre- 
viated to  L.  C.  M. 
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L.  C.  M.  by  Factoring. 

2.  The  following  examples  will  illustrate  the  method  of 
finding  the  L.  C.  M.  of  two  or  more  expressions  which  can 
be  readily  factored. 

Ex.  1.  Find  the  L.  C.  M.  of  a%  a^lx?,  and  abV, 

The  expression  of  lowest  degree  which  is  exactly  divisible 

by  each  of  the  given  expressions  evidently  cannot  contain  a 

lower  power  of  a  than  a?,  a  lower  power  of  b  than  V,  and 

a  lower  power  of  c  than  c*.    Therefore,  the  required  L.  C.  M.  is 

Observe  that  the  power  of  each  letter  in  the  L.  G.  M.  is  the 
highest  power  to  which  it  occurs  in  any  of  the  given  expres- 
sions. 

If  the  expressions  contain  numerical  factors,  the  L.  C.  M. 
of  these  factors  should  be  found  as  in  Arithmetic. 

Ex.  2.  Find  the  L.  C.  M.  of 

3a5*,  66(ic-f  y)«,  and  4 a*6 (a - y) (a -f  y). 

The  L.  C.  M.  of  the  numerical  coefficients  is  12. 

The  highest  power  of  a  in  any  of  the  expressions  is  a? ;  of 
6  is  6* ;  of  a;  -f  y  is  (a?  4-  yf ;  and  of  a?  —  y  is  a  —  y. 

Consequently  the  required  L.  C.  M.  is  12  a*6'(a?  -f-  y)\x  —  y). 

In  general,  the  L,  C.  M.  of  two  or  more  expressions  is  obtained 
by  multiplying  the  L.  C.  3f.  of  their  numerical  coefficients  by  the 
product  of  all  the  different  prime  favors  of  the  eospressions,  each 
to  the  highest  power  to  which  it  occurs  in  any  of  them, 
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Find  the  L.  G.  M.  of  the  following  expressions : 

1.  2a,  36.  2.  4a%,  2a5*,  3aa?. 

3.  4a6,2aW,  12a»6.  4.  14  a«,  21  a»,  5  6,  7  a. 

5.  7a%Za%x,2abj2a^7?.  6.  7  a«m*,  21  a; W,  343  a?m. 

7.  12  cfVxj  18  aj*a*6,  36  aifx.  a  20  m%  12  m»,  10  m*Z. 

9.  8  aV,  30  aV,  4  a*aj*,  10  oaj.  la  90  ajy^,  50  aJ»m^  6  ay m*. 
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11.  4o*af,  6aV+*,  3aV-\  12.  10  a<6^ W,  16  a^fr'" V. 

la  20  aV,  15  aV-^  10  a3i?^^\      14.  5  a?  H- 11,  10  a?  -  33. 
15.  a-f  1,  a  — 1,  a.  16.  a +  6,  a'4-2a6-h6*. 

17.  a?  +  l,  «*  — 2aj  — 3.  la  a-f  a,  a*  — a?. 

19.  aj-6,  a^-3a?-10.  20.  3a;-3,  a*  —  2 cub  +  a?*. 

21.  8a*  +  16a,  a*-|-4a*  +  4a,  a«. 

22.  a«-y,  4a  +  46,  a»- 6»- 3a% +  3a6l 

2a  a?  + 1,  aj*  —  1,  fl^  —  1.  24.  a'  —  a^,  a"  —  05*,  «  —  a. 

25.  a:*  —  y*,  (x  —  y)",  a^  —  y*.  26.  a?  —  a,  a'  —  aj*,  a5*  —  a*. 

27.  l-2aj,  4aj»-l,  l-|-4a?.        2a  1-aj,  aj»-l,  aj-2,  aj*-4. 

29.  a^-a;,  »»-l,  a^-f  1.        3a  a? - 4 a*,  (a?  +  2 a)»,  (« - 2 a)«. 

31.  4(l-«)«,  8(1 -a;),  8(1  + a?),  4(1 -a"). 

32.  9 a*6« - 4 c»c2*,  9aV-12a%c(P  +  4c»d*. 

33.  a«-9a  +  8,  a»-10a-|-16.       34.  Gaj'-aj-l,  2aj»+3aj-2. 
35.  3«'-5a;  +  2,  4a^-4a?-aj-fl. 

3a  aj*-4a',  aj?  +  2aa^-f  4a«a;  +  8a^,  a;* - 2 oaj*  +  4 a'a? - 8 a» 
37.  6(a»-6»)(a-&)»,  9(a*-6*)(a- 6)«,  12(a«-6«). 

Lowest  Common  Multiple  by  Means  of  H.  C.  F. 

3.  If  the  given  expressions  cannot  be  readily  factored,  their 
L.  C.  M.  can  be  obtained  by  first  finding  their  H.  C.  F.  The 
method  depends  upon  a  principle  which  will  be  first  illustrated 
and  then  proved. 

Ex.  1.  Find  the  L.  C.  M.  of 

a^  — 2a^  — 2a:*y  +  4«y +  aj  — 2y  and  a^  — 2a^y +  a^— 23/*. 

The  H.  C.  F.  of  these  expressions  is  found  to  be  a;  —  2  y. 

Consequently  the  other  factors  of  the  given  expressions  can 
be  found  by  dividing  each  of  them  by  their  H.  C.  F.  We  thus 
obtain 

aj^ -  2aj"  -  2aj^  +  4 ajy  +  a? -  2y  =  (a;  -  2y)(a^  -  2 a?  +  1), 
aj»-2a5V  +  ajy«-2y3  =  (a;-2y)(a:*-f20. 
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From  the  definition  of  the  H.  C.  F.  we  know  that  these  sec- 
ond factors,  aj*  —  2  a?  -h  1  and  a^  -f  y*,  have  no  common  factor, 
and  therefore  that  the  L.  G.  M.  of  the  given  expressions  must 
contain  both  of  them  as  factors. 

Consequently  the  required  L.  C.  M.  is 

{x-2y)(7?^f){x^l)\ 

4.  The  example  of  Art.  3  illustrates  the  following  principle : 

The  L,  C,  M,  of  two  integral  algebraic  expressions  is  the  prod- 
uct of  their  H.  C.  F.  by  the  remaining  factors  of  the  expressions. 

Let  E\  and  Et  stand  for  the  two  ezpresfiions,  and  let  F  stand  for  their 
H.C.F. 

Then  ^i  =  FQi  and  E%  =  FQ^, 

wherein  Qi  and  Q%  are  the  remaining  factors  of  Ei  and  Eft  respectively. 

Since  Qi  and  Qs  have  no  common  factor,  the  expression  of  lowest 
degree  which  is  exactly  divisible  by  FQ\  and  FQ%  must  be  FQiQt ;  hence 
the  principle  enunciated. 

5.  To  find  the  L.  C.  M.  of  three  or  more  integral  algebraic 
expressions,  find  the  L.  C.  M.  of  any  two  of  them ;  next,  the 
L.  G.  M.  of  a  third  and  the  L.  G.  M.  already  found,  and  so  on. 

Let  j^i,  Eij  Et  stand  for  three  integral  algebraic  expressions,  and  let 
Ml  stand  for  the  L.  C.  M.  of  ^i  and  E2,  and  Mt  for  the  L.  C.  M.  of  Mi  and 
Et,  Then  M2  is  the  expression  of  lowest  degree  which  is  exactly  divisible 
by  Ml  and  Et ;  but  Mi  \b  the  expression  of  lowest  degree  which  is  exactly 
divisible  by  Ei  and  Ef  Hence  Mt  is  the  expression  of  lowest  degree 
which  is  exactly  divisible  by  Eu  Et,  Ef 

Ex.  Find  the  L.  G.  M.  of 

(x  -  1)  (a?  -  a)  {X  -  6),  (1) 

(x^l)(x^a)(x-\-b%  (2) 

(aj-l)(x-a)(«-f-c).  (3) 

The  L.  C.  M.  of  (1)  and  (2)  is 

(a.-.l)(aj_a)(aj-6)(aj-h&),  (4) 

and  the  L.  C.  M.  of  (3)  and  (4)  is 

(x  - 1)  (»  -  a)  (x  -  6)  («  +  6)  (x  -f  c). 
Consequently 

(x -  1) (a?-  a) (x -b)(x  +  b) (a  -j-c) 
is  the  reqtdred  L.  G.  M. 
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Find  the  L.  C.  M.  of  the  following  expressions : 

I.  a^  — a?,  a^-1.  2.  «"  — 1,  x'  +  l. 

3.  aj»-3«-h2,  ar»4-2«*-a;-2.   4.   a^-|-a;-2,  aj»+2aj*-h2a;H-l. 

5.  2aj»--17jr»+192;-4,  3a»-20ir*-10a;-h27. 

6.  6aj»-aj*  +  lla?-|-4,  3ir»  +  13a?  +  a;-3. 

7.  a5'-6aj»  +  9x-9,  a?*-4a!^  +  12a?-9. 
a  a»~iB*-9aj  +  9,  aJ*-4x*4-12«-9. 

9.  14aj»-17a^4-ll»-3,  6aJ*-3ir»  +  4a;*-l. 

10.  2a^-3a5'  +  4aj*-5a?-4,  2iC*-aj>4-aj-12. 

II.  4a!^-8a5*  +  5a-3,  2a?*-3aj»  +  6ir*~3a?-f  2. 

12.  4aj*-8a^-3aj«  +  7a;-2,  3aj»-llaj*-|-2x+16. 

13.  2«-l,  4aj*-l,  4aj*  +  l. 

14.  aj^-6««+llaj-6,  aj>-9aj*-|-26a;-24,  a»-8aj*+19aj-12. 

15.  a5*-5ir"  +  9«-9,  aj»-ir»-9aj  +  9,  a?*-4a^  +  12aj-9. 

&  The  following  example  illustrates  an  important  relation 
between  the  H.  C.  F.  and  the  L.  C.  M.  of  two  integral  algebraic 
expressions. 

Ex.  The  H.  C.  F.  of 

aj^-l=(a?-l)(aj»-f  ajH-1) 
and  aj»-l=(x-l)(a;H-l) 

is  (x  —  1). 

The  L.  G.  M.  of  the  same  expressions  is 

(a:-l)(aj-fl)(a^  +  aj  +  l). 
The  product  of  the  two  given  expressions  is 

(a:-l)(a?-l)(aj-|-l)(x*4- «+l)  =  (H.  C.  F.)  x  (L.  C.  M.). 
This  example  illustrates  the  principle : 
The  product  of  two  integral  cUgebraw  expressions  w  equal  to 
the  product  of  their  H,  O.  F.  and  their  L.  C.  M, 

Let  Xi  and  Ji^s  stand  for  two  integral  algebraic  expressions,  and  let  F 
stand  for  their  H.  C.  F.  and  M  for  their  L.  C.  M. 

Then  Ei=  QiF  and  Et  =  QsF, 
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wherein,  as  before,  Qi  and  Qt  stand  for  the  remaining^  factors  of  ^i  and 
Etj  respectively. 

The  L.  C.  M.  of  the  two  expressions  is  QiQtF. 

But  the  product  of  the  two  expressions  is ' 

It  follows  directly  from  this  principle  that  the  L.  C.  M.  of  two  integral 
algebraic  expressions  can  be  found  by  dividing  their  product  by  their 
H.  C.  F. 

§4.     SOLUTION  OF  EQUATIONS  BY  FACTORING. 

1.  The  roots  of  the  equation 

(a,-l)(a!-2)=0  (1) 

are  evidently  1  and  2.  For  1  reduces  the  first  member  to 
0  X  (—  1),  =  0 ;  and  2  reduces  the  first  member  to  1  x  0,  =0. 
Therefore  equation  (1)  is  equivalent  to  the  equations 

a;  —  1  =  0  and  35  —  2  =  0,  jointly. 

This  example  illustrates  the  following  principle : 

If  aU  the  terms  of  an  integral  equation  be  transferred  to  the 
first  member,  and  if  this  first  member  be  factored,  (he  given  equa- 
tion is  equivalent  to  the  set  of  equations  obtained  by  equating  to  0 
each  factor  of  its  first  meniber. 

Let  PxQxB  =  0  (1) 

be  the  given  equation.  Then  we  are  to  prove  that  the  equation  is  equiva- 
lent to  the  set  of  equations 

P  =  0,   e  =  0,  J8  =  0.  (2) 

For  any  solution  of  (1)  must  reduce  PxQx  BU)  0,  and,  therefore,  by 
Ch.  III.,  §  8,  Art.  20,  either  P,  or  Q,  or  £  to  0.  That  is,  every  solution 
of  (1)  is  a  solution  of  one  of  equations  (2). 

Any  solution  of  P  =  0  must  reduce  P  to  0,  and,  therefore,  by  Ch.  ni., 
§ 8,  Art  18,  PxQx  R  to  0. 

That  is,  every  solution  of  P  =  0  is  a  solution  of  FxQx  B  =0, 

In  like  manner,  it  can  be  shown  that  the  solutions  of  Q  =  0  and  B  =  0 
are  solutions  of  (1). 

The  proof  can  be  easily  extended  to  an  equation  whose  second  member 
is  0,  and  whose  first  member  is  the  product  of  any  number  of  factors. 

Ex.  1.  Solve  the  equation  a  (a  —  2)(a5  -f  6)  =  0. 
The  given  equation  is  equivalent  to  the  equations 

a;  =  0,  aj  — 2  =  0,  and  aj-f  5  =  0. 
The  roots  are  therefore  0,  2,  and  —  6. 
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Ex.  2.  Solve  the  equation  aj*  —  9  « -|-  20  =  0. 

The  factors  of  the  first  member  are  a;  —  4  and  x  —  B, 

Therefore  the  equations 

«  — 4  =  0  and  oj  — 5  =  0 

are  jointly  equivalent  to  the  given  equation. 
The  required  roots  are  4  and  5. 
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Solve  the  following  equations : 

1.  x(x-l)=0.  2.  62^(y-f-ll)=:0. 

a  (a;4-2)(2aj-3)=0.  4.   (6a;  +  4)(9~3a?)  =  0. 

5.  a;(a?-6)(3-2aj)  =  0.  6.  5a;(6aj-7)(2-4a?)  =  0. 

7.  aj*-6a?  +  6  =  0.  a  aj'  +  7aj  +  10  =  0. 

a  10a^-h7a;-12  =  0.  la  10  aj* -h  a?  -  21  =  0. 

11.  a^  +  6aj'-16a  =  0.  12.  a^-3a^-10a;  =  0. 

la  (aj»-4)(aj»-9)  =  0.  14.  (9aj*-25)(12-6aj-2aj*)=0 

2.  The  expression       (05  —  l)(aj  —  2) 

reduces  to  0  for  a?  =  1  and  a;  =  2^  and  the  expression 

(aj-5)(a?  +  4) 

reduces  to  0  for  x  =  B  and  a?  =  —  4. 

Observe  that  the  two  expressions  do  not  have  a  common 
factor,  and  do  not  reduce  to  0  for  the  same  values  of  x.  This 
example  illustrates  the  following  principle : 

If  two  expressions  in  one  and  the  same  unknown  number  do 
not  have  a  common  factor,  they  cannot  reduce  to  0  for  the  same 
value  of  the  unknown  number. 

Let  E\  and  E%  be  two  integral  expressions  in  x  which  do  not  have  a 
common  factor.  Then  we  are  to  prove  that  Ei  and  E^  cannot  reduce  to  0 
for  the  same  value  of  x. 

For  if  E\  and  ^s  do  reduce  to  0  for  the  same  value  of  x,  say  a,  they 
must  both  be  divisible  by  x-a  without  a  remainder  (Ch.  VI.,  §  2,  Art.  4). 
That  is,  X  —  a  must  be  a  factor  of  both  expressions.  But  this  contradicts 
the  hypothesis  that  Ex  and  E%  do  not  have  a  common  factor.  Hence  the 
truth  of  the  principle  enunciated. 
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FRACTIONS. 

1.  The  quotient  of  a  division  can  be  expressed  as  an  integer 
or  an  integral  expression  only  when  the  dividend  is  a  midtiple 
of  the  divisor. 

E,g,^       €fh-^ab  =  a\   (aiB'-f26a;)-i-aj  =  aaj-f  26. 

If  the  dividend  be  not  a  multiple  of  the  divisor,  the  quotient 
is  called  a  Fraction. 

E.g.y  a-!-&;   (aiB*H-26aj)-fr-aj'. 

2.  The  notation  for  a  fraction  in  Algebra  is  the  same  as  in 
ordinary  Arithmetic. 

Thus,  a-!- 6  is  written  ^,  and  (aa^  +  2  6aJ)-^aJ'  is  written 

a? 
The  Solidtts,  /,  is  frequently  used  instead  of  the  horizontal 

line  to  denote  a  fraction;  as  a/h  for^,  and  {aa^  -{-bx)/a^  for 
aa^4-6a; 

3.  As  in  Arithmetic,  the  dividend  is  called  the  Numerator  of 
the  fraction,  the  divisor  the  Denominator,  and  the  two  are  called 
the  Terms  of  the  fraction. 

4.  An  integer  or  an  integral  expression  can  be  written  in  a 
fractional  form  with  a  denominator  1. 

E.g.,  7=^,    a +  6  =  5!^. 

It  is  important  to  notice  that  an  algebraic  fraction  may  be 
arithmetically  integral  for  certain  values  of  its  terms. 

E.g.,  when  a =4  and  6  =  2,  the  fraction  a/b  becomes  4/2=2. 

266 
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5.  By  the  definition  of  a  fraction,  ajh  is  a  number  which, 
multiplied  by  6,  becomes  a ;  that  is, 

{a IV)  X  6  =  a,  or   ?  X  6  =  a.  (1) 

b 

6.  The  definition  of  an  algebraic  fraction  given  in  Art.  1  is 
an  extension  of  the  meaning  of  division  to  the  case  in  which 
the  dividend  is  not  exactly  divisible  by  the  divisor.  That  this 
definition  is  consistent  with  the  meaning  of  an  arithmetical 
fraction  as  hitherto  used  in  this  book  is  evident  from  the 
following  considerations. 

If  the  unit  be  divided  into  2,  3,  4,  •••,  h  equal  parts,  the 

parts  were  designated  by  -,  -,  7,  •••,  -,  respectively.    These 

2    3    4         h 

fractions  were  called  fractional  units. 

The  fraction  ^,  in  which  a  and  h  are  positive  integers,  was 

defined  as  the  sum  of  a  fractional  units,  each  equal  to  --;  or 

0 

^  =  7H-I-hJ+-aterms.  (1) 

0000 

And  5  X  6  =  2-f-?+  r  +  -  ^  terms.  (2) 

0  boo 

Now  if  each  fraction  ^,  in  the  second  member  of  identity 

(2),  be  replaced  by  its  value  given  in  (1),  written  in  a  vertical 
column,  we  have 

5x  6  =  ^  +  i-f  i-|-...6  terms 
0  000 

111 
-f--  +  -  +  -H ftterms 

i  000 

111 

-|---l--H-7-f"-ft  terms 
000 


a  rows. 


The  sum  of  the  fractional  units  in  each  row  is  1 ;  and,  since 
there  are  a  rows,  the  sum  of  all  the  fractional  units  is  axl=a. 
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Consequently  -  x  6  =  a. 

This  relation  agrees  with  that  obtained  in  Art  5  from  the 
definition  of  an  algebraic  fraction. 

7.  The  Sign  of  a  Fraction.  —  The  sign  of  a  fraction  is  written 

before  the  line  separating  its  numerator  from  its  denominator ; 

.  a        a 

as  +-,  — -• 

Since  a  fraction  is  a  quotient,  the  sign  of  a  fraction  is  deter- 
mined by  the  rule  of  signs  in  division. 

&  From  the  rule  of  signs  we  derive : 

(i.)  If  the  signs  of  the  numerator  and  the  denominator  of  a 
fraction  be  reversed,  the  sign  of  the  fraction  is  unchanged, 
E,  —7        7  X  —x 

This  step  is  equivalent  to  multiplying  or  dividing  both  terms 
of  the  fraction  by  —  1,  which  in  Art.  12  will  be  proved  to  be 
legitimate. 

(ii.)  If  the  sign  of  either  the  numerator  or  the  denominator 
of  a  frax^on  be  reversed,  the  sign  of  the  fraction  is  reversed; 
and  conversely. 

Ea    T^z^IlI'     — g  _.  _     a?  x  —  a_x  —  a 

'^''  S"       3   '    aj-l"     aj-1'        b'-'x'~x-b 

(iii.)  If,  in  a  fraction  whose  numerator  or  denominator  is  a 
product  of  two  or  more  factors,  the  signs  of  an  even  number  of 
factors  be  reversed,  the  sign  of  the  fraction  is  unchanged;  but,  if 
the  signs  of  an  odd  number  of  factors  be  reversed,  the  sign  of  the 
fraction  is  reversed, 

^'     (a-^b)(b-c)(c-a)         (a'-b)(b  -  c)(a~  c) 

(x  —  a) 

(b  —  a)Q>^c)ia  —  c) 

a  — ar 


(a  —  b){b  —  c){a  —  c) 
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9.  Observe  that  the  sign  of  a  fraction  affects  each  term  of 
the  numerator  (or  each  term  of  the  denominator);  or,  the 
dividing  line  between  the  numerator  and  the  denominator  has 
the  same  effect  as  parentheses. 

E.g.,  -  ^-^-^^  =  _(a-6  +  c)+d 

=(-a-|-6  — c)-hd 

—  a  -f  6  —  c 
d 

and  -5+J^=.-^±iL  =  i±i{. 

a  — &     — a-l-6     6  —  a 

BXEBCI8B8  I. 

Change  each  of  the  following  fractions  into  an  equivalent 
fraction  in  which  the  sign  of  the  first  term  in  the  numerator  is 
reversed : 

1.    -a?  +  ^  2.  ^^~^  3.     -5a;  +  6 


aj-3  4ir-f-5  a^-3x-\-l 

.     — a?  — 1  -    a  —  b  ^    a  —  b  —  c 

fic'-fl  c  +  d  x  —  y 

Change  each  of  the  following  fractions  into  an  equivalent 
fraction  with  sign  reversed,  leaving  the  denominator  un- 
changed : 

7.    ^?L=±.  a   1^  9.    ^?L^±±S. 

X  —  y  y  — 1  x  +  y  —  z 

10    ^-^-V  ii    _2a±6-3_c  ^  (a.^a)(6-o)^ 

a^-haj-l  6a;-3y  +  a;  (a;-6)(a-c) 

13.-ia  Change  each  of  the  fractions  in  Exx.  7-12  into  an 
equivalent  fraction  with  sign  reversed,  leaving  the  numerator 
unchanged. 

Change  each  of  the  following  pairs  of  fractions  into  two 
equivalent  fractions  whose  denominators  are  equal: 

x  —  1    1  — «  sir  —  y'    ir  —  ^ 
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2L z T9 r  22. :»    — 


o^-l    l-a»  l  +  aj-a^        a?*-aj-l 

23b    — 1    — : •  24. 


54-0    — 6  — c  a  +  6  — c    c  — a  — 6 

Change  each  of  the  following  pairs  of  fractions  into  two 

equivalent    fractions  whose  denominators   have    a   common 

factor: 

1  1 


25. 


2& 


27. 


(a  -  6)(a  -  c)  (6  -  a)(6  -  c) 

a5  —  a  6  —  05 

(x  —  6)(flB  —  c)  (a  —  aj)(c  —  a) 

a  b 


(a  —  b)(a  —  c)(x  —  c)    (b  —  c)(c  —  a)(x  ^b) 


29. 


Change  each  of  the  following  sets  of  fractions  into  three 
equivalent  fractions  whose  denominators,  in  pairs,  have  a  com- 
mon factor : 

(a  — 6)(a  — c)    (&  — a)(6  — c)    (c  — a)(c  — 6) 
0?  — g  x  —  b  x  —  c 

(p—y)(jif'-^)   («-y)(«— «)   («-y)(«-«) 

10.  A.  Proper  Fraction  is  one  whose  numerator  is  of  lower 
degree  than  its  denominator  in  a  common  letter  of  arrange- 
ment. 

An  Improper  Fraction  is  one  whose  numerator  is  of  the  same 
or  of  a  higher  degree  than  its  denominator  in  a  common  letter 
of  arrangement. 

Ji,,g  -J X-- . 

A  Fractional  Expression  is  an  expression  which  has  one  or 
more  fractional  terms. 

E.g,y  a  +  -,   ax'\-by — >   — -f- 

c  aJ  +  y    a-\'b 
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U.  If  the  numerator  and  denominator  of  a  fraction  be  mul- 
tinomials, arranged  to  ascending  or  descending  powers  of  a 
common  letter  of  arrangement,  and  if  the  numerator  be  of  the 
same  or  of  a  higher  degree  than  the  denominator  in  this  letter, 
the  fraction  can  be  reduced  to  the  sum  of  an  integral  expres- 
sion and  a  fraction  whose  numerator  is  of  a  lower  degree  than 
its  denominator. 

Ex.  1.  -^  =  1  +  -^,  by  Ch.  III.,  §  4,  Art.  12, 

=  1 1-,  by  Art.  8,  (ii.). 

a;  + 1 

Ex.  2. 
a^  +  2aj-l  a*-l-2aj-l  ar»  +  2a;-l 

BXBBCI8B8  n. 

Reduce  each  of  the  following  fractions  to  equivalent  frac- 
tional expressions,  containing  only  proper  fractions: 

a^-f-aj*  — 1  ^    a^  — a;  — 1 


1. 


a^  ^ 

10a*-3a  +  4  ^    6a»-9a*6-f-66 


ha?  3a 

.aj*-|-aj  — aw  ^    (j^  —  Jf  —  a 

05  — y  a  — 6 

^    9a»-9a-t-3  o    2aj*-|-a?-5 

7.    _ .  8. • 

X—  1  a;-hl 

-,    21a:«  +  20aj-l  ,^    m»-n»-l 

3a;-|-2  fn  —  n 

„    a^-3ar»  +  2aj-3  ,^    m» - mn» - m*» -f n» -|- 1 

11.    !_ .  12.     ! 1 

aj  —  1  m  —  n 

,,    3aj*-f.4a?-hl  ,^    5a^-3a;-14 

i3, _ .  i^,    _ 

aj«  +  l  a^-2 

-.    12a^-f3a:'-9  ,^   4 ar^-h 21  a?  +  9 

i.d. *  in,      ^ 

4aj*-faj  x^-f? 

^^    .t-^-f a^-2  ^  6a?«-2g»-6a:'-2a;-5 

««-l     '  3a^-x-f2 
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Reduction  of  Fractioiui. 

12.  The  reduction  of  fractions  is  based  upon  the  following 
principles : 

(i.)  If  both  numerator  and  denominator  of  a  fraction  be  multi- 
plied by  one  and  the  same  number  or  expression,  the  value  of  the 
fraction  is  not  changed ;  or,  stated  symbolically, 

a     am 
6     bm 

'^''    3     3x5     15'    a-ha:     (a  +  »)  x  (a -f  x-)     (a  +  xy 

(ii.)  If  both  numerator  and  denominator  of  a  fraction  be 
divided  by  one  and  the  same  number  or  expression,  the  value  of 
.  the  fraction  is  not  changed;  or,  stated  symbolically, 

a     a-i-m 
6     6  +  m 

E        6__6-h2_3.    a  +  ab_(a'\-ab)^a_l-^b 
*^''    8'"8h-2     4'    a'\-ac     {a'\-ac)'*'a     1  +  c' 

Let  the  fraction  -  be  denoted  by  g,  or 

b 

Multiplying  both  members  of  (1)  by  6,  we  have,  by  Ch.  II.,  f  3,  Art.  17, 

qb=^xb; 

0 

or  qb  =  a,  by  Art.  6.  (2) 

Multiplying  both  members  of  (2)  by  m,  we  have 

qbm  =  am.  (8) 

Dividing  both  members  of  (3)  by  bm,  we  have,  by  CK.  II.,  {  4,  Art.  l;^, 

q  =  am  -i-  bm 

=  £!?*,  by  delRnition  of  a  fraction.  (4) 

bm 

From  (1)  and  (4),  we  have,  by  Axiom  (iv.), 

a_am 
b     hm 

The  principle  enunciated  in  (ii.)  can  be  proved  in  a  similar  way. 
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Reduction  of  Fractions  to  Low^est  Terms. 

13.  A  fraction  is  said  to  be  in  its  lowest  terms  when  its 
numerator  and  denominator  have  no  common  integral  factor. 

2     x-l 


E.g,, 


3'   a»  +  l 


If  the  numerator  and  denominator  of  a  given  fraction  have 
common  factors,  the  fraction  can  be  reduced  to  an  equivalent 
fraction  in  its  lowest  terms  by  dividing  its  numerator  and 
denominator  by  all  their  common  factors  [Art.  12  (ii.)]* 

This  step  is  called  canceling  common  factors, 

6  aV(^ 
Ex.  1.  Reduce  ^   ,  ,  ^  to  its  lowest  terms. 

8aVc* 

The  factor  2  aVd^  is  common  to  both  numerator  and  denomi- 
nator.    We,  therefore,  have 

7r^v-A=  r-^-^  canceling  the  common  factor. 
8  a*6V     4  b^<r 

Ex.2.  a'-a^^(a-ha?)(a~a?) 

(a  +  xy     (a  4-  x)(a  -f-  x) 

~~  y  canceling  common  factor. 


Ex.  a 


a-{-z 
a'-l  a*-l 


a*— a*— a* -fa     a(a*  —  a*  —  a  -|- 1) 

a*-l 


a[a*(a-l)-(a-l)] 
a*-l  1 


a(a*-l)(a-l)     a(a-l) 

Ex  4.  8a»y-f8a'6*  ^         SaV(a  +  b) 

12aW  +  24a*6*  +  12a«6«     12  a«6*  (a* -|- 2  a5  +  6») 

^         2 
3a6(a-f  6)' 
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BXBBOISES  ni. 

Reduce  each  of  the  following  fractions  to  its  lowest  terms : 
1.  — ' 


ac  oa*  5  o V 

4  ai'm^n*  2  a^Vd'  150  a»gV 

*  %7NM  '  5aW  48aV  ' 

'  2(a  +  6)  16(aj  +  y/  '  66(a  +  c)'^»* 

^    o*^  ^  54a^6*-V-*-^ 

a— *6-*  72o6"-y  ' 

75(a-6)''(«  +  y)— •  *  2m -2n" 

j^^   a^jfaft  ^    6a-96  ^^  2ac-2a 

-_     3a6  +  6ac  ,^   12a*-60a6  -^     a"  +  a"+* 


56d4-10dc                36a»  +  12a6              a»+i  +  a"+» 
20.    ^'-^.  21.  ^-^^ 

an4-2a  —  en  —  2c  <v»a^  —  aa^  +  &*»  —  a6* 


2an  —  2a  —  2cn4-2c  a;*  —  005"  —  6*a  H-  aft* 

27.   -T — --•       2&   —-T — ^ -•       29. 


a5"  +  10aj  +  16             3iB»  +  4aj-4  5a?  +  19x-A 

^   3g'  +  16a;-35    3^     a^ 4- 3^-2  ^   a^  +  2ai"4-l 

5aj«  +  33a?-14'       '  a?*  +  5aj'  +  6'  '  «*•  +  3 aj»  +  2* 

a?-'(a  +  c)x  +  ac                  ar^-l  4a»-9 

36.  1jz£,                37.  5a*  +  5aa?  ^^    aX'\-bx 


05*  —  4  o?  —  7?  nc?  —  nV 

^   3a:«-12a«         ^       aV-a'  ^,    4a«-12a6+96* 

3a  +  6a  2o*a?-2aW  4a«-96* 
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^  3^-122^  +  363^  43,  2ay-b-\-a-2by 

«*-36y»  a*-V  ' 

^    a-b  ..   a* -oft  4- 6*  ^     2a -36 

a»-.6»  a»  +  ft»  8a»-276» 

ISoto  +  30Mg  --  24a6y  -  40&dy 
18aV-50Vd« 

54  o'to  +  63  a*6y  - 126  aceto  -  147  ocdy 
27  a?6*  -  147  a4^<P 

49  fcg4-2  i-g* 

•  26  +  (6'-4)a;-2te«  '  (1  + aaj)«  -  (a -h  »)« 

^     g»-a^-gy*  +  y»  ^  g&Cg'  +  y^-f  a?/(a'H- y) 

0^  — a^  — i^y +  a?y'  06(25"  — y*)H-a?y(a*—  6*) 

^  g^  +  a^-g'-l  ^   n*-16 

a«-a«  +  a*-l  "  n*-4n«  +  8n*-16n +  16 

^  g(&--c)  3^  (a-|-6  +  cy-(a-6-c)« 

'  (o-6)(c-6)(a-c)  3a(6*  +  26c  +  c^ 

57   o'  •—  (6  —  c)*  50    &c(6  ~ c)  +  ca(c  —  g)  +  a6(a  —  6) 

•  (a  +  c)«-y'  (6-c)(c-g)(a-6) 

^^  (y-2;y  +  (^-a5)»  +  (g-yy 

(«-y)(y -«)(«-») 

g*(6«  -  c^  +  &Vc' -  g")  +  c*(g«-  y) 
•      g«(6-c)  +  y(c-g)  +  c«(g-6) 

14i  If  the  numerator  and  denominator  of  a  fraction  cannot 

♦  

be  readily  factored,  we  find  their  H.  C.  F.  by  the  method  of 
division.  When  the  terms  of  the  fraction  are  divided  by  this 
H.  C.  E.,  the  fraction  is  in  its  lowest  terms. 

Ex.  The  H.  C.  F.  of  the  numerator  and  denominator  of  the 

fraction 

3a^-14a;  +  16 

6aj»-aj*-61a;  +  66 

is  3  a;  — 8.    Dividing  both  terms  of  the  fraction  by  3  a;  — 8, 

we  have 

ag-2 

2««  +  5a;-7' 
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BXBBOISBS  IV. 

Beduce  the  following  fractions  to  their  lowest  terms: 


V 

3aj»-8a:«  +  8iB--6 

9 

JL» 

2aj'H-6a:*-5a?  +  7 

m» 

a 

iB»-a^  +  2 

4 

9m 

aj«_3aj*H-4a?-2 

V. 

K 

a58-6aj«4.13aj-14 

A 

0. 

oj?  — aj"-h«+14 

vl 

7 

aj>-3aj»  +  4 

o 

#  • 

3»»-18a^  +  36a!-24 

Ok 

4a:»-13a?+lla!- 

-2 

3aj»-|-10a?*4-3aj-10 

2a^~13g»+19a?-20 
2iB»-h9iB«-14aj-f24' 

g»-3g«-f  4 
a5»-2aj'-4aj  +  8' 

8ac'+2g'-6a?  +  l 
8aj»  +  10a^-lla;H-2' 


la 


8ic»-22aj»-f  13  a;-2 

2g»-21g^-h68g^-84g'  +  32a? 
2  a*  - 14  a?* -f  31 «» -  24  aj*  + 12  X  - 16 ' 


^  aV-gg-e  ^  2gV-17a?V  +  27a?y-9 

aV  +  4aV-f  7aaj  +  6'  2ajy-lliBy-16«y-f  9* 

^  Scfaf-7 an)ix?  +  3 a5»g- 2 y 


Redaction  of  Two  or  More  motions  to  a  Loweet  Common 

Denominator. 

IS.  Two  or  more  fractions  are  said  to  have  a  common  de- 
nominator when  their  denominators  are  the  same. 

E,g,,  ^  and  ^    --^  and  ,      ^Z^      . 

The  Lowest  Common  Denominator  (L.  C.  D.)  of  two  or  more 
fractions  is  the  L.  C.  M.  of  their  denominators. 

E.g.,  the  L.  C.  D.  of    --^  and      ^  ^ 


is  (a?  +  l)"(a:  - 1),  the  L.  C.  M.  of  a^  - 1  and  (x  + 1)*. 
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To  reduce  two  or  more  frojcdoiiB  to  equivcUent  fractions  with  a 
lowest  cmnnwn  denominator,  mxdtiply  both  nu7n&r<Uor  and  de- 
nominator  of  each  fraction  by  the  quotient  obtained  by  dividing 
their  L,  C.  D,  by  the  denominator  of  the  fraction, 

n  ft 

Ex.  1.  Reduce  — -  and  —;  to  equivalent  fractions  liavinff  a 

o'c  bcr 

least  common  denominator. 
Their  required  L.  C.  D.  is  6*0*.     Multiplying  both  terms  of 

-T-  by  6 V  H-  6"c,  =  c,  and  both  terms  of  — ;  by  bV  -j-  ftc*,  =  6, 
be  6</ 

"^  ^*"*  -   and   ^ 


Ex.  2.  Beduce  -z ;  and  - — 2^—-  to  equivalent  fractions 

a^  —  ix?  (a  +  xy  ^ 

having  a  least  common  denominator. 
The  required  L.  C.  D.  is  (a  —  a?)  (a -|- a?)'.    Multiplying  both 

terms  of  — — -r  by  (a  —  x)(a'\'  x)*  -i- (ci^  —  a?),  =  a  -|-  a?,  and 
a —  ar 

both  terms  of 

-J—  by  (a-x)(a  +  xy^(a'\-x)\  =a-«, 
{a-^x) 

wehave  ,    ^(^^""^    x.  and  ,    ^(^7^)      . 

(a  —  a;)  (a  4-  xy  (a  —  x){a-\-  xy 

Ex.  a  Beduce  x,  =?,  and  — ^^ —  to  equivalent  fractions 

1  x-y 

having  a  least  common  denominator. 

The  required  L.  C.  D.  is  a;  —  y.    Multiplying  both  terms  of 

-  by  «  —  w,  and  both  terms  of  —^ —  by  1,  we  have 
1  x-y 

tn^  and  -1- 
aj  — y  35  — y 

1                     1 
Ex.  4.   Beduce  and to  equivalent  fractions 

X  —  a  a^  ~-ar 

having  a  least  common  denominator. 

Observe  that  the  denominator  of  the  first  fraction  is,  except 
for  sign,  a  factor  of  the  denominator  of  the  second  fraction. 
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In  such  examples  it  is  advisable  first  to  change  the  fractions 
into  equivalent  fractions  whose  denominators  are  arranged  to 
ascending  or  descending  powers  of  some  letter,  with  the  term 
of  highest  degree  in  this  letter  in  each  denominator  positive. 

If  in  this  example  the  denominators  be  arranged  to  descend- 
ing powers  of  a,  the  first  fraction  becomes 

""  -^ ,  by  Art  8  (L). 


a  —  x 


The  required  L.  C.  D.  is  now  a*  —  a?*,  =  (a  —  x)  (a  +  x).    Mul- 

tiplying  both  terms  of by  (a— a;) (a -ha?) -8- (a— a?),  =(a4-a?), 

a — x 

and  both  terms  of  -z r  by  1,  we  have 


cf~-a^  a*  — or  a'  —  as* 


and 


BXBB0IBE8  V. 

Eeduce  the  following  fractions  to  equivalent  fractions  hav- 
ing a  least  common  denominator : 


3. 


a  +  1  m  — 4 

15       2x  3  7  1 

Ux^   3/  *  5c^   15abx    106»» 


_       a?           1            1  ^         ^                y           1-hm 

'•  ^rr  jTi'  n:^  ^  ^(^^  ^i^^i  -^- 

_    aa5  — 6     a  —  bx      1  ^       a           1        3a4-l 

7.    ->     ; -r»     — rr;*  O,  9     —z >     — r -—• 

aoE+oo    oc-i-cr    a*o*  1  — a    a'  — a     a'  — 1 

^3  6                X 

*•  A'        ^> ^>  * 

2«-2  aj-2aj  +  l    l-»^ 

_^        1  3nm            m  —  n 

10.     >     -z r) 


n  —  m    n^  —  m^    m^  ■\-  mn  -h  w" 
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1  1  1 


U. 


-> 


2aj«-4»4-2    2a:«4-4a;  +  2    1  -  a?* 

1  1 

12. 


(a-c)(a-6)    (6-a)(6-c)    (c-a)(c-6) 

la    .    .^      .    .    .^      ..   14  1  1 


15  ^  1 

•  aJ_8aj-f 7'    a^4-7»-8 

'Addition  and  Subtraction  of  Fractions. 

16.  TAc  «um,  or  the  difference,  of  two  fractions  having  a  comr 
men  denominator  is  a  fraction  whose  numerator  is  the  sum,  or  the 
difference,  of  the  numerators  of  the  given  fractions,  and  whose 
denominator  is  their  common  denominator;  or,  stated  symboli- 
cally, 

?  +  *  =  £±*,  and  £-.*  =  ?Li:i. 
COG  e     G        e 

Ea  a?       I  l-"a?_a?H-(l  — g)_      1     . 

^^•'  aj«-|-l     ic«4-l         «*  +  l         aj*  +  l' 


2x 


05  —  1     a?  — 1  aj  — 1  a;  — 1 

We  haT«  -  +  -=:a-i-c  +  6-i-c,  by  definition  of  a  fraction, 

c     c 

=  (a  +  &)  +  c,  by  the  Distributive  Law, 

=  ^  "^    ,  by  definition  of  a  fraction, 
c 

In  like  manner,  the  principle  can  be  proved  for  the  difference  of  two 
fractions. 

17.  If  the  fractions  to  be  added  or  subtracted  do  not  have  a 
common  denominator,  they  should  first  be  reduced  to  equiva- 
lent fractions  having  a  least  common  denominator. 
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Ex.1.  Simplify  «^  +  ;'^. 

We  have               a       d  _  ac       M 

reducing  to  L.  C.  D., 

(•V 

-""  +  *'*,  by  Art  16. 

o'er 

(2) 

EX.X  Simplify     *    +-^- 

a—x     o+y 

a  — «     a  +  y     (a  — aj)(a-fy)     (a  — x)(a  +  y) 

reducing  to  L.  G.  D.,  (1) 

^a?(a  +  y)-h.y(a--a?)  qn 

(a-aj)(a4-y)  '^ 

(a-a?)(a  +  y) 

The  student  should  accustom  himself  to  write  at  once  the 
results  indicated  by  (2)  in  the  above  examples,  omitting  (1). 

Ex.  a  Simplify -1 ?—+   ^^ 


1—x     a?4-l     iB*  — 1 
Wehave     ^ 2     ^   3£^^^_    2     ^   3x 


1—05       X  +  1       aj*  — 1       X—l       X'\-l       05*— 1 

^-(a?  +  l)-2(a?-l)-h3a? 
^     1 

Observe  that  in  this  example  the  denominators  of  the  given 
fractions  were  first  arranged  to  descending  powers  of  x,  in 
accordance  with  the  suggestion  given  in  Art  15,  Ex.  4. 

Ex.  4.  Simplify  -^  +    ^  ^  ^ 


x-\-4t     a  — 5     05  —  4     x  +  5 

The  character  of  the  denominators  in  this  example  suggests 
that  it  is  better  first  to  unite  the  first  and  third  fractions,  and 
the  second  and  fourth  fractions  separately,  and  then  to  unite 
these  results. 
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We  have    -^-^A^+    ^ 


a5-f  4     05  —  4     05  —  6     x-^5 


^3(a?-4)-3(g4-4)     4(g4-5)~4(j?~5) 
aj*-16  ««-25 


-24   ^     40 


aJ»-16     aJ»-26 

^  -  24(g»  -  25)4-40 (g» - 16) 
(«*  - 16)(«*  -  25) 

^        16a^-40       ^       8(23^-5) 
(a^  -  16)(aj*  -  25)     (a^  -  16)(aj*  -  25) 


Ex.  5.   Simplify -h 1 i 

^    ^  (a-6)(a-c)^(6-a)(&-c)^(c-a)(c-6) 

V5^e  hft  ve     — -4- — -4- i 

(a  -  b)(a  -  e)     (b  -  a)(b  -  c)     (e  -  a)(e  -  b) 


1 1 + 1 

(a-b)(a-c)    (a-b)(b-e)    (a-c)(b-c) 

(ft    c)-(a-o)4.(a-6)  ^^^^^   ^  l.  C.  D., 

(a— 6)(a— c)(&— c) 

^  =0,  since  0-*-JV=0. 


(o-6)(a-c)(5-c) 

Observe  that  in  this  example  the  fractions  are  first  changed 
into  equivalent  fractions,  whose  denominators,  taken  in  pairs, 
have  one  common  factor. 

Ex.  e  Simplify  l-a  +  aj"-    ^ 


l  +  » 


l-fa  l-ha 

l-^.a-»-g»        1 
l4-«         l+« 
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BXBROISBS  VL 

Simplify  the  following  expressions : 

1.  6&     /&~a     3&  +  2a\ 
a      \    a  a      / 

^  6a6-2ad     fSab^Bad     7ad-2ab\ 
n  \        n  n         J 

^  3a-65     -a  +  26     46-a 
3a  3a  3a 

Aiil              itO/m*      3m  —  5w     ^  a* 

4.  14" T*  *•  ^wi •    6.  a  — 


05  —  1  4  a  +  6 

7.  3a+^Lzi§£.    a  «-^^^.  a  a«-hax+aj>+    ^ 


3  — aj  a— » 

10.  l+(^"^)',    u.  l-fa 2LY  12.  a  +  6— M.. 

^    4a6  V       !  +  «/  «  +  6 

15   A-L-i^  — 5-^.  16.  QQ^  — 3y     3a6  — 5a? 

2a     4a     6a  20y  4« 

17.  — — •  la  — I — -• 

V        V  a*     a*"* 

19. 1 :•  20. rH ;• 

tT        ac*"*  a*     a*^*     a"^ 

21.   —  H •  22. 1 1 ' . 

xy     xz     yz  (1  —  a?)*     (1  —  a?)*         (1  —  »)• 

_1 1^_  _1 2_ 

(iB-y)»     (y-x/  '  (a-l)»     (1-a/ 

^    3(2a«4-l)     2(8aV+2)     3(5a;-2n^) 
2aV  6a?7^  5nhs 


26.   a--*-^.  +  -i=r-  27 


26«     3a«&  '  146V     21ac>     16aV 
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»   — ^-f^    *    ^'  29 


a-1     2aj-l  '  a?-3     «+  4 

aa  -i 1-.  31.  2a4-3a:     2a^3a; 

05  — y     «4-y  2a  — 3a;     2a  +  3x 

22^  m  +  n     m  —  n  ^^  af  +  y*     a^  —  y* 

TH  —  Ti     wi  +  n  af  —  y*     a^  +  jT* 

3*.   .   ^+''    .  +  .    ^-'^  ..         35.         ' 


lH-fl5H-aj*     1  —  a5  +  «*  oc-f-c*     a'-j-oc 


36.   -— [ (._ ).    37.   _ _.. 

oaj+ar    \   ax       ar-\-(ixJ  a*  + 1     a*  —  1 

3a — -.  39.  -  + 


3-a     a*-3a  '  a?     3x4-6     a«-f  2aj 

2»»  +  2a»     (x  +  l)«"^4aj(«-f  1) 

^^  a»  +  3n»  +  4an     g        ^  5n     /10n»- 17 na?  a?     \ 

a«  +  n«+2an         '  6aj     Vl2na;-6a:«      aj-2n/ 

43    a-6     /a'-5'     a  +  6\  ^        1        ,      2 ! 

•  a  +  6     Va«+&"     a-6/  (aj-1)*     aj-1     a^ 

46.^  +  ^-.^.  46.-^.+      1 


2  a; 
+  1' 


l+«     1-aJ     l-a«  o*-6«     a  +  6 

47.  ^^^ 1—  4a        ^       +— Jg 

a'  — 1     a  4-1  a'  — 4y"     a0'\-2cy 

^        5xy gy  ^       wi      ,     2mn    _    2m 

'4  a'  —  96*      96d  —  6ad  m  —  n     n*  —  w?     m'\-n 

3.7        4-20a;  -o      3a     ,      a  2aj? 

91.  — T+:r r — ":: : — s"*  *■• 1" 


2a5— 1    2a;-fl     1— 4a;'  a-^x     a  —  x     a'  — as" 

30a          4             6  ^   a(16-a)  .34-2 a    2-3 a 

'  9a«-l    3a-l    3a+l*  '      a«-4    "*"  2-a       a+2 

55   2w~3         3         2  ^  g-l     /a  +  l  ,  a*-f  1\ 

•  l-4m»    l-2m    m  a4-l     \l-a     a'-^lj 

57.   ^±lJ^J^  +  4^\\ 

a  —  x    La; -I- a  \a^  —  ar     a'-f-aryj 


sa 


FRACTIONS.  283 

a-k-x  2 


ea 


2a  +  2a;  +  4     a*  +  2aa;  +  2a  +  2a;  +  a^ 

db  +  x . ad-hag 

bn^dn  +  bd  —  b*     dn  +  bd  —  bn  —  d^ 

5a  2a  +  Sb  4a-6 


9a'-266*     6ad-flOM     6ad-106d 


^j^      3a-56g 64-g      .        —Sd 


12a«-3006«     606 -12a     4ad  +  206d 

62.  -i 5!±l2.  63.  JL  +  ^±£. 

a  — 1       a«  — 1  aj-fl«»-fl 

1 1  1 

(a-l)«  +  3a     1-a?     a-1 

gj        a-2  1         a«  4-0  +  3 

a*-a-f  1     a  +  1         a«  +  l 

a—2n  a  —  n  1 


64. 


6a 


67. 


6a 


a*  -f  n'  aVi  —  an*  +  n'     an  -f-  n" 

1  3  nm  m  —  n 

n  —  m  n^  —  m*     m*  +  mn  +  n* 

1  1.1 


a?*H-aj"  +  l     «  — 1  — »•     x  +  1-^7? 

1^1         1 


2aj*-4a?  +  2     2ic*  +  4a  +  2     l-aj« 

^   _1 1— a;        .g'  +  g?  —  3 

'  a:-3     aj«  +  3«  +  9        aj»-27 

_       2      ,       3a  2aj-3a 


05  4-  a     (»  +  a)*     05*  —  2  aa?  —  3  a' 
72.  i +-    2a  1 


a*  4- 6a +  6     a* 4- 4 a  4- 3     (a +  1)*  + (a  4-1)     a  4- 3 
-^       a5^-*-gj  — 1      ,      05*  — »  — 1  0?  2a^ 

7a    -r r T-4" 


a^-.gB«4.a.-.l     a^  +  a^^x-\-l     1— «"     a?*  — 1 

74.    a? +  3  a^-6  2g»-a?(l  -  5  a;)  - 1 

2aj-l     4aj*-4a4-l     8a;'-12a*4-6a?-l 
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75. 


76. 


77. 


7a 


79. 


80. 


8L 


82. 


83. 


84. 


89. 


06. 


87. 


8a 


bx 


x"  2ba* 

3 

4aj»-8«  +  4 

1 


L4-4a^     V8  +  8»     8x-8yj 


«•  -h  3  a?  4-  2  (a?  H- 1)  (a;  +  2)  (»  +  3) 

5            7  5            7 

a?  — 2     05  —  1  05  +  2     aj  +  1 

4            1  4            1 

a?-|-7     a?  — 8  a?  — 7     aj  +  8 


a-f-ft 


-h 


6-f-c 


+ 


c  +  a 


(6  —  c)  (c  —  a)      (c  —  a)  (a  —  6)      (a  —  6)  (6  —  c) 
a6  ,  &c  .  ca 


4- 


+ 


(6-.c)(c-a)      (c-a)(a-6)      (a-6)(6-c) 
1.1.1 


+ 


+ 


a{a  —  h){a-'C)     b{b-'a)(b  —  c)     c{C'-a)(C'-b) 
a  .  b  .  c 


-h 


+ 


(a-'b){a-c)      (6-a)(6-c)      (c-a)(c-6) 


a' 


+ 


6« 


-h 


(a-6)(a-c)      (6-a)(6-c)      (c-a)(c-6) 
6c  ,  etc  .  ab 


+ 


+ 


a(a«-6*)(a*-c*)      6(6«-a*)(6«-c«)      c(c2-a*)(c«-6«) 

a*  —  6c  6*4- etc  c*  -|-  a6 

"r  t; — : — tt; tt* 


(a-6)(a-c)      (6-fc)(6-a)      (c-a)(c  +  6) 
^* ""  ^        ,        V  —  ca  i?  —  ab 


9a 


91. 


(a  +  6)(a  +  c)      (64.c)(6-ha)      (c4-a)(c  +  6) 

g  —  6  ._  6  —  c  c  — •  g  .  (a  —  6)  (ft  —  c)  (c  —  a) 

g-f6     6  +  c  c4-a     (g4-6)(6 +c)(c4-g)' 

2      ^      2      ^     2      ^(g^&)«  +  (6,c)»4-(c,a)i 

a  —  6     5  —  c  c  —  g  (g  —  6)  (6  —  c)  (c  —  g) 

6V  6'(c'-6»)  c»(c»-6') 

ai'-(y-z)«     y'-Cx-z)'     z'-Ca^-yy 
(x  +  zy-y^     (a!  +  y)'-«*     (y  +  2)«-a!* 
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18.  The  product  of  two  fractions  is  a  fraction  whose  numerator 
is  ike  product  of  the  numerators  of  the  given  fractions,  and  whose 
denominator  is  the  product  of  their  denominators;  or,  stated 
symbolically, 

2  V  *  — 2*. 
e     d     od 

We  have  -  x  ^  =  (a  -^  c)  x  (6  -s-  d),  by  definition  of  a  fracdon, 
c     a 

z=:axb-i-c-i-dj  by  Commutative  Law, 
=  (aft)n-(cd),  by  Ch.  II.,  §  4,  Art  7  (ii.), 

=  ^t  by  definition  of  a  fraction. 
cd 

It  follows  at  once  that  the  product  of  three  or  more  frac- 
tions is  a  fraction  whose  numerator  is  the  product  of  the 
numerators  of  the  given  fractions,  and  whose  denominator 
is  the  product  of  their  denominators. 

It  is  assumed  that  the  fractions  to  be  multiplied  are  in 
their  lowest  terms.  It  frequently  happens,  however,  that  the 
numerator  of  one  fraction  and  the  denominator  of  another 
have  a  common  factor.  In  such  cases,  all  common  factors 
should  be  canceled  before  the  multiplications  are  performed. 


Ex.  1. 


Simplify  -L-y  X  A_Jg-,. 


The  factor  3 (a— 6)  is  common  to  the  numerator  of  the 
first  fraction  and  the  denominator  of  the  second;  and  the 
factor  X'\'y  is  common  to  the  denominator  of  the  first  fraction 
and  the  numerator  of  the  second. 

Canceling  these  common  factors,  we  have 

ic*  —  y*        3  (a —  by        x  —  y        a  —  h      (x  —  y)(a  —  b) 
Ex.2.     .      ^'^ x^Jnix      *  +  ^ 


a?-Sx-\-2     x  +  1     a!(a!'  +  l)' 
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The  factor  x  is  common  to  the  numerator  of  the  first  fraction 
and  the  denominator  of  the  third ;  the  factor  x  —  1  is  common 
to  the  numerator  of  the  second  and  the  denominator  of  the 
first ;  and  the  factor  a;  + 1  is  common  to  the  numerator  of 
the  third  and  the  denominator  of  the  second.  Canceling  these 
common  factors^  we  have 

2»        x5^x^2±4,  =  -^xix       1 


a!«-3a!  +  2     x  +  1     a;(!r»  +  l)»     x-2     1     (a?  +  iy 

2 
(a;  -2)(a?  +  !)•' 

ab    l+a+a*    (l+a')(lH-a)    ab  1+a+a* 

(l-fa'Xl  +  a)         ^       ^^       ^    ^       ^ 

19.  The  principle  proved  in  Gh.  III.^  §  4,  Art.  2,  namely, 

a*  -8-  a*  =  a*""*,  when  m  >  n, 

can  now  be  extended  to  the  case  in  which  the  dividend 
(numerator)  is  of  a  lower  power  than  the  divisor  (denomi- 
nator). 


cfi  a* 


a*     a'  X  a*~'     a*"'     a* 
In  general,  —  = ,  when  m<n. 


When  m<  n,  we  have 

o*  _  ggg  ■•'  to  wi  factors 
cT     aaa  •••  to  n  factors 

aaa  •••  to  m  factors 


aaa  •••  to  m  factors  x  aaa  •••  to  (n  —  m)  facton 
1 


aaa  ••*  to  (n  —  m)  factors 
1 

/in— •• 
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EKXBOISBS  Vn. 

Simplify  the  following  expressions : 

,   7x     Say  -  16 o'y     14 x^ 

c?     Was*"  223^     26a?b 


-  336W     /_16^  8 a*     V  <^' 

76  aV     I     22  6V  j*  '  16  6»a!->     a"+'* 


_    3 <!«y      2 o'     8 6— V-*-^  8oW    6aW     3c^ 

'  4!B^»    16  6-        9c»ir    '  16<jy      6«V     ^a"**** 

16((i«+y)«     21a«(o-ft)»  2x-6y     2a;  +  6y 

■  14o»(o-6)    lOVCa'+ft^'  a!  +  y  as-y 

ft  ,^-^x(3o-26).       10.5^X3^. 
8a*       a +  6  ,^   a6*-6»     a^-al^ 

11.  V  Z—LJl.  12.    -— —  X  — -— -• 

a'-V       2a  a'  +  ab         2V 

la  ^X^t^^  +  ^>  14.  _^x(a«  +  a6  +  6»). 

--       a(a-f6)  &(a— 6)        -^    6 oa?— 15 6a?     8 ax-^-S dx 

■  a»-2a6H-6*    a»+2a54.6«*  40ay+15dy    4a*-256«* 

--    10a6~6ad     72(ia?  +  45dy     26 
*  246a-|-156y       206 --12d        a' 

^    a^-y*  x^""-^x  ^"*"^         19.  ^~y*x^'""^^"*"^'x^"*"^ 
(a?+y)«    a^+y'    (x—yy  '  a«H-6*         aj— y         x+y 

20    ^^  +  ^      26ag--cag*(a  +  ap) 
'  26-ca?       (a  +  xy  a* 

2j^  24a6a;-156cy        4a;*-49y' 
20a»-70y2f       88  a6aj  -  55  6cy* 

22.  g'-(a-h6)a;+a6^^g'-c«       ^    a'-(6-c)'^^    (g+y)' 
a^— (a+c)a?+ac    a;*— 6*  a?*— y*        (a— 6)*— c* 

24.  «'-»y'x 5±£ as.       '^-'^     X      '^-^ 

aJ_y»     a!«-2a!y+4y»  a!'-8a!+16    !r»-8a!+12 
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10  a5  - 12  od     24  da?  -  60  dy  7  M 

■    6daj-15dy       356»-42W  8a' 

4ir'-9y'        aSa&-15y  12a« 

22a*-10a6      eax-day  10bx-^15by 

af  +  x-6      a;'4-a?-12a^--3g~10 

'  aj»-a?-20      JB«-f  aJ-6  aj*-4 

(m  +  n)'         12          m  —  n  « +  y 


Powers  of  Fractioiui. 

20.  From  the  principle  for  multiplying  fractions  it  follows 
that  : 

A  power  of  a  fraction  is  a  fraction  whose  numerator  is  the 
like  power  of  the  numerator  of  the  given  fraction,  and  whose 
denominator  is  the  like  power  of  the  denominator;  or,  stated 
symbolically, 

wherein  n  is  as  yet  a  positive  integer. 
Ea  /2  a'6»Y^  8  (a')»(y)»  ^  8  aV 

'^''  V  c*  ;       {cy        c"  ■ 

The  converse  of  the  principle  evidently  holds ;  that  is, 


i^ 


Ex.  1. 


(a^-g«-h6y  ^  /g«~5a?-f6Y_  /^  _  o^* 
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BXBBCISES  VIII. 

Simplify  the  following  expressions : 
\3xJ  3x  \    76»c»; 

I,  66y;  \sbYJ  (x-iy 

(a-6)*  \«  +  y/     Va+i*/ 

(a:»  +  a;  + 1)»  (a!»  +  y»)»  (a;  -  2)' 

\b+lj     d'+l  (ar'  +  6a!-7)<  (ic»-j/»)'* 

/g'  +  ab  +  by    fa?-xy  +  y^* 

\     ^  +  1^     J\     <^-V    )' 

fSx'-10x-S\*    f      g^-y*      Y 
■  \x'-2xy+fj     \2x'-5x  +  3j' 

rf*  — z*     d  +  z     /cP  —  cbs  +  s^* 

d»  4-  2«    d  _  2    \^d»  +  (te  +  ««y  ■ 


20 


■ 

Express  each  of  the  following  fractions  as  the  square  of  a 
fraction : 

^    «•  ^   16  aV  ^   625  m^** 

21.  —•  22.   •— — r^'  23. 


y*  *  81ajy  a*^«6* 

Reciprocal  FractloiiB. 

ZL  The  Reciprocal  of  a  fraction  is  a  fraction  whose  numera- 
tor is  the  denominator,  and  whose  denominator  is  the  numera- 
tor of  the  given  fraction. 

_      f» 

E.g.,  the  reciprocal  of  -  is  — 

Converselji  -  is  the  reciprocal  of  -• 
0  a 
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The  product  of  a  fraction  and  its  reciprocal  is  1. 

-n  CI         b         Ctb         H 

For  f:x-  =  r^  =  l. 

0     a     oa 


Divialon  of  Fraotioiis. 

23.  TJie  quotient  of  one  fraction  divided  by  another  is  equal  to 
the  product  of  the  dividend  and  the  reciprocal  of  ike  divisor;  or, 
stated  symbolically; 

b       d       b^G 

jP  g  —  a?     6  H-g _ a  —  x     g  +  g _ g'  — as* 

6— aj     g  +  os     b  —x     b  +x     6*— ac* 

We  have  -  -»-  -  =  (a  +  &)  -^  (c  -^  (0*  by  definition  of  a  fraction, 

b     d 

=  a-*-6-t-cxd,  since  +  (c  +  d)  =  +  c  x  d, 
=  a-^&xd-4-c,  since  •*-cx<J  =  xd  +  c, 
=  (a  -^  6)  X  (d  +  c),  since  x  d  -♦-  c  =  x  (d  +  c), 

=  -  X  -,  ^y  definition  of  a  fraction. 
&     c 

y  4(g»-g6).     6g    ^4g(g -6)     (g-6)(g  +  6) 

^^^       (a  +  by    'g»-6»       (g  +  6)«  6g 

^2(g-6)« 
3(g  +  6)* 

a^^y^^y-x     (x-yXa^-^xy^f)""      2y 

aj*  +  «y  +  y*       o'  +  ajy  +  y' 

Ex.  a  (a»-6>-c«  +  26c)+5L±A=i 

g  +  o  -t-c 

=(a+6_c)(a-6+c)x^±|±£ 

g-f-o — c 

=  (g  — &  +  c)(g  +  6  +  c). 

24.  If  the  numerator  and  denominator  of  the  dividend  be 
multiples  of  the  numerator  and  denominator  of  the  divisor, 
respectively,  the  following  principle  should  invariably  be  used : 
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The  quotient  of  one  fraction  divided  by  another  is  a  fraction 
whose  numerator  is  the  quotient  of  the  numerator  of  the  first  /roc* 
tion  divided  by  the  numerator  of  tJie  second,  and  whose  denomi- 
nator is  the  quotient  of  the  denominator  of  the  first  fraction 
divided  by  the  denominator  of  the  second;  or,  stated  symboli- 
cally, 

a  .  c     a  +  tf 


E^,y 


b     d     b^d 

27  "^3     27  +  3     9' 


g*  — os^     g  —  g___(a*  —  a^-t-Co  —  ag)_a-Hag 

6>_  aj^'^6  -  aj- (6* -  aj«)-*-(6  -  a?)  "6  +  a?" 
We  have 

^  -»•  -  =s  (a  -f-  &)  -i-  (e  -f-  (2),  by  definition  of  a  fraction, 
0     d 

=  a-i-6-3-cxd,  since  +  (c  +  d)  =  -«-  c  x  d, 

=  a-i-cs-6xd,  since  -i-6  +  c  =  -*-c-*-6, 

=  (a  +  c)  -4-  (6  -t-  d),  since  -i-  6  x  d  =  +  (6  -«-  d), 

—  ^  "*"  ^,  by  definition  of  a  fraction. 


Ex.  1. 


6-s-d 
a^  X  sF  -i-  X  X 


2aj-2     a?-l      (2aj-2)H-(aj- 1)     2 


Ex 


cf^ab  ^  6'-g_a(g— 6)-!-[— (g--6)]__  — <x  _ 


a 


(g-l-6)*    6H-g         (a4-&)*-*-(g+6)         g+6        g+6 


2S.  Observe  that  a  fraction  is  divided  by  an  integral  expres- 
sion, which  is  a  factor  of  its  numerator,  by  dividing  its  numer- 
ator by  the  expression. 

EX.X    ^ny.^(a-6)=(«'-y)-^(a-ft)=«±ft. 
xy  '  xy  xy 

Also  that  a  fraction  is  divided  by  an  integral  expression, 
which  is  not  a  factor  of  its  numerator,  by  multiplying  its 
denominator  by  the  expression. 

xy  xy{a-\-o) 
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BXBBCISBS  IZ. 

Simplify  the  following  expressions : 
3    12  g»/     18  aY  4    <^'"'^^     a""^^^ 


5. 


7. 


<r+^d— 1  "^ c-d-*  7(a;»-  1)  "*"  (1-x)' 

(a  +  fe)"-^^      (a  +  by-y  ^  a^  +  7fl?  +  12     a;  +  4 


9. 


2a?-2aV       a^-V 


a4-26        2a  +  46 


^       12(a«-&«)      .  3(a^  +  a'&«  +  y) 


U. 


12. 


13. 


a^  — 6a;4-8     x 


aj2  4-2a;  +  l     a;  +  l 

g'  +  y'  —  2a?y  —  g'    ,    a;  —  y4-* 
a«  -  9  +  46*  +  4  aft"*" a  +  26  -  3* 

9a*- 166*       6a6+86* 


16aa:H-21ay      6a;+7y 


-^     12aa;  +  9ay    .  36da;  +  27dy 
14  6a:  -  35  6y  "*"  28  grx  -  70  ^ry ' 


15. 


16. 


24da;-60c?.v  .   ^dx-lbdy 
356*-426d  "*"  10 a6 -  12 od' 

45da;-  9dy  30a;~6y 

20  a6aj  -  10  6*a;  "^  20  a*x  -  5  6*a;' 


•     (a«  -  6*)*   "^    a*  -  6*  '  ar^  -  a*  '       a;  -  a 

l+n-n'-n*  .  n*-l  l-2a;  .  l-2a?4-a^-2a:» 

l-a«         "^a*-l*  ■    l-ar^  *  1+2 a:+2 «*+«*" 
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22. ! • 

x'-fa:*  — aj5     a^  —  a^  —  2a^  —  x 

(a  +  2&)a»-(2a4-&)y  .     (a  +  5)' 

2,    C(o  -h  g)«  -  4aa;ir(a  -gy  +  4aa;1 

a^ic  — 


a& 


27. 


2a 


U*  it/   Mi«/ 

*  [(a  4-  «)*  —  aaj][(a  —  x)*  +  aa] 
6g*'-24  .    3af +  6 

g'H-2a;-3     g»  +  4a;  +  3     a^4-l 
aj«- 2a; -3^0^ -423  + 3     a^-l 

23  g*  +  gV  +  y*^g'  +  y(2a;4-y)  .        g'  +  .v' 

x'  +  y'  aj»  — y»         '  a^  —  y(2x^y) 

Multiplication  and  Division  of  Fractional  Bxpreaaions. 

26.  Multinomial  expressions  having  fractional  terms  are 
multiplied  and  divided  by  methods  similar  to  those  used  in 
multiplying  and  dividing  integral  expressions. 

E     1.   f  ^*       5ac     25ay      (id\^5a 
\2bx     9dx        6         6cxJ  '  6x 

_/  a*  _ 5ac  .  25 ay ad \     6a? 

\2bx     9dx        6        ecxj     5a 
o'  ^6x    5a>c^6x  ,25 ay ^6x     ad  ^6x     .-.x 
2bx    5a    9dx    5a       6       5a    6cx    5a     ^  ^ 
^3a     2c     g  d 

*56     3d        ^     5c' 

The  student  should  accustom  himself  to  write  line  (1) 
directly  from  the  given  example. 
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ALGEBRA. 


Ex.  2.  Multiply  jg^  + 


-5 ^  by 

15n       6      ^ 


5n«     IQg     15 
X       9n'       4 


Arranging  the  work  as  in  multiplication  of  integral  expres- 
sionS|  we  have 


9n» 
10  a; 

X 


X 


■^16n 
10  a; 


6n 
5 


9n«       4 


9n'        n 

2a;»'^    3 


—    n 


+ 


6n^ 

X 

27  n^ 
8a; 


2a;*      4a? 
27n»"'"3n 

4n 


9n 
2 


9n* 
2a;* 

2n 
3 

21  n« 
8x 

'      2a!« 
27  n» 

19  a! 
12  n 

9n 
2 

Ex. 

a  Divide 

12«*      166»  + 
125a!'             ^ 

156c 

y 

15*^  by 

5x 

5c 
■2P' 

We  have 


.  6a5      Sac 

125  a^      5x       5xy 

6a5   .Sac 


125  a;* 
12  a* 


15  c* 
4y* 


2a  +55-^ 
5ag 2y 


25»  2y 


5a; 

6a5 

5x 


5xy 
-156*  + 


166c 
2y 


3  ac  ,  15  6c 


6mf 
3ac 


+ 


2y 

15  &c 


16^ 
15  c' 


5a^      2y       4y* 
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BXBBOISBS  X. 

Simplify  the  following  expressions : 

1-  \bd     20a(P"*"   o       bad)'  Bad 

V3  6     SyA^^^*     16&y     26  2^/ 

9    /«*&      4ay a*_     166^     ^«\/_a__26\ 

'  V12c«"*"27c«     16c8"*"  81   ■^9cVV2c»      3/ 

la  /^2a5*     4a»&«     3a%«     V\(2d^     3^     3ay\ 
V3nic*      5n«       2n«a;     aj^A^n*      27?     5nxJ 

\xy      by      ax      abj     \y       by  bj 

j^    /o««     4(*«^     14c*'d*'      49c*'' \ 
^ja.        510.    +    jjtojft,       4o"»6a»y 

"^Vft"         ft**        2o«"6*'/ 
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Complex  Fractionfl. 

27.  A  Complex  Fraction  is  a  fraction  whose  numerator  and 
denominator,  either  or  both,  are  fractional  expressions. 

2    a-^x    ^     1  . 
E.g.,  I   ±^   _f. 

5    a  —  y  X 

Observe  that  the  line  which  separates  the  terms  of  the  com- 
plex fraction  is  drawn  heavier  than  the  lines  which  separate 
the  terms  of  the  fractions  in  its  numerator  and  denominator. 

If  no  distinction  be  made  between  the  lines  of  division,  the 
indicated  divisions  are  to  be  performed  successively  from  above 
downward. 

E.g.,    I  =2-i-3-i-4-s-5=2-*-(3x4x5),  by  Ch.  II.,  §  4,  Art.  7, 
=  2-8-60  =  ^; 

while  I  =  I  X  i  =  f 

5 

28.  Compound  fractions  are  simplified  by  applying  succes- 
sively the  principles  already  established  for  simple  fractions. 

X         1  —  a? 
Ex.  1.  -3 = !-(!  —a?),  by  definition  of  a  fraction, 

A,  "■"  X  X 

_l-f  g 
"^       X 


—  m 


Ex.  2. 


n  m*  -h  n* 


n     m 

m'  4"  w*  —  WW 


n 

771  —  n 

mn 
m  (m*  4-  n*  — 

mn)  ^        (m  -h  w)  (m  —  n) 

=  Wl. 

(m  4-  n)  (m*  —  mn  -f  n*) 

FRACTIONS. 
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In  complicated  examples  there  is  often  an  advantage  in 
simplifying  the  parts  separately. 


Ex.  a  Simplify 

ax J[_     ax ^ 


(a'^-af)         1- 

X 


X 


{a^x  —  aa^-^  \  [(a  -f  a?)'—  aa?][(a— «)'-[-  ax']  \      ^ 
We  have 


+ 


a-f-o? 

0? 


o  — a? 


L     oa?  X     ^  J 


a*  +  2  oa;  +  a*  —  4aa?     a'  —  2aa?  -f  aj"  -|-  4  oa? 


ax 


oa? 


and 


_  (g  -  a;)«(a  4- g)V 

o^  -  a^  =(a?  -  a^  (a«  +  aj«) 

=(a  —  aj)(a  +  «)(«'  +  oa?  -f  «^  (a*  —  oic  +  aj^; 
a*aj  —  oaj*  =  aaj(a  —  a;)  ; 
[(a  H-  «)*  —  aa:][(a  —  aj)*  +  oa?] 

=(a*  4-  cue  +  aO(^*  —  ^*^  +  ^5 
a;  a 


1- 


finally 


1-f 


a  +05     a  +  a?_a  — a? 


a; 


a 


a  —  X     a  —  X 

Consequently  the  given  expression  becomes 

(g  -  xYJa  +  xY  ^^ 1 

gW  (g— a?)  (a-^x)  (g'-f  aa;+a^  (g*— ga?4-a^)     g— a? 


ax(a  —  x) 


(g*  +  ga;  +  a:*)  (g*  —  ga?  +  «*) 
(g  —  a;)  (g  +  x) 


g+a5 


_  gV(g*  4-  ga;  -f  g*)  (g*  —  ga?  +  g*)      g  — a: 

q^(^  — ^)  g  +  o; 

(g'  -f-  ga:  -f  «2)  (a*  —  ga?  4-  «*) 

__g4-g  ^  g  —  a; _ g  -- g 
rfaj*       g  4-  a?       g V 
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Contlnaed  Fraotioiis. 

29.  A  Continued  Fraction  is  a  fraction  whose  numerator  is  an 
integer,  and  whose  denominator  is  an  integer  plus  (or  minus) 
another  fraction  whose  numerator  is  an  integer,  and  whose 
denominator  is  an  integer  plus  (or  minus)  a  third  fraction,  etc. 

Ex  X.  ^ 1-. 1 1  =  ^. 

2  +  -A_     24-A     2  +  H     M     65 

Observe  that  in  this  reduction  the  work  proceeds  from  below 

upward. 

3  3 


Ex.  Z 


xA i x-i — - 


3-aj  S-x 

^        3 
^  ,  S-x 

3 


3aj-f3     aj-l-1 


Simplify  the  following  expressions : 

c  ^  a-hic  ^    05  —  1         X 

1.     r-*  2.    .  3.    3" 

a  a  —  x  x  +  1        X 

1         a  ^         1  '       ,  1 

1_- l«^^  a-|-_ 

1  —  a  1  +  05  a 

m 

1      1  1— Ln*  g  4-  &  I  g  —  & 

^4-1  l+izii?  a-6     o  +  6 

m— 1  l+«  a  ft 


X  — 
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1  a*     6» 


»4"1  a  1— a 

a?*  +  l      1^  a  +  aj       2aj 


1                       2a:  — 12  a?  «  —  a 

13.  ^ •  14.   r-fZ •       15.   ^  .      o • 

j^  .     g                   1  —  205  x  —  a 

4—35 


g  +  a?     flg  — y 

i  X 

iff '\' ay 


ax                            1  1 

1&  -— . 17.  i la  --7— 

1+ ? 1 L_ 

a*                         ^           2a^  ^         1 


n            n 

19. 

n  +  oj     n  —  05 

n      1      n 
n  — 05     n-f-05 

22. 

a     n* 

1  ^1    1 

o*n     n*     an* 

24. 

as* 

a 

05                 05 

1— a?  1—05 

o-h05     g  — a;  g-f-1      g  — 1 

_^g  —  a?     g  +  a;  ^,    g  —  1      g-|-l 

2a   3 21.   — —= T- 

4gaj  g  +  1      g  — 1 


(jf  —  Q?  g  —  1      g  +  1 

1  4-  gt     1 ,.  a« 
1-g'     1  +  g' 


^  «  +  !- 


«  +  2 5+1 


.+    1 


x  +  2 
a!«  1 


2a 

35-2     a  +  2 

2a5 

g     n  — 05  .       ga5 

2a 

n         g         n*  —  no5 

«     +^~«^4.2 

a?-fl     a^^  +  a;* 

27.    J jr.. 

«»  +  a?  +  i-h£- 

05       05* 


n  — X        g 
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a-\-2b     2a  +  b 
ab'  a*b 


bV   \V     (?)    Va'     c*/ 


aV 

0*4- aft  g^  —  g  —  3  g'  +  3  g* 

3L  g'  -f  ft*  a»6  -  6* 


a«6  -I-  gy  -f  2  g'6«  ^       g^  +  gg  „  2  g« 

4af-4     a^-2 
3  a^-*  -  12  af*-^  .        a^+»  +  6  a?*'+»' 


Factors  of  Fractional  Bzpresoioiui. 

30.  Fractional  Expressions  can    be  factored    by  the  same 
methods  as  were  employed  in  factoring  integral  expressions : 


Ex.  1. 


g      g      gA      1\ 


Ex.2.       A:»  +  fc+n+|  =  A:»^H-|V»^l+|^ 

Ex.3.  Factor  aj*  +  2  +  4- 

or 

Since  a?  =  a?,  --  =  ( -  ) ,  and  2  =  2  •  » •  -> 

ar      \a5y  x 

therefore,  a?-^2 -^^=fx  +  ^* 

Ex.4.  Factor  6«*+2-4- 

The  factors  of  the  first  term  are  x  and  6x,  or  2»  and  Sap; 

1  2  12 

those  of  the  second  term  are  -  and  — ,  or  —  and  -.    By 

y  y         y       y 

trial  we  find  6x^  +  ^-'^^(2x^^Ysx'^^\ 
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Ex.5. 


li--C3f-0(l?-0- 


Ex.6.  a5«-f4+l  =  «'  +  2  4-4-l 


.(..i)'-> 

_(»+i+i)(.+!-i) 


BXEBOI8B8  XII. 

Factor  the  following  expressions  : 

1.    a'O* r-r-  2.    ---— -• 

4ar  3^     4y" 

9.  a^-f-iH-3fl5  +  --  la  aj^  +  aj-l-i  +  i- 

ar               a?  x     or 

y*     or  X     or 

la  aj*  +  4aj»H-6+4  +  4-  14-  ic» _  1.  +  « - i. 

or     sr  or            X 

15.  aW  +  aaj  +  6cH 16.  -77-5  — tt^  +  i ^• 

aas  Inf     Irf     by 

17    «*-^j_^-?i^  ifl    g'      c?     2a'c  ,  2ac» 

'  F«     y»     cP      m'  &3     ^      52^  ^-  2,^' 

-^    aV  ,  2  ana;  oaj    w  ,     •     u    _ 

&y        by  by    V             v 
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Indatenninate  Fraotioiui. 

31.  By  Art.  5,  a  fraction  is  a  number  which,  multiplied  by 
the  denominator,  gives  the  numerator.  Therefore  the  fraction 
^  is  a  number  which,  multiplied  by  0,  gives  0.  But  by 
Ch.  III.,  §  3,  Art.  18,  any  number,  multiplied  by  0,  gives  0. 

We  therefore  conclude  that  the  fraction  ^  may  denote  any 
number  whatever.  For  this  reason,  it  is  called  an  Indeter- 
minate Fraction. 

But  under  certain  conditions  a  fraction  of  the  form  ^  has 
a  definite  value,  which  can  be  determined. 

32.  The  fraction  ^!^^^ 

x  —  3 

assumes  the  form  ^,  when  a?  =  3. 

But  for  every  other  value  of  x,  the  fraction  has  a  definite 

value,  which  can  be  determined  by  substituting  the  particular 

^ 9 

value  of  X  either  in  the  given  fraction  ,  or  in  the  equiva- 

X  —  3 

lent  expression  a  +  3.    For  the  identity 

is  known  to  be  true  for  all  values  of  x,  except  3. 

Thus,  when  x  =  l,  the  first  member  becomes  — — ,  =  4, 

1-3 

and  the  second  member  becomes  1+3,  =  4 ;  when  a?  =  2,  the 

first  member  becomes  - — -,   =  5,  and   the   second  member 

^  —  o 

becomes  2  +  3,  =5.     When  a; =2.99,  the  first  member  becomes 

(2.99)«  -  9  -  .0599         .  ^a 

2.99-3'    ^-^TOT'    =^-^^' 

and  the  second  member  becomes  2.99  +  3,  =  5.99. 

That  is,  the  identity  (1)  is  true  however  little  x  may  differ 
from  3.  If,  therefore,  we  assume  that  the  identity  holds  when 
aj  =  3,  we  can  obtain  the  value  of  ^  in  this  example  by  substi- 
tuting 3  for  a;  in  0?  +  3. 

Therefore,  ^  =  3  +  3  =  6,  under  this  condition- 
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33.  In  like  manner  the  value  of  any  fraction,  whose  numer- 
ator and  denominator  have  a  common  factor  of  the  form  x^a, 
can  be  determined  when  x  =  a.  Evidently  the  fraction  then 
reduces  to  %. 

Ex.  1.  The  fraction  ^r^^"^^ 

becomes  -,  when  x=2.    But 

Q?  -  Sx  +  2  ^(x-l)(x- 2)^x^1 
a?»-faj-6       (»  +  3)  (a?  -  2)     X'\-3 

Therefore,  under  this  condition,  -  =  Z—-7:  =  -• 
'  '0     2+3     6 

Ex.  2.  The  fraction  4^ 

a^  —  br 

becomes  -,  when  a  =  b.    But 

a  -V  (a-6)(a  +  6)  a  +  6 

Therefore,  under  this  condition,  -  =  — i — "^ —  =  -7r' 
'  '  0  6-1-6  2 

0     3 
In  particular,  if  a  =  1,  6  =  1,  then  ^  =  ^; 

if  a  =  2,  6  =  2,  then  ^  =  3 ;  and  so  on. 
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Find  the  values  of  the  following  indeterminate  fractions : 

1.  ^^  """3>  when  n  =  ^-  2.  ^  ~^  when  x  =  a. 

3n— 1  3  a  — a? 

a  ^^ — -,whena=-2.      4.  a^-3a;+2   ^^^^  ^^^ 

5.     .""^  when  a?  =  y ;  when  a?  =  2,  y  =  2 ; 
ar  — y*^ 

when  a:  =  3,  y  =  3. 
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6.  ^.     ^^  when  a  =  —  n ;  when  a  =  —  1,  n  =  1 ; 

when  a  ==  7,  n  =  —  7. 

'■  a»-2a««.-2a^  +  ax'^^^°"  =  '"'  whena  =  6.«  =  3. 

(«  +  4)'  -  1 

aT_64a  +  a«-64         hena  =  2. 
20a»  +  20a»-80a-80' 

34.  The  following  principles  will  be  of  use  in  subsequent  work : 

(i.)  ff  »l  =  ^  =  ?*»  =  etc., 

di     (is     ds 

then  each  of  these  fractions  is  equal  to  the  fraction 

an\  +  bui  +  ens  +  ••• 
adi  +  6^2  +  cds  +  ••• 

Ea  2^4^6x2+6x4 

'^*'  3     6     6x3  +  6x6* 

Let  the  common  value  of  the  given  fractions  be  o.    Then  from 

ni=v,     ^=v,     ^  =  r,  etc., 
di  di  dz 

we  have  ni  =div,  n%  =  d2V,  ns  =  dsv,  etc. 

Multiplying  these  equations  by  a,  6,  c,  etc.,  respectively,  and  adding 
corresponding  members  of  the  resulting  equations,  we  have 


Therefore 


ani  +  bn%  +  ens  +  •••  =  adiv  +  bdio  +  cdzv  +  ••• 

=  (adi  +  M2  +  cds  +  •••)''• 

an\  +  6na  +  cn%  +  "«  =^  =  51  =  ^  =  etc. 
odi  +  6dt  +  cdt  +  •••  di     dfl 
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(U.)  In  particular  J 


»!  __  »S  __  ttj  __    ^    __  Wi  +  W2  H-  Ws  -t-   "V 

di     (is     ds  di  +  dj  +  dt  +  ••• 

JP«  2_4_2  +  4 


nf 
}weffi  lermSf  men 

positive  integer,  U  in  its  lowest  terms. 


(iii.)  If  the  fraction  -  be  in  its  lowest  terms,  then  — ,  wherein  p  is  a 

a  dP 


For  by  Ch.  VIII.,  §  2,  Art.  14  (vii.),  n^  and  di'  are  prime  to  each 
other  when  n  and  d  are  prime  to  each  other. 

n  JV 

(iv.)  ff  ttoo  fractions,  -  and  — ,  whose  terms  are  positive  integers,  be 

n  d  D 

equal,  and  if  -be  in  its  lowest  terms,  then  N=  kn,  D  =  kd,  wherein  k  is 
d 

a  positive  integer, 

S'9'^  H  =  f  and  10  =  6  X  2,  16  =  5  x  3. 

From  ^=Vl^  we  have  iV  =  ^.  (1) 

D     d  d  ^  ^ 

Since  iV  is  an  integer,  this  equation  shows  that  nD  is  exactly  divisible 

by  d ;  that  is,  that  it  contains  d  as  a  factor.    Also,  since  -  is  in  its  lowest 

d 

terms,  n  and  d  are  prime  to  each  other.  Therefore,  by  Ch.  VIII.,  §  2, 
Art  14  (iy.)i  d  is  a  factor  of  D ;  that  is,  D  =  kd,  wherein  A;  is  a  positive 
integer. 

Substituting  kd  for  2>  in  (1),  we  have 

N  =  ^  =  kn. 


Hence  the  truth  of  the  principle  enunciated. 

n  N 

(v.)  ff  two  fractions,  -  and  — - ,  whose  terms  are  positive  integers,  be 

d         D 
equal,  and  each  be  in  its  lowest  terms,  then  N=n  and  V  =  d. 

This  principle  follows  directly  from  (iv.). 
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EXBBCISB8  XIV. 
MISCELLANEOUS   EXAMPLES. 

Simplify  the  following  expressions : 


^       yi + a)  J 


<-"--(fTf)' 

:;8 —  ' 


0+6     oa!+ac\      a—xj  \  a  —  lj 

5.  o  +  ftA     A     ft  +  c/1     1\ 

aft   \o     bj  be   \c      bj 

e  /a  +  6^o^\  /a±6^.aiL*Y 

\c  +  d     c  —  dj  \c  —  d     e  +  dj 

7.  0  +  6 T 5"  a  -H ^-, — =•. 

a+l     6+i  1+5     1+*      1+1 

ha  0  a     a     0 


9.  m  — 


l_m4-m*-»-    *^* 


1+m 


10.   /^a?  +  2y_^g\     /a?  +  2y x_\ 

\a  +  «       J\a  —  x       )     \a4-«       J\a  —  x       J 


12. la 


a»  -  «•  a  V 


a  —  la-hl  a^     ax     7? 


X 


X  \  ^J\  */ 


-r_±  U  +  i^-l 
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n-f3 


15. 


ti"  —  4  n  -h  3 


6 


5n-30 


17. 


3g»  +  3gy 


as  —  y      «•—  y*/     a^  — 


ai'  +  y' 


0 


sr 


+ 


Axy  -{-  6ay     \(zx  -\-  ay     2x 

Vn  +  1     n-iy     \2     4     4ny 
g'  +  ga; 

a^  —  7?     \   ^ax  J 


19. 


a' 


a^ 


a6-f  1 


2a  <^  +  ^     a*  +  n»-f2an      ^i. 


a 


a' 


a  4-  n     d^  ^rf 


a4- 


ac  +  l 


6(a6c  +  a  +  c) 


22. 


12  a; -12 


a?  + 


8(a  +  2) 


0? 


16  X*  - 15' 


a  + 


ab 


24. 


26. 


c  + 


1  _  x-^-  a      1 
a; 


a;  —  a 


«*  4-  a*     a?     aj*  -f  a* 
a+  a;       1 


a  —  a; 


a     ai^  •\-  31?     a     a^  -\-a? 


2a 


c  — d 


(!^-\-cd     cP-^cd 


cP 


+ 


c^-cd*      c-^-d 


a+l     6+i     c+- 

25.    jx jX J- 

6+i     c+i     a+- 
a   .        0  c 


27. 


?+y4.2     ?  +  ?-2 


a  +  y 


a?  — y 


2a 


29. 
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aa 


K2x  2x  \  .  f    X X    \T 


1  -h  w  —  n*  —  n* 


32. 


3a  .^f^-h 


xy^-^-^ 


3^ « — ; —  X 


1- 


i-i 

n 


1-rf 


1  -f-flp     1  —a;       4ic* 


l-a;     l-ha;     g»-l 
\ic«  +  a*        a*         J 


aj-1 


1— 3a;  +  aj* 


36. 


3a?4-(a;~l)«  a^-1  x-l 

1  _  2  a?  4- »*  -  2  aj» 


1+ 2  a;  +  2  «» +  or* 


1  -f-aj  +  aj'H ha^~*4- 


af 


37. 


a; 


1-f  2a?  +  «*- 


a;-f  2 


•  aj^ 


aa  [x  I  ft(«^  +  ft-c)  +  «<' 


[ 


-(c_a-6)1 

tc  —  g 6  —  g       "I 
(c-6)(x-c)      (c-6)(a;-6)J 


39. 


V  3  +  W 


a^-*-*  +  3  a* 


6  a^»  -  24 


2a; 


«*•+»  +  6  a:'»+»  +  9  «»     3  af'  +  6 


40. 


a;(a;-i-3)-a(g-l)-h2  ^ 
2x  "^ 


fi^  1 


g    a?-|-l 


a    a;-f  1 


1  + 


(a:- 


g)(a?+g)-H"[  . 

2a;  J 


FRACTIONS.  309 

In  each  of  the  following  expressions  make  the  indicated 
substitution,  and  simplify  the  result : 

41.  In -^,  let  X  =    "T   « 

x  +  a-'2b  2 

42. 


Inf^JiZl^Y,  letm  =  ^. 
43.  In-?^-f-5!?,  letaj=    ^ 


a-1 


n  — ca5      c  c"  — n 

44.  In  l+^i^ZL?^,  let  a  +  6  +  c  =  2«. 

45.  In^('l-!?^V^l--\let«  =  ^  +  «- 

n\       a  J     m\       a) 

05  —  6  a  +  0 

47.  InH±l-ra(a.  +  l)-«('^-^)-»1  let  («  =  «^ 
X         \.  *  i  « 

I^  8aa;  +  6a-3     a;(2a  +  l)-3   ,  ^  ^_3-6a 
a!(4a*-l)        a;(2a-l)  +  3'  3  +  4o 

Verify  each  of  the  following  identities : 

^   a(«-»)_fe<:!M:£)  =  ^,  when  x  =  a-h. 
h  a 

^  a^Iloi  +  »{£z:*)  +  «_^II«l  =  x,  when  x  =  a  +  b  + 
b  +  c  a-|-c  a  +  6 

a^  +  2a     a^^2a^     4a6       ^j^^^  a:  =  -?^. 
26-aj     26-faj     46'-ic*  a  +  6 

52.  (l-hic)(l+y)(l  +  «)=(l-«)(l-y)(l-2),  when 

g— 6  6— c ^     c— g 

g  +  ft"^      64- c  c  +  a 

aa  fc*  — a^  =  ^»(«  — a)(3  — 6)(«  — c),  when 

^_V±^j^  and  g  +  64-c  =  2«. 
2c 


CHAPTER  X. 

FRACTIONAL  EQUATIONS  IN  ONB  UNKNOWN 

NUMBER. 

1.  A  Fractional  Equation  is  an  equation  whose  members^ 
either  or  both,  are  fractional  expressions  in  the  unknown 
number  or  numbers. 

^'  x^2     «  +  !'  a?-hl 

Observe  that  we  cannot  speak  of  the  degree  of  a  fractional 
equation.  The  term  degree^  as  used  in  Ch.  lY.,  §  2,  Art  5, 
applies  only  to  integral  equations. 

2.  The  principles  of  equivalent  equations  established  in 
Gh.  IV.,  §  3,  hold  also  for  fractional  equations.  They  can 
therefore  be  applied  in  this  chapter. 

3.  If  both  members  of  a  fractional  equation  be  multiplied 
by  the  L.  G.  D.  of  the  denominators  of  its  fractional  terms,  an 
integral  equation  will  be  obtained  (Gh.  II.,  §  3,  Art.  17). 

This  step  is  called  clearing  the  equation  of  fractions. 


Ex.  1.  If  both  members  of  the  equation 

3  2 


(1) 


aj-h2     a:-|-l 

be  multiplied  by  («  4-  2)  (a?  -f  1),  the  L.  G.  D.  of  the  denomi- 
nators of  its  fractional  terms,  we  obtain  the  integral  equation 

3(a;-fl)=2(aj  +  2).  (2) 

Ex.  2.  If  both  members  of  the  equation 

—  2ag*        X     _        ^3  m 
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be  multiplied  by  x*  —  1,  we  obtain  the  integral  equation 

-  2  «•  -  aj(a?  + 1)=  -  x(x  - 1)-  3(aj*  - 1), 
or  (a:-hl)(«~3)=0.  (2) 

Observe  that,  in  Ex.  2,  it  is  not  necessary  to  multiply  by 
x"^  —  1,  ==(»  -h  l)(x  —  1),  in  order  to  clear  the  equation  of  frac- 
tions. For,  if  the  terms  in  the  second  member  be  transferred 
to  the  first  member,  we  have 


a^-1     l-aj     l+« 

or,  uniting  terms,  — ~    ^  "^    =  0, 

sr  —  1 

or =  0. 

x  —  1 

Clearing  the  last  equation  of  fractions  by  multiplying  by 
05  —  1,  we  have  the  integral  equation 

a?  -  3  =  0.  (3) 

It  is  important  to  notice  that  the  factor  a;  -f- 1>  by  which  it 
is  not  necessary  to  multiply  in  order  to  clear  the  given  equa- 
tion of  fractions,  is  a  factor  of  the  integral  equation  (2). 

It  can  be  easily  seen  that  no  unnecessary  factor  was  used  in 
clearing  of  fractions  the  equation  in  Ex.  1. 

4.  The  roots  of  a  fractional  equation  are  found  by  solving 
the  integral  equation  derived  from  it  by  clearing  of  frac- 
tions. The  equivalence  of  the  given  fractional  equation  and 
the  derived  integral  equation  is  determined  by  the  following 
principle : 

If  both  members  of  a  fractional  equatioriy  in  one  unknovtm 
number,  be  multiplied  by  an  integral  expression  which  is  neces- 
sary to  clear  the  equation  of  fractions,  the  integral  equation  thus 
derived  will  be  equivalent  to  the  given  fractiwial  equation. 
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Let  ^=  0  (1) 

Z>  ^  ^ 

be  the  given  fractional  equation  when  all  its  terms  are  transferred  to  the 
first  member,  added  algebraically,  and  the  resulting  fraction  reduced  to 
its  lowest  terms. 

In  deriving  equation  (1)  from  the  given  fractional  equation,  terms 
were  transferred  from  one  member  to  the  other,  by  Ch.  IV.,  §  3,  Art.  5 ; 
and  then  only  indicated  operations  were  performed.  Therefore  equation 
(1)  is  equivalent  to  the  given  fractional  equation. 

Clearing  (1)  of  fractious,  we  have  the  integral  equation 

iV  =  0.  (2) 

AT 

Any  root  of  (1)  reduces  ^  to  0.    But  any  value  of  x  which  reduces 

^  to  0  must  reduce  iV  to  0  (Ch.  III.,  §  4,  Art  7),  and  hence  is  a  root 

of  the  derived  equation.   That  is,  no  solution  is  lost  by  the  transformation. 

Any  root  of  the  derived  equation  reduces  N  to  0.    But,  since  =^  is  a 

fraction  in  its  lowest  terms,  N  and  D  have  no  common  factor,  and  there- 
fore cannot  both  reduce  to  0  for  the  same  value  of  x  (Ch.  YIII.,  §  4, 
Art.  2).    Consequently,  any  value  of  x  which  reduces  iV  to  0  must 

reduce  —  to  0  (Ch.  III.,  §  4,  Art.  6).    That  is,  no  root  is  gained  by  the 

transformation. 

Therefore  the  derived  integral  equation  is  equivalent  to  equation  (1), 
and  hence  to  the  given  fractional  equation. 

We  yrill  now  apply  this  principle  to  complete  the  solutions 
of  Exx.  1  and  2  of  the  preceding  article. 

Ex.  1.  The  derived  integral  equation 

3(a;  +  l)=2(ic  +  2) 

is  equivalent  to  the  given  fractional  equation^  since  no  unneces- 
sary factor  was  used  in  clearing  of  fractions.  The  root  1  of 
this  derived  equation  is  therefore  the  required  root  of  the 
given  equation. 

Ex.  2.  The  derived  integral  equation 

aj-3  =  0 

is  equivalent  to  the  given  fractional  equation,  since  no  unneces- 
sary factor  was  used  in  clearing  of  fractions.    The  root  3  of 
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this  derived  equation  is  therefore  the  required  root  of  the 
given  equation. 
It  is  important  to  observe  that  in  Ex.  2  the  integral  equation 

(aj4-l)(a-3)=0 

is  not  equivalent  to  the  given  fractional  equation,  since  the 
unnecessary  factor  x-\-l  was  used  in  clearing  of  fractions. 
This  integral  equation  therefore  has  the  root  —  1,  which  is 
not  a  root  of  the  given  equation. 

This  root,  which  does  not  satisfy  the  given  equation,  and 
which  was  introduced  by  mtdtiplying  both  members  of  the  given 
equation  by  the  tinnecessary  factor  a;  •+•  1>  is  a  root  of  the  equa- 
tion obtained  by  equating  this  factor  to  0. 

&  If  all  the  terms  of  a  fractional  equation  be  transferred  to 
its  first  member,  be  united  into  a  single  fraction,  and  this 
fraction  be  reduced  to  its  lowest  terms,  the  integral  equa- 
tion obtained  by  then  clearing  of  fractions  is  equivalent  to 
the  given  fractional  equation.  But  it  is  not  necessary,  nor 
advisable,  to  make  this  transformation  before  clearing  of  frac- 
tions. If  any  new  root  be  introduced,  it  will,  as  we  have  seen, 
be  a  root  of  one  of  the  factors  of  the  L.  C.  D,  equated  to  0,  and 
can  therefore  be  rejected  at  sight. 

Ex.  1.  Solve  the  equation  L^±15  =  ||  +  ^. 

^  x-2        12      6 

Multiplying  by  12  (x  -  2), 

84aj  +  120  =  5a?  -  10a:  +  TOoj  - 140. 

Transferring  and  uniting  terms, 

5a? -24aj- 260  =  0. 
Factoring,  (x  - 10)  (5  a;  +  26)  =  0. 

Whence  a?  =  10  and  a?  =  —  ^. 

Since  neither  10  nor  —  ^  is  a  root  of  the  L.  C.  D.  equated 

to  0,  that  is,  of 

12(aj-2)=0, 

both  10  and  —  ^  are  roots  of  the  given  equation. 
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6.  The  following  suggestions  will  simplify  the  work  of  solv- 
ing many  fractional  equations : 

(i.)  If  any  fraction  be  not  in  itB  lowest  teiins  it  sTiould  he 
rednced. 

(ii.)  r/i€  form  of  an  eqiiajtion  will  frequently  suggest  grouping 
and  tmiting  some  fractional  terms.  This  reduction  should  always 
be  made  if  two  or  more  fractions  have  a  common  denominator, 

Ex.  1.  Solve  the  equation = -• 

X  —  2     X  —  4      X  —  6     X  —  8 

Uniting  the  fractional  terms  in  each  member  separately, 

-2  ^  -2 

(x  -  2)  (a?  -  4)      (x  -  6)  (a;  -  8) ' 

Dividing  by  —  2, 

(x  -2)(x-  4)      (a;  -  6)  (a;  -  8)' 
Clearing  of  fractions, 

(x  -  6)(x  -  8)  =  («  -  2)(a:  -  4). 

Therefore       a?  —  14a;-f48=a^  —  6a?4-8. 

Whence  —8a:  =  —  40,  or  x::s5. 

Since  5  is  not  a  root  of  any  factor  of  the  L.  C.  D.  equated  to 
0,  it  is  a  root  of  the  given  equation. 

Ex.  2.  Solve  the  equation  -^  =  -^  + 10.  (1) 

X  —  1      X  —  1 

aj*  —  1 
Transferring  and  uniting  terms, =  10. 

X  —  1 
Reducing  to  lowest  terms,  a?  + 1  =  10.  (2) 

Whence  a?  =  9. 

The  integral  equation  (2)  is  equivalent  to  the  given  equa- 
tion, and  therefore  9  is  the  required  root. 

Had  the  given  equation  been  cleared  of  fractions  by  multi- 
plying by  «  —  1,  the  root  1  of  a?  —  1  =  0  would  have  been 
introduced. 
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(iii.)  An  improper  fraction  should  in  some  cases  first  he  reduced 
to  the  sum  of  an  integral  expression  and  a  proper  fraction. 

Ex.  a  Solve  the  equation  ?^^  +  ^^  =  2. 

05  —  4       05  —  5 

Keducing  the  improper  fractions^  we  obtain 

a?  — 4  x  —  o 

or  -J_+-L-  =  o. 

05  —  4     «  — 5 

Clearing  of  fractions^    a?  —  5  +  x  —  4  =  0. 

Whence  a;  =  J. 

BXBBCISBS  I. 

Solve  the  following  equations : 

1.   —  =  4.  X  1  =  3.  a  5-5  =  2. 

05  a;  X 

.    3a5-16     5         «    Bx-'B     ^  ^    x-l     2 

X  3  aj  +  1  aj-hl     3 

7    —1—  —  ?  a       a;     _  1— 2a;  ^    a;  — l__a5  — 4 

5_1^7"  l+2a:~4(l-a;)'  '  aj-3~a;-2' 

X 

10     a?  — ^  ■--  ^  — ^  11    2a?  — 3_4a;  — 5 

'2aj-5     2a;- 2"  ■3a;-4     6a;- 7* 

12.    J5.__      10      ^^  ^3        X     ^^^2 

»  — I     3»  — 4  x  +  1     x  +  2 

14.  i^  +  l  =  l.  15.  10-7a?^_6     -7. 

a;-fla;  a;  — 1        05  +  1 

5aj  17 


2«4-l      2aj-l-l 
(a;  +  2)«       a;  +  2 


3a?-hl     9a;  +  3     6 


la  9a;-8^a;'-l      1  ^^     5a;-hl 


45         5a;  +  l     9  36a;-48     9a?-12     8 

aa  1  +  -A«  =  ^ 5£».      21.  ?-i^±l  =  J^ ?. 

2     a;  +  2      8      4a;-t-8  4       J  +  a;       J  +  a;     4 
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4a?  +  2     22"^2aj  +  l' 
oo         4       ^       4 


(fc  +  l)*     aj(»  +  l)'     2aj(aj-|-l) 

«^    3aj-l  ,     a;-7        12aj-l 
24   — f- 


14         12  a  -  4  56 


25.   :r-^+       ^ 


26. 


27. 


l-3ic     l-5ic         2a?-l 
a?-7     2a;- 15  1 


a?  +  7      2a?-6  2(aj-f7) 

_1 1     ^1        1 

ajH-3     a;-|-5     6"a?  +  3' 


aa     2    _    6    ^    3    ^0 

«  — 4     oj  — 2     a  — 6 

oa        21  5  2 

29. 


3aj-7     aj  +  3     aj-5 
1 

30.  ^  ^  ^ 


jB"-f-l      a  +  1      iB*H-2a;  +  l 
31. h 


l+JC     1  —  X     1— a* 

32    2g?  +  l  8       ^2g;-l 

'  2a?-l     4iB»-l     2aj-hl 

33.  -1.+     '  ^' 


x-\-2     ar  +  3     aj"-|- 5a; +  6 
^.    05-3      12-.2a     3aj-27 

39. 


x»_9      a!»-36       a!»-81 

2i»!  +  19        17 3_=:0 

Sas'-S      a!»-l     1-*       * 


37. 
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6aj-8       2x'-5  19i»«-29 


6x^15     lOaj-4     (2aj-5)(16aj-6) 


aa       ^      I  ^  37-9a 


39.         7^+       3  16 


6z  +  30     405-20     2i«!'-60 

4a  ^-6  I  * L__o 

a!«  +  8     6a!»-10a!  +  20     x  +  2 


a^  +  2a?  +  l     a?-f2aj2  +  aj'     2x-{-2a? 
^2,  a?  — 3  X  15 


aj-1  aj2^3^^9     aj8_27' 

^  3-2a?     2a?-5^.^  4ic*-2 


l-2a     2aj-7  7-16a?  +  4ic» 

^       1  1  aj  +  3    _     6 


a-1     2(aj-f-l)     2(iB»  +  l)     aJ*-l 
.-    l-3a?  ,  2aj-l     p.         96 


46. 


47. 


4  —  a       a?4-4  a?*  — 16 

1111 


aj  —  2     05  —  4     x^Q     x  —  % 

6  9  14 

aj  — 5     a?  — 3     a?  — 7     a:  — 1 


^  a^  +  9a?  +  18     g'-9a;  +  18_22     g*-f3a?-18 
x-^^  a;  — 6  aj  — 3 

49.  ^  2  8  5 


(aj-l)(aj  +  2)     aj*-a;-2     ar»-l     a^-4 

50.  -1^--J-+    1  1 


a;  — 8     a;  — 7     «  — 4     a?  — 5 
51.--1_  +  -J L_4.      2 


aj  — 9     a  — 4     a;  — 7     a  — 11 
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52  -i L_+_2_^_l_ 

aj-13     a;-15     a?-18     aj-19 

53  ^      I        3  29^       2 

'  aj-8     2.T-16     24     3aj-24 

54  g  +  3     a?  +  4     a?~6_g'-2a?-15 
a:4-l      a;  +  2     a?-4  aj*-9 

--    a?  +  8     fl;  +  6,a?  +  4     x-^5     ic-h2,a;  +  3 
x—o     x—6     x—7     x—5     x—6     x—7 

-^  x-^  5  _  a?H-3  ,  x-^-l  _  x-\-2  __  x  —  1         x 
x-7     x-%     a-9"'x-7      a;-8     aj-9' 

Problems. 

7.  We  add  a  few  problems  which  lead  to  fractional  equations. 

Pr.  1.  If  5  be  added  to  a  certain  number,  and  9  be  subtracted 
from  the  same  number,  the  quotient  of  the  sum  divided  by  the 
difference  will  be  3.    What  is  the  number  ? 

Let  X  stand  for  the  required  number. 

Then,  by  the  condition  of  the  problem,  we  have 


aj-9 


=  3; 


whence  a;=16;  and  ?^±4  =  — =  3. 

'  16-9      7 

Pr.  2.  A  number  of  men  received  f  120,  to  be  divided 
equally.  If  their  number  had  been  4  less,  each  one  would 
have  received  three  times  as  much.  How  many  men  were 
there  ? 

Let  X  stand  for  the  number  of  men.    Then  each  man  received 

120 

dollars.     If  their  number  had  been  4  less,  each  one  would 

^                      120 
have  received dollars. 

a;  —  4 
Therefore,  by  the  condition  of  the  problem,  we  have 

120^3^120 


ic  —  4  X 

Whence  a;  =  6.     Each  man  received  $  20 ;  and  if  their  num- 
ber had  been  4  less,  each  one  would  have  received  $  60. 
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Pr.  3.  The  value  of  a  fraction  when  reduced  to  its  lowest 
terms  is  ^.  If  its  numerator  and  denominator  be  each  dimin- 
ished by  1,  the  resulting  fraction  will  be  equal  to  |.  What  is 
the  fraction  ? 

The  numerator  of  the  required  fraction  must  be  a  multiple 
of  1,  and  the  denominator  the  same  multiple  of  5. 

Let  X  stand  for  this  multiple.    Then  the  required  fraction  is 

X 


6x 

By  the  condition  of  the  problem,  we  have 

x-1  ^1 
5aj-l     6 

Whence  x  =  5»    The  required  fraction  is  ^,  =  ^ ;  and 

5-1  ^  4  ^1 
25-1      24     6* 

EXERCISES  II. 

1.  What  number  added  to  the  numerator  and  denominator  of 
^  will  give  a  fraction  equal  to  |  ? 

2.  The  sum  of  two  numbers  is  18,  and  the  quotient  of  the  less 
divided  by  the  greater  is  equal  to  \,    What  are  the  numbers  ? 

3.  The  denominator  of  a  fraction  exceeds  its  numerator  by  2, 
and  if  1  be  added  to  both  numerator  and  denominator,  the 
resulting  fraction  will  be  equal  to  |.    What  is  the  fraction  ? 

4.  The  sum  of  a  number  and  seven  times  its  reciprocal  is  8. 
What  is  the  number  ? 

5.  The  value  of  a  fraction,  when  reduced  to  its  lowest  terms, 
is  f .  If  its  numerator  be  increased  by  7  and  its  denominator 
be  decreased  by  7,  the  resulting  fraction  will  be  equal  to  |. 
What  is  the  number  ? 

6.  What  number  must  be  added  to  the  numerator  and  sub- 
tracted from  the  denominator  of  the  fraction  ^,  to  give  its 
reciprocal  ? 
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7.  If  ^  be  divided  by  a  certain  number  increased  by  \,  and 
\  be  subtracted  from  the  quotient,  the  remainder  will  be  \, 
What  is  the  number  ? 

a  A  train  runs  200  miles  in  a  certain  time.  If  it  were  to 
run  5  miles  an  hour  faster,  it  would  run  40  miles  further  in  the 
same  time.     What  is  the  rate  of  the  train  ? 

9.  A  number  has  three  digits,  which  increase  by  1  from  left 
to  right.  The  quotient  of  the  number  divided  by  the  sum  of 
the  digits  is  26.     What  is  the  number  ? 

10.  A  number  of  men  have  $  72  to  divide.  If  $  144  were 
divided  among  3  more  men,  each  one  would  receive  $  4  more. 
How  many  men  are  there  ? 

11.  It  was  intended  to  divide  ^  by  a  certain  number,  but  by 
mistake  ^  was  added  to  the  number.  The  result  was,  never- 
theless, the  same.    What  is  the  number  ? 

12.  A  steamer  can  run  20  miles  an  hour  in  still  water.  If 
it  can  run  72  miles  with  the  current  in  the  same  time  that  it 
can  run  48  miles  against  the  current,  what  is  the  speed  of  the 
current  ? 

13.  A  man  buys  two  kinds  of  wine,  14  bottles  in  all,  paying 
$  9  for  one  kind  and  $  12  for  the  other.  If  the  price  of  each 
kind  is  the  same,  how  many  bottles  of  each  does  he  buy  ? 

14.  The  circumference  of  the  hind  wheel  of  a  carriage 
exceeds  the  circumference  of  the  front  wheel  by  4  feet,  and 
the  front  wheel  makes  the  same  number  of  revolutions  in  run- 
ning 400  yards  that  the  hind  wheel  makes  in  running  600  yards. 
What  is  the  circumference  of  each  wheel  ? 

15.  In  a  number  of  two  digits,  the  digit  in  the  tens'  place 
exceeds  the  digit  in  the  units'  place  by  2.  If  the  digits  be 
interchanged  and  the  resulting  number  be  divided  by  the 
original  number,  the  quotient  will  be  equal  to  |^.  What  is 
the  number  ? 

16.  In  a  number  of  three  digits,  the  digit  in  the  hundreds' 
place  is  2 ;  if  this  digit  be  transferred  to  the  units'  place,  and 
the  resulting  number  be  divided  by  the  original  number,  the 
quotient  will  be  equal  to  ^.    What  Is  the  number  ? 
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17.  In  one  hour  a  train  runs  10  miles  further  than  a  man 
rides  on  a  bicycle  in  the  same  time.  If  it  takes  the  train 
6  hours  longer  to  run  255  miles  than  it  takes  the  man  to  ride 
63  miles,  what  is  the  rate  of  the  train  ? 

la  Two  engines  are  used  in  different  places  in  a  mine  to 
pump  out  water.  The  one  pumps  11  gallons  every  5  minutes 
from  a  depth  of  155  yards ;  the  other  pumps  31  gallons  every 
10  minutes  from  a  depth  of  88  yards.  The  engines  together 
represent  the  power  of  54  horses.  Each  engine  represents  the 
power  of  how  many  horses  ? 

19.  A  cistern  has  three  pipes.  To  fill  it,  the  first  pipe  takes 
one-half  of  the  time  required  by  the  second,  and  the  second 
takes  two-thirds  of  the  time  required  by  the  third.  If  the 
three  pipes  be  open  together,  the  cistern  will  be  filled  in 
6  hours.     In  what  time  will  each  pipe  fill  the  cistern  ? 

20.  A  and  B  ride  100  miles  from  P  to  Q.  They  ride 
together  at  a  uniform  rate  until  they  are  within  30  miles  of 
Q,  when  A  increases  his  rate  by  \  of  his  previous  rate.  When 
B  is  within  20  miles  of  Q,  he  increases  his  rate  by  ^  of  his 
previous  rate,  and  arrives  at  Q  10  minutes  earlier  than  A. 
At  what  rate  did  A  and  B  first  ride  ? 

21.  A  circular  road  has  three  stations.  A,  B,  and  C,  so  placed 
that  A  is  15  miles  from  B,  B  is  13  miles  from  C  in  the  same 
direction,  and  C  is  14  miles  from  A  in  the  same  direction. 
Two  messengers  leaving  A  at  the  same  time,  and  traveling 
in  opposite  directions,  meet  at  B,  The  faster  messenger  then 
reaches  A,  7  hours  before  the  slower  one.  What  is  the  rate 
of  each  messenger  ? 


CHAPTER  XL 

LITERAL  EQnATIONB  IN  ONE  UNKNOWN  NUMBER. 

1.  The  unknown  numbers  of  an  equation  are  frequently 
to  be  determined  in  terms  of  general  numbers,  i.e.,  in  terms 
of  numbers  represented  by  letters.  The  latter  are  commonly 
represented  by  the  leading  letters  of  the  alphabet,  a,  b,  c,  etc. 

Such  general  numbers,  a,  b,  c,  etc.,  are  then  to  be  regarded 
as  knovm. 

E.g.,  in  the  equation  x  +  a  =  b, 

a  and  b  are  the  knovm  numbers,  and  x  is  the  unknown  num- 
ber. 

From  this  equation  we  obtain  a?  =  6  —  a. 

2.  It  is  important  to  notice  that  the  assumption  that  Xy  y,  2, 
etc.,  are  the  unknown  numbers  of  an  equation,  and  that  a,  6, 
c,  etc.,  are  the  known  numbers,  is  arbitrary. 

In  the  equation  x-\'a=b,  either  a  or  b  could  be  taken  as 
the  unknown  number.     If  a  be  taken  as  the  unknown  number, 

if  &  be  taken  as  the  unknown  number,  we  have 

b  =  x-{-a. 

3.  A  Numerical  Equation  is  one  in  which  all  the  known 
numbers  are  numerals. 

E.g.,  2a;  +  3  =  7;  4a;-3y  =  7. 

A  Literal  Equation  is  one  in  which  some  or  all  of  the  known 
numbers  are  literal. 

E.g,,        ax-{-b  =  S,  2 aa;  4-36  =  5;  ax-\'by  =  c, 
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4.  The  principles  of  equivalent  equations,  of  course,  hold 
when  the  equations  are  literal. 

Ex.  1.  Solve  the  equation  5zi«  4.  ?Lzl  =  -  iSLZL^. 

^  b  a  2ab 

Clearing  of  fractions, 

2ax-2a^  +  2bX'-2V  =  -a^-\-2ab-V. 

Transferring  and  uniting  terms, 

2(a  -h  6)a?  =  a*  +  2a6  +  V. 

Dividing  by  2  (a  +  &),    x  =  ?!i^. 

It  is  important  to  notice  that  the  above  equation,  although 
algebraically  fractional,  is  integral  in  the  unknown  number  x. 
The  equations  which  follow  are  fractional  in  the  unknown 
number. 

Ex.2.   Solve  the  equation  1^-^  =  ^^:zl  +  2. 

ox  ax 

Clearing  of  fractions,  a  —  a^x  =  6^  —  6  +  2  0605. 

Transferring  and  uniting  terms, 

(a»  +  2a5  +  6*)aj  =  a-f  ft. 

1 


Dividing  by  a'  -f  2  a6  -f  6*,  x  = 


a  +  b 


1  —  a' 
Ex.  3.  Solve  the  equation  a  H =  1. 

X 

1  —  a' 
Transferring  a  to  second  member,     =  1  —  a. 

X 

Dividing  by  1  -  o,  ^^^^  =  1. 

X 

Whence  a?  =  1  4-  a. 

Ex.4.  Solve  the  equation  2±^  +  5±^  =  2. 

X  —  b     X  —  a 

Reducing  improper  fractions,  1  +  ^        + 1  H — ^  =  2. 

X  —  b  x  —  a 
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Canceling  equal  terms,  ,  -|-  ^"^    =  0. 

a?  — 6     x  —  a 

Dividing  by  a  +  6,  -J—  +  — ^  =  0. 

aj  —  0     a?  —  a 

Clearing  of  fractions,  a5  —  a  +  aj  —  6  =  0. 

Whence  x  =  ^^4^- 


Ex.  5.  Solve  the  equation 


1  c  X 


a  —  b     (x  —  b)(x  —  c)     (05  — 6)(aj  — c) 
Uniting  fractions  with  common  denominator, 

1    +,     <'-'>      =0. 


a—b     (x—b)(x  —  c) 

Reducing  to  lowest  terms, =  0. 

a— 6     x—b 

Clearing  of  fractions,  a;— 6  —  a-f-&  =  0. 

Whence  x  =  a. 

Had  we  cleared  of  fractions  at  once,  We  should  have  intro- 
duced the  root  c  of  the  factor  x  —  c  equated  to  0. 

5.   A  linear  equation  in  one  unknown  number  has  one,  and  only  one, 
distinct  root. 

Any  linear  equation  in  one  unknown  number  can  be  reduced  to  the 

form 

ax  =  &, 

in  which  ax  is  the  algebraic  sum  of  all  the  terms  which  contain  x  (trans- 
ferred to  the  first  member),  and  b  is  the  algebraic  sum  of  all  the  terms 
free  from  x  (transferred  to  the  second  member). 
If  both  members  of  the  equation 

cue  =  6 

be  divided  by  a,  when  a^O,  we  obtain  a;  =  -. 

a 

Since  this  value  of  x  satisfies  the  equation,  we  conclude  that  every 

linear  equation  has  at  least  one  root. 

Let  us  assume  that  the  equation 

ax  =  b 
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has  two  distinct  roots,  and  let  us  denote  them  by  Vi  and  r%.  Then,  since 
they  must  both  satisfy  the  given  equation,  we  have 

an  =  b  (1) 

and  ars  =  b.  (2) 

Subtracting  (2)  from  (1),  we  obtain 

Since  a^O,  we  have,  by  Ch.  IIL,  §  3,  Art.  20, 

n  -  ra  =  0  ; 

whence  ri  =  rj. 

Therefore  the  assumption  that  the  equation  has  two  distinct  roots  is 
untenable.    Hence  the  truth  of  the  principle  enunciated. 

6.   Observe  that,  in  Art.  6,  we  have  no  authority  for  dividing  both 

members  of  the  equation 

ax:=b 

by  a,  when  a  =  0.    But  if  we  assume  that  ^  still  gives  the  solution  of 

a 

the  equation  when  a  =  0,  the  value  of  x  will  be  indeterminate  (J)  or 
infinite  (oo),  according  as  6  =  0  or  b^O,  Evidently,  when  a  =  0  and 
6  =  0,  any  finite  value  of  x  will  satisfy  the  equation  ;  while,  when  a  =  0 
and  b^O,  no  finite  value  of  x  will  satisfy  the  equation. 

BXBBCISBS  I. 
Solve  the  following  equations : 

1.  a  —  a?  =  c.  2.  mx  -|-  a  =  6.  3.  a  —  6aj  =  c . 

4.  mx  =  nx  +  2.    5.«  —  aaj-|-l  =  6x.     6.  ax-{-bx-'X  =  0, 

7.  Sax  —  5a6 -h6aaj  — 7ac  =  2aaj4-2a6. 

a  4a*--2a6aj4-&*  +  3a"a;=:5a*-6«a;-|-2a«a;. 

9.  19a  -  lOax  +  15 6  -  8  to  =  166  -  9aaj  +  16a  - 11  te. 

10.  (2a-6)aj  =  4a*-3a(6H-a;). 

U.  a(aj  +  a)-6(x  — 6)=3aa;H-(a  — 6)*. 

IZ  x{X'\-a)'{'x{x-{-b)-2(x  +  a)(x+b)=0. 

13.  (x  +  ay=^(x-by.  14.   (x  +  ay  =  5a^'h(x-ay. 

15.  (a-f-«)(6  +  a?)-(c-a;)(d-Jc)=0. 

la  (3a  — a;)(a  — 6)-f2aaj  =  4  6(a  +  «). 

17.   (2  6  +  2c  -  a;)«4-  (26  -  2c  -h  «)*-  (2  6  -  2d  -h  »)* 
=  (2  6  +  2d-«)«. 
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b  a     ,      b 

la  a  -f  -  =  c.  19.  -  -h  &  =  -  -f-  a. 

X  XX 

^^    a  ,  x  —  b     a  —  x     ^              ^,     6*.  6     a     a 
20.   -  H =1.  21. 1 T  =  — 

XX  X  ax     a-    0     X 

22.  —  —  — +  7i i=^-  23. =bx-^cd-'ac, 

ab     bx     2  aa     or  b  —  c 

24.  ^±5=5.  25.  5Lt£=:5L±l. 

"a  —  a4  [^-j-xft-fl 

jjg^  g  — &a;___3  ^^    4g'-f-ax  —  &_2 

oa;  —  64  '6a^4-6a:  —  a3 

2a 1 =  2  a.  29. H =x-j-  — 

a4-6     a  — 6  a-f6     a  — 6  a 

30    a^  +  g         2     _g  — g  gj^  6a;  +  a     3g  — 6_q 

2         a-l-g         2  4a?-f  6     2a:  — g 

32.  a±x^a^-x^  33   5_::^^xj:i. 

6  +  g     6  — g  a?— 2     x  —  S 

^    a     x-h^  ^.    a?-fa6     g«4-g6  +  6* 

6     a:  —  g'  a;  —  g6     a*  —  a6  -|-  6* 

36    a?4-g^(2g  +  g)V  37    a;4-g_(2a;  +  g  +  cy 

■  «-6     (2aj-6)«*  '  a;  +  6     (2a;-f-6  +  c/ 

g(a:  +  l)-6(a:-l)^g;^ 
6(a;4.1)_a(aj-l)     6» 

3^    cf-b^^a(x-b^-\-  bjaf  -  a?) 
'  g»  +  6»     g(a;-62)-6(g«-a?)' 

40.  i — 4-—^^ ^ —  =  0. 

g6-ga;     6c-6a;     gc-ga; 


g  — 6\       xj     g  — c\       xj     (g  — c) 


^     g'  +  g'  g^      ^  ^ 

4ic«-g*     2«  +  g  4 

-^    «  —  g.sc— 6,aj  —  c  1,1,1 

26c        2gc       2g6  g6      c 
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^.    a  —  b  .  h  —  c  .  c  —  a rv 

ap  — o  — 6     a  — a-f-0     2a  — X 
^^    x  —  a,x  —  b.x  —  c  3x 


49. 


50. 


51. 


54. 


55. 


56. 


57. 


6 -h  c     a-\-c     a  +  6     a  +  6-fc 
-_         a  -\-  X        ,        a  —  a?  3a 


o*H-aa:-|-aj*     a'  — aa;-h«*     a;  (a* -f  a V -f- a?*) 

4a, 1 .+  2  1 


(a;  —  a){x  —  c)      (a  —  c)(a  —  a;)      (c  —  a)(c  —  a;) 

l-2aa^     l  +  2aa^_     4a&a^ 
l  +  26a«     l-2  6a:»     4  6V-l" 

a*  -f  4  a  a  1 


a^-fa:  —  a^-ha     a?  +  a     a?  —  a  +  1 

a;H-4aH-3      1— a;  1  — x  1  — a; 


l  +  a  1-fa'     a»  — a«  +  a  — 1     l4-a4-a"  +  a? 

1  —X      1  —  ap 
l-a«     l-a" 

a?-l     2a'(l-a;)^2a?-l     1-a; 
a-1         a*-l  1-a*      1  +  a* 

.«      aj  —  2a,    a?  —  26,     35  —  2c  2a5  .« 

5a     ; 1 -H ; =1. 

6-hc  — a     a-^-c  —  h     a-^-h  —  c     a  +  o-hc 


a'  -f  a?     a'  -  a;^4  gfta?  +  2  a'  -  2  5' 
5«_aj6«  +  aj  6*-aj* 

a*  +  oaj  +  aj*  a^  —  a*a;  -f  oa^  1 


a'  -h  a^o;  -h  aar'  -f  a*     a*  +  2  aV  +  a^     a  -h  a5 

a'  —  X      2  a  4-  a:  a* 

x  —  2a      a^  —  X      a^x  -\-2ax  —  2a?  —  a? 

a 2ax  —  bx 2  a*  —  6  (&  —  ag) 

10  a  -  5  6     20  aa:  +  50  a«""20  a*  +  8  aa?  -  10  a6  -  4  bx' 


5a  ^(^-^) + ^Zl£ = 1_ 

a'  —  c*  —  2  aa;  -f  a^     a'  —  ac  4-  ex  —  2  ax  +  a:*     x  —  (a  +  c) 

59      an     ,  (ct  +  n)(anx  -h  nx*  -f  a^  _    ox     .      wx* 
*  a  —  X        x"  +  nx*  —  a*x  —  a*n        7i  4-  x     a^  —  a* 
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1  a* 


60.    1-^-4^=1.         61.  Ji±f  =  l-     200. 


x\       a) 


of  a  +  «  (a  +  a?)" 


Gtonaral  Problems. 


7.  A  problem  in  which  the  given  numbers  have  particular 
values  can  be  generalized  by  assuming  literal  numbers  for  the 
given  numbers.  A  problem  so  stated  is  a  general  problem^  and 
its  solution  is  called  a  general  solution. 

Some  of  the  advantages  of  the  general  solution  of  a  problem 
were  pointed  out  in  Ch.  I.,  §  1,  Art.  17.  A  particular  solution 
can  always  be  obtained  from  the  general  solution  by  assign- 
ing to  the  literal  numbers  in  the  latter,  particular  numerical 
values. 

We  will  now  obtain  general  solutions  of  some  of  the  prob- 
lems already  solved  in  Ch.  V.  The  student  should  compare 
the  solutions  here  given  with  the  corresponding  solutions  in 
that  chapter. 

Ch.  v.,  Pr.  1.  The  greater  of  two  numbers  is  m  times  the 
less,  and  their  sum  is  s.     What  are  the  numbers  ? 

Let  X  stand  for  the  less  required  number.  Then  tux  stands 
for  the  greater. 

By  the  condition  of  the  problem,  we  have 

x  +  nix  =  8\ 

whence,  x  = ,  the  less  number, 

1  -H  m 

and  mx  =  --^ — ,  the  greater. 

1  -Hm 

If  m  =  3  and  «  =  84  (as  in  the  particular  problem),  we  have 

H-3        ' 
and  wuB  =  3  X  21  =  63. 
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When  the  nonibers  are  equal,  m  =  1,  and  we  obtain 

a        J  s 

x  =  -  and  7waj  =  -, 

2  2' 

for  all  values  of  s;  that  is,  either  of  the  two  numbers  is  half 
their  sum. 
If  the  greater  be  twice  the  less,  m  =  2,  and  we  obtain 

S  J  28 

x  =  -   and  mx^-—, 

3  3' 

for  all  values  of  s;  that  is,  the  less  number  is  one-third  their 
sum,  and  the  greater  is  two-thirds  their  sum. 

Ch.  v.,  Pr.  2.  Find  two  consecutive  integers  whose  sum  is  n. 
Let  X  stand  for  the  less  number ;  then  x-\-l  stands  for  the 
greater.     By  the  condition  of  the  problem,  we  have 

X'\-{x-\- 1)=  w; 

"1 

whence  x  =  — - — ,  the  less  number, 

*^ 

and  x-\-l  =  ^*  ^    ,  the  greater. 

When  w  =  163,  as  in  the  particular  problem,  we  have 
a;=-^-p  =  81,  and  «  + l  =  ->^f*,  =82. 

Notice  that  n  must  be  an  odd  number  in  order  that  n  —  1 
and  n-\-\  may  be  exactly  divisible  by  2 ;  that  is,  that  the  re- 
quired numbers  may  be  integers. 

Ch.  v.,  Pr.  a  A  is  a  years  old,  and  B  is  6  years  old.  After 
how  many  years  will  A  be  n  times  as  old  as  B  ? 

Let  X  stand  for  the  required  number  of  years. 

Then  after  x  years,  A  will  be  a  -f  «  years  old,  and  B  will  be 
6  H-  X  years  old.     By  the  condition  of  the  problem,  we  have 

a  -f-  «  =  w  (6  4-  a;) ; 

V                                            nb  —  a 
whence  x  = 

1  —  n 
If,  as  in  the  particular  problem,  a  =  40,  b^  10,  and  n  =  3, 

we  obtain 

3xl0^40_g 
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Ch.  v.,  Pr.  10.  A  carriage,  starting  from  a  point  Ay  travels 
m  miles  daily ;  a  second  carriage,  starting  from  a  point  B,  p 
miles  behind  A,  travels  in  the  same  direction  n  miles  daily. 
After  how  many  days  will  the  second  carriage  overtake  the 
first,  and  at  what  distance  from  B  will  the  meeting  take  place  ? 

Let  X  stand  for  the  number  of  days  after  which  the  carriages 
meet.  Then  the  number  of  miles  traveled  by  the  first  carriage 
will  be  mx ;  the  number  of  miles  traveled  by  the  second  will 
be  nx. 

Therefore,  by  the  condition  of  the  problem, 

mx  =  nx  —  p', 
whence  x  =  — 2 — ,  the  number  of  days 

after  which  the  carriages  meet. 

The  distance  traveled  by  the  first  carriage  is     ^P     miles, 

n  —  m 

and  the  distance  traveled  by  the  second  carriage  is    ^^    miles. 

n — m 

They,  therefore,  meet     ^^     miles  from  B. 

n  —  Tti 

If,  as  in  the  particular  problem,  m  =  35,  p  =  84,  and  n  =  49, 
we  obtain 

f     =     ^^      =6,       ^P    ^35x84^o^^ 
n  —  m     49-36  n-m     49-35 

and  -5E_  =  49>^^2^4 

n  —  m     49  —  3o 

Gh.  v.,  Pr.  U.  One  man  aske!^  another  what  time  it  was, 
and  received  the  answer :  "  It  is  between  n  and  n  -f- 1  o'clock, 
and  the  hour-hand  is  directly  over  the  minute-hand."  What 
time  was  it  ? 

At  n  o'clock  the  minute-hand  points  to  12  and  the  hour-hand 
to  n.  The  hour-hand  is  therefore  5  n  minute-divisions  in  ad- 
vance of  the  minjute-hand. 

Let  x  stand  for  the  number  of  minute-divisions  passed  over 
by  the  minute-hand  from  7i  o'clock  until  it  is  directly  over  the 
hour-hand  between  n  and  w  -|- 1  o'clock. 
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Then  the  number  of  minute-divisions  passed  over  by  the 
hour-hand  is  equal  to  the  number  of  minute-divisions  passed 
over  by  the  minute-hand,  minus  5  n ;  that  is,  to  a:  —  5  71. 

But  since  the  minute-hand  moves  12  times  as  fast  as  the 

hour-hand,  we  have 

aj  =  12(a  — 6n); 

whence  x  =  -rp- 

Consequently,  the  time  was  -—  minutes  past  n. 

If  n  =  1,  it  was    ff,  or   5-^j  minutes  past  1. 

If  n  =  2,  it  was  ^,  or  10|f  minutes  past  2. 

If  n  =  3,  it  was  J^,  or  16^  minutes  past  3. 

Etc. 

If  n  =  11,  it  was  4j?jft,  or  60  minutes  past  11 ;  i.e.,  12  o'clock. 

If  n  =  12,  it  was  ^^y  or  65^  minutes  past  12 ;  i.e.,  5^ 
minutes  past  1. 

!N'otice  that  the  two  hands  coincide  at  12  o'clock,  but  not 
between  12  and  1. 

BXBRCI8B8  II. 

Find  the  general  solution  of  each  of  the  following  problems, 
and  from  this  solution  obtain  the  particular  solution  for  the 
numerical  values  assigned  to  the  literal  numbers  in  the  problem. 

1.  Find  a  number,  such  that  the  result  of  adding  it  to  n 
shall  be  equal  to  n  times  the  number. 

Let  n  =  2 ;  5. 

2.  Divide  a  into  two  parts,  such  that  —  of  the  first,  plus  - 
of  the  second,  shall  be  equal  to  &. 

Let  a  =  100,  b  =  30,  m  =  3,  n  =  5. 

a  Find  a  number,  such  that  the  sum  of  the  results  of  sub- 
tracting it  from  a  and  from  b  shall  be  equal  to  c. 

Let  0  =  3,  6  =  6,  c  =  5. 
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4.  Find  a  number,  such  that  n  times  the  number  exceeds 
the  sum  of  q  and  m  times  the  number  by  p. 

Let  n  =  10,  m  =  8,  p  =  15,  g  =  7. 

5.  One  boy  said  to  another :  '*  Think  of  some  number,  add  3 
to  it,  multiply  the  sum  by  2,  add  4  to  the  product,  divide  the 
result  by  2,  subtract  1  from  the  quotient,  multiply  the  differ- 
ence by  4,  add  4  to  the  product,  divide  the  result  by  4,  tell  me 
the  result,  and  I  will  tell  you  the  number  you  have  in  mind." 
If  the  result  be  d,  what  number  does  the  boy  think  of  ? 

6.  A  sum  of  d  dollars  is  divided  between  A  and  B.  B 
receives  h  dollars  as  often  as  A  receives  a  dollars.  How  much 
does  each  receive  ? 

Let  d  =  7000,  a  =  3,  6  =  2. 

7.  A  father's  age  exceeds  his  son's  age  by  m  years,  and  the 
sum  of  their  ages  is  n  times  the  son's  age.  What  are  their 
ages? 

Let  m  =  20,  n  =  4 ;  w  =  25,  n  =  7. 

a  If  two  trains  start  together  and  run  in  the  same  direc- 
tion, one  at  the  rate  of  mi  miles  an  hour,  and  the  other  at  the 
rate  of  ms  miles  an  hour,  after  how  many  hours  will  they  be  d 
miles  apart  ? 

Let  d  =  200,  wii  =  35,  wij  =  30. 

9.  A  farmer  can  plow  a  field  in  a  days,  and  his  son  in 
h  days ;  in  how  many  days  can  they  plow  the  field,  working 
together  ? 

Let  a  =  10,  6  =  15. 

10.  A  father  was  n  years  ago  m  times  as  old  as  his  son,  and 
he  is  now  p  times  as  old.     What  is  the  age  of  the  son  ? 

Let  n  =  2,  m  =  15,  i>  =  8. 

U.  How  many  grains  of  gold  Ci  carats  fine  must  be  combined 
with  m  grains  of  gold  c^  carats  fine  to  give  a  mixture  c^  carats 
fine? 

Let  Ci  =  18,  Cj  =12,  Cs  =  16,  m  =  40. 
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12.  A  pupil  was  told  to  add  m  to  a  certain  number,  and  to 
divide  the  sum  by  n.  But  he  misunderstood  the  problem,  and 
subtracted  n  from  the  number  and  multiplied  the  remainder 
by  m.  Nevertheless  he  obtained  the  correct  result.  What 
was  the  number  ? 

Let  m  =  12,  n  =  13. 

13.  What  time  is  it,  if  the  number  of  hours  which  have 
elapsed  since  noon  is  m  times  the  number  of  hours  to  mid- 
night ? 

Let  m  =  ^. 

14.  A  starts  from  P  and  walks  to  Q,  a  distance  of  d  miles. 
At  the  same  time  B  starts  from  Q  and  walks  to  P.  If  A  walk 
at  the  rate  of  m  miles  a  day  and  B  at  the  rate  of  n  miles  a  day, 
at  what  distance  from  F  do  they  meet,  and  how  many  days 
after  they  start  ? 

Let  m  =  20,  n  =  30,  d  =  600. 

15.  Two  friends,  A  and  B,  each  intending  to  visit  the  other, 
start  from  their  houses  at  the  same  time.  A  could  reach  B's 
house  in  m  minutes,  and  B  could  reach  A's  house  in  n  minutes. 
After  how  many  minutes  do  they  meet  ? 

Let  m  =  12 J,  n  =  10^. 

16.  A  farmer  wishes  to  receive  a  certain  sum  for  his  eggs 
and  intends  to  sell  them  at  a  cents  a  dozen.  But  he  breaks  b 
eggs,  and  in  order  to  receive  the  desired  sum  he  then  sells  the 
unbroken  ones  at  c  cents  a  dozen.  How  many  eggs  had  he 
originally  ? 

Let  a  =  25,  6  =  24,  c  =  30. 

17.  Two  couriers  start  at  the  same  time  and  move  in  the 
same  direction,  the  first  from  a  place  d  miles  ahead  of  the 
second.  The  first  courier  travels  at  the  rate  of  m^  miles  an 
hour,  and  the  second  at  the  rate  of  ??i2  miles  an  hour.  After 
how  many  hours  will  the  second  courier  overtake  the  first  ? 

Let  d  =  15,  wii  =  17,  m^  =  20. 

From  the  result  of  the  preceding  example  find  the  results  of 
Exx.  18-20. 
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la  At  what  rate  must  the  second  courier  travel  in  order  to 
overtake  the  first  after  h  hours  ? 

Let  d  =  18,  wii  =.  15,  ^  =  3. 

19.  At  what  rate  must  the  first  courier  travel  in  order  that 
the  second  may  overtake  him  after  h  hours  ? 

Let  d  =  12,  m,=  22,  ^  =  3. 

20.  How  many  miles  behind  the  first  courier  must  the  second 
start  in  order  to  overtake  the  first  after  h  hours  ? 

Let  7/ii  =  18,  mj  =  21,  h  =  4. 

21.  In  a  company  are  a  men  and  h  women ;  and  to  every  m 
unmarried  men  there  are  n  unmarried  women.  How  many 
married  couples  are  in  the  company  ? 

Let  a  =  13,  6  =  17,  m  =  3,  nz=zb. 


L  An  officer,  who  has  saved  each  year  a  dollars  of  his 
salary  is  transferred  to  a  new  post.     In  the  latter  place  he 

finds  the  cost  of  living  -  dearer,  and  in  consequence  spends 

n 

h  dollars  more  than  his  salary.     What  is  his  salary  ? 
Let  a  =  423,  7i  =  8,  6  =  120. 

23.  The  annual  dues  of  a  certain  club  are  at  first  a  dollars. 
Subsequently  the  yearly  expenses  increased  by  d  dollars,  while 
the  number  of  members  decreased  by  n.  In  consequence  the 
annual  dues  were  increased  by  h  dollars.  How  many  members 
were  originally  in  the  club  ? 

Let  a  =  26,  d  =  316,  n  =  7,  and  6  =  2. 

24.  A  merchant  sells  -  of  his  oranges  plus  -  of  an  orange ; 

1  a  ^  a 

then  -  of  the  oranges  remaining  plus  -  of  an  orange ;  and  so  on. 
a  a 

After  he  has  sold  oranges  n  times  in  this  way  he  has  left  vi 
oranges.     How  many  oranges  had  he  at  first  ? 

Let  a  =  2,  ?i  =  4,  ?n  =  26. 
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25.  A  father  divided  his  property  equally  among  his  sons. 

To  the  oldest  he  gave  d  dollars  and  -  of  what  remained ;  to 

n    ^ 

the  second  son  he  gave  2d  dollars  and  -  of  what  was  then 

n      . 

left ;  to  the  third  son  he  gave  3  d  dollars  and  _  of  the  remain- 

n 

der ;  and  so  on.     What  was  the  amount  of  his  property  ? 
Let  d  =  1500,  ri  =  ll;  d  =  2000,  n  =  6. 

26.  Three  brothers  wish  to  divide  a  number  of  apples  among 
themselves.  Since  the  number  of  apples  is  not  divisible  by  3, 
one  of  them  proposes  that  they  give  a  apples  to  their  sister,  so 
that  an  equal  division  will  be  possible.     But  the  older  brother 

proposes  that,  after  giving  her  a  apples,  they  each  give  her  - 

n 

of  his  share,  so  that  she  will  have  as  many  apples  as  each  of 
them  has.    How  many  apples  are  there  ? 

Let  a  =  5,  w  =  9. 

27.  Two  couriers  start  from  the  same  place  and  move  in  the 
same  direction,  one  h  hours  after  the  other.  The  first  one 
travels  at  the  rate  of  my  miles  an  hour,  and  the  second  at  the 
rate  of  m^  miles  an  hour.  After  how  many  hours  will  the 
second  courier  overtake  the  first  ? 

Let  h  =  2f  wii  =  16,  mj  =  20. 

From  the  result  of  the  preceding  example,  find  the  results 
of  Exx.  28-30. 

2a  At  what  rate  must  the  second  courier  travel  in  order  to 
overtake  the  first  after  H  hours  ? 

Let  J=6,  A  =  2,  mi  =  12. 

29.  At  what  rate  must  the  first  courier  travel  in  order  that 
the  second  may  overtake  him  after  H  hours  ? 

Let  H=4t,  A  =  l,  ms  =  20. 

30.  How  many  hours  after  the  first  courier  starts  must  the 
second  start  in  order  to  overtake  the  first  after  H  hours  ? 

Let  H=6,  mi  =  14,  m^  =  22. 


336  ALGEBRA. 

31.  Two  boys  run  a  race  from  A  to  B^  a  distance  of  d  yards. 
The  first  runs  a  yards  a  second;  after  reaching  B,  he  turns 
and  runs  back  at  the  same  rate  to  meet  the  other  boy,  who 
runs  lb  yards  a  second.  How  many  seconds  after  they  start 
does  the  faster  runner  meet  the  other  ? 

Let  d  =  263,  a  =  2.5,  b  =  2.1. 

32.  An  accommodation  train  leaves  A  every  h  hours,  and 
runs  to  B  at  the  rate  of  m  miles  an  hour.  At  the  same  time 
an  express  train  leaves  B  and  runs  to  A  at  the  rate  of  n  miles 
an  hour.  What  time  elapses  after  an  express  train  meets  an 
accommodation  train  until  it  meets  the  next  accommodation 
train  ? 

Let  A  =  3,  m  =  20,  n  =  40. 

33.  At  what  time  between  n  and  n  H-  1  o'clock  will  the 
hands  of  a  clock  be  in  a  straight  line? 

Let  n  =  l;  2;  3;  ..-to  12. 

34.  At  what  time  between  n  and  n  +  1  o'clock  are  the 
minute-hand  and  the  hour-hand  of  a  clock  at  right  angles  to 
each  other  ? 

Let  n  =  l;  2;  3;. .-to  12. 

35.  At  what  time  between  n  and  n  -f-  1  o'clock  will  the 
minute-hand  be  20  minute-divisions  in  advance  of  the  hour- 
hand? 

Let  n  =  l;  2;  3;. -.to  12. 

36.  At  what  time  between  w  and  n  +  1  o'clock  will  the  hour- 
hand  be  d  minute-divisions  in  advance  of  the  minute-hand  ? 

Let  n  =  l;  2;  3;  •••to  12,  and  with  each  value  of  n  let 
d  =  5;  8;  20. 

37.  At  what  time  between  n  and  n  -\-l  o'clock  does  the 
second-hand  bisect  the  angle  between  the  hour-hand  and  the 
minute-hand  ? 

Let  w  =  l;  2;  3;-. -to  12. 
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3a  A  ship,  having  on  board  p  persons,  is  provisioned  for 
d  days.  After  sailing  d^  days,  pi  persons  were  landed,  and 
in  consequence  the  allowance  of  food  for  each  person  was 

increased  by  i  of  a  pound.    After  sailing  d,  days  longer,  p, 

n 

more  persons  were  landed.  It  was  then  found  that  the  journey 
could  be  completed  d^  days  sooner  than  was  expected,  and 
therefore  the  allowance  for  each  person  was  again  increased 

by  -  of  a  pound.     What  was  the  original  allowance  of  food 

for  each  person  ? 

Let  p  =  340,  d  =  80,  d^  =  30,  pi=  20,  n  =  2,  ^8=  20,  p,=  20, 
d,  =  10. 


CHAPTER  XII. 

INTERPRBTATION  OF  THE  SOLUTIONS  OF  PROBLEMS. 

1.  In  solving  equations  we  do  not  concern  ourselves  with 
the  meaning  of  the  results.  When,  however,  an  equation  has 
arisen  in  connection  with  a  problem,  the  interpretation  of  the 
result  becomes  important 

In  this  chapter  we  shall  interpret  the  solutions  of  some 
linear  equations  in  connection  with  the  problems  from  which 
they  arise. 

Positive  Solutiona. 

2.  Pr.  A  company  of  20  people,  men  and  women,  proposed 
to  arrange  a  fair  for  the  benefit  of  a  poor  family.  Each 
man  contributed  33,  and  each  woman  $1.  If  $55  were  con- 
tributed, how  many  men  and  how  many  women  were  in  the 
company  ? 

Let  X  stand  for  the  number  of  men;  then  the  number  of 
women  was  20  —  x.  The  amount  contributed  by  the  men  was 
3  X  dollars,  that  by  the  women  20  —  a;  dollars.  By  the  con- 
dition of  the  problem,  we  have 

3aj+(20-a:)=56; 

whence  x  =  17|. 

The  result,  17|,  satisfies  the  equation,  but  not  the  problem. 
For  the  number  of  men,  which  x  represents,  must  be  an  inte- 
ger. This  implied  condition  could  not  be  introduced  into  the 
equation. 

The  interpretation  of  the  result  is  that  the  conditions  stated 

in  the  problem  are  impossible,  since  they  are  inconsistent  with 

the  implied  condition  that  the  number  of  men  must  be  an 

integer. 

838 
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If  the  problem  be  generalized,  its  solution  will  show  how 
the  given  data  in  the  particular  problem  can  be  modified 
so  that  all  the  conditions,  expressed  and  implied,  shall  be 
consistent. 

The  generalized  problem  may  be  stated  thus : 

A  company  of  m  people,  men  and  women,  proposed  to  ar- 
range a  fair  for  the  benefit  of  a  poor,  family.  Each  man  con- 
tributed a  dollars,  and  each  woman  b  dollars.  If  n  dollars 
were  contributed,  how  many  men  and  how  many  women  were 
in  the  company  ? 

The  solution  of  the  equation  of  this  problem  is 

_     n  —  bm 
X  = • 

a  — 6 

In  order  that  a?  may  be  an  integer,  n  —  bm  must  be  exactly 
divisible  by  a  —  b.  Thus,  if,  in  the  particular  problem,  the 
number  of  people  were  21  instead  of  20,  the  other  data  being 
the  same,  we  should  have 

3-1  2 

Let  the  student  obtain  consistent  results  by  changing  the 
other  data. 

3.  Pr.  What  time  is  it,  if  4  times  the  number  of  hours 
which  have  elapsed  since  noon  exceeds  5  by  as  much  as  6 
times  the  number  of  hours  still  remaining  till  midnight  is  less 
than  7  ? 

Let  X  stand  for  the  number  of  hours  which  have  elapsed 
since  noon ;  then  12  —  a;  is  the  number  of  hours  still  remain- 
ing till  midnight.     From  the  condition  of  the  problem,  we  have 

4a;-6  =  7-6(12-aj); 

whence  x  =  30. 

This  result  is  a  positive  integer,  yet  it  cannot  be  taken  as  the 
solution  of  the  problem,  since  the  number  of  hours  between 
noon  and  midnight  cannot  exceed  12.  The  conditions  ex- 
pressed in  the  problem  are  therefore  impossible,  since  they 
are  inconsistent  with  an  implied  condition. 
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Now,  let  the  data  of  the  problem  remain  the  same,  except 
that  6  times  the  number  of  hours  still  remaining  till  midnight 
shall  be  less  than  n. 

We  then  have 

In  order  that  x  may  be  less  than  12,  67  —  n  must  be  less  than 
24.     Thus,  if  n  =  48,  we  have 

.  =  67-48^,^ 

That  is,  it  is  half-past  9  o'clock. 
Observe  that  this  problem  was  generalized  only  in  part. 

4.  When  a  positive  solution  is  inconsistent  with  a  condition 
expressed  or  implied  in  the  problem,  it  shows  that  the  condi- 
tions of  the  problem  are  impossible,  as  in  Arts.  2  and  3. 

But  if  all  the  conditions  of  a  problem,  expressed  and  im- 
plied, be  consistent  with  one  another,  a  positive  solution  will 
satisfy  these  conditions  and  therefore  give  the  solution  of  the 
problem. 

KegatlTe  Solutions. 

Su  Pr.  A  father  is  40  years  old,  and  his  son  10  years  old. 
After  how  many  years  will  the  father  be  seven  times  as  old  as 
his  son  ? 

Let  X  stand  for  the  required  number  of  years.  Then  after 
X  years  the  father  will  be  40  -h  a?  years  old,  and  the  son  10  4-  a? 
years  old.     By  the  condition  of  the  problem,  we  have 

40 -Ha;  =  7(10  4- »),  (1) 

whence  a?  =  —  5. 

This  result  satisfies  the  equation,  but  not  the  condition  of 
the  problem.  For  since  the  question  of  the  problem  is  ^'qfter 
how  many  years  ?  "  the  result,  if  added  to  the  number  of  years 
in  the  ages  of  father  and  son,  should  increase  them,  and  there- 
fore be  positive.  Consequently,  at  no  time  in  the  future  will 
the  father  be  seven  times  as  old  as  his  son.     But  since  to  add 
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—  5  is  equivalent  to  subtracting  5,  we  conclude  that  the  ques- 
tion of  the  problem  should  have  been,  "  How  many  years  ago  ?  " 

The  equation  of  the  problem,  with  this  modified  question,  is 
obtained  as  follows : 

X  years  ago  the  number  of  years  in  the  father's  age  was 
40  —  X,  and  in  the  son's  age  10  —  x.  By  the  condition  of  the 
modified  problem,  we  have 

40-aj=7(10-aj);  (2) 

whence  x=5. 

Notice  that  equation  (2)  could  have  been  obtained  from  equa- 
tion (1)  by  changing  x  into  —  x. 

m 

6.  The  interpretation  of  a  negative  result  in  a  given  problem 
is  often  facilitated  by  the  following  principle : 

If  —  X  be  substituted  for  x  in  an  equation  which  fias  a  negative 
root,  the  resulting  equation  will  have  a  positive  root  of  the  same 
absolute  value ;  and  vice  versa, 

E.g.y  the  equation  x-\-l=  —  x  —  3 

has  the  negative  root  —  2 ;  while  the  equation 

—  aj-f  l  =  ap  — 3 
has  the  positive  root  2. 

In  general,  the  equation    ax=ib  (1) 

has  the  root  -•     And  the  equation 

-ax  =  b  (2) 

has  the  root If  the  root  -  be  negative,  then  the  root 

a  a  ° 

—  is  positive ;  and  vice  versa. 

If  a  negative  result  be  obtained,  we  change  the  sign  of  x  in 
the  equation  of  the  problem,  and  thus  obtain  a  new  equation 
which  has  a  positive  root.  This  new  equation,  it  is  true,  is 
not  the  equation  of  the  proposed  problem ;  but  the  problem 
can  be  modified  so  that  its  conditions  will  be  satisfied  by  the 
positive  root,  as  in  Art.  5. 
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7.  Pr.  1.  Two  pocket-books  contain  together  $  100.  If  one- 
half  of  the  contents  of  one  pocket-book,  and  one-third  »of  the 
contents  of  the  other  be  removed,  the  amount  of  money  left 
in  both  will  be  if  70.  How  many  dollars  does  each  pocket- 
book  contain  ? 

Let  X  stand  for  the  number  of  dollars  contained  in  the 
first  pocket-book;  then  the  number  of  dollars  contained  in 
the  second  is  100  —  x.  When  one-half  of  the  contents  of 
the  first,  and  one-third  of  the  contents  of  the  second  are 

removed,  the  number  of  dollars  remaining  in  the  first  is  -,  and 
in  the  second  |(100  —  x). 

Therefore,  by  the  condition  of  the  problem,  we  have 

m 

ia;.f|(100-a;)  =  70, 
or  3  a -1-400 -4  a;  =  420; 

whence  a:  =  —  20. 

Substituting  —  a?  for  a;  in  the  given  equation,  we  obtain 

-■J  a; +  1(100 -fa:)  =  70, 

or  1(100 -I- a?)  - 1  a;  =  70. 

This  equation  corresponds  to  the  following  conditions : 

If  X  stand  for  the  number  of  dollars  in  one  pocket-book, 
then  100  +  x  stands  for  the  number  of  dollars  in  the  other ; 
that  is,  one  pocket-book  contains  100  dollars  more  than  the 
other.  The  second  condition  of  the  problem,  obtained  from 
the  equation,  is :  two-thirds  of  the  contents  of  one  pocket-book 
exceeds  one-half  of  the  contents  of  the  other  by  $  70.  There- 
fore the  modified  problem  reads  as  follows : 

Two  pocket-books  contain  a  certain  amount  of  money,  and 
one  contains  100  dollars  more  than  the  other.  If  one-third 
of  the  contents  be  removed  from  the  first  pocket-book,  and 
one-half  of  the  contents  from  the  second,  the  first  will  then 
contain  $  70  more  than  the  second.  How  much  money  is  con- 
tained in  each  pocket-book  ? 
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Pr.  2.  Two  couriers  are  traveling  along  a  road  in  the  direc- 
tion from  M  to  N;  one  courier  is  traveling  at  the  rate  of  15 
miles  an  hour,  the  other  at  the  rate  of  12  miles  an  hour.  The 
former  is  seen  at  the  station  A  at  noon,  and  the  other  is  seen 
two  hours  later  at  the  station  B,  which  is  25  miles  distant 
from  A  in  the  direction  in  which  the  couriers  are  traveling. 
Where  do  the  couriers  meet  ? 

25 


r\ 

r\. 

M 

A 

B^—^^Ci    JV 

X 

Fio.  8. 

Let  us  assume  that  the  meeting  takes  place  to  the  right  of 
B,  at  some  point  Ci ;  and  let  x  stand  for  the  number  of  miles 
from  B  to  d  (Fig.  8). 

The  first  courier,  in  moving  from  A  to  Ci,  travels  25  4-  a? 

25  -4-  X 
miles,  in  — --^  hours.     The  second  courier,  in  moving  from 

15 

B  to  Cu  travels  x  miles  in  ^  hours. 
'  12 

From  the  condition  of  the  problem  it  is  evident  that,  if  the 
place  of  meeting  be  to  the  right  of  B,  the  number  of  hours 
it  takes  the  first  courier  to  travel  from  A  to  Cj  exceeds  by  2 
the  number  of  hours  it  takes  the  second  courier  to  travel  from 
BtoCii  hence 

~15         12  =  ^'  ^^^ 

or  100  +  4  a:  -  5  a?  =  120 ; 

whence  a:  =  —  20. 

To  understand  the  meaning  of  this  negative  result,  we  sub- 
stitute —  a;  for  a?  in  equation  (1).    We  thus  obtain 

The  resulting  equation  has  the  positive  solution  20. 

From  equation  (2)  we  see  that  the  number  of  miles  traveled 
by  the  first  courier  from  A  to  their  point  of  meeting  is  25  —  a;; 
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that  is,  is  less  than  25  (since  a:  =  20).     Consequently  they 
must  meet  to  the  left  of  B,  at  some  point  Cs  (Fig.  9). 


25 


— o- 


M  A    d . B  N 

X 

FiQ.  9. 

Then  the  first  courier  travels  from  ^  to  Cs,  a  distance  of 

2o  —  X 
25  —  X  miles,  in  — -— —  hours ;   and  since  the  second  courier 

16 
is  seen  at  B  after  the  meeting,  he  travels  from  Ct  to  £,  a 

distance  of  x  miles,  in  -—  hours.  Since  the  second  courier 
reaches  B  two  hours  after  the  first  leaves  Ay  we  have 

2&  —  X.X      o 
■^6""^  12  =  ^- 

This  equation  is  identical  with  equation  (2).  The  answer  to 
the  problem  is :  The  couriers  meet  20  miles  to  the  left  of  the 
station  B, 

It  is  also  evident  from  the  conditions  of  the  problem  that 
two  hours  after  the  first  courier  was  seen  at  A  he  must  have 
already  passed  the  station  B,  and  consequently  must  have 
passed  the  other  courier  before  the  latter  was  seen  at  B, 

8.  The  problems  of  Arts.  5  and  7  show  that  the  required 
modification  of  an  assumption,  question,  or  condition  of  a 
problem  which  has  led  to  a  negative  result,  consists  in  making 
the  assumption,  question,  or  condition  the  opposite  of  what 
it  originally  was. 

Thus,  if  a  positive  result  signify  the  length  of  time  after 
a  certain  event,  a  negative  result  will  signify  the  length  of 
time  before  that  event,  and  vice  versa;  if  a  positive  result 
signify  a  distance  toward  the  right  from  a  certain  point,  a 
negative  result  will  signify  a  distance  toward  the  left  from 
the  same  point ;  and  vice  versa. 
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Zexo  Solutions. 

9.  A  zero  result  gives  in  some  cases  the  answer  to  the  ques- 
tion ;  in  other  cases  it  proves  its  impossibility. 

Pr.  1.  A  father  is  40  years  old,  and  his  son  is  10  years  old. 
After  how  many  years  will  the  father  be  four  times  as  old  as 
his  son  ? 

Let  X  stand  for  the  required  number  of  years.     Then 

40-f  a?  =  4(10  +  0?); 

whence  3aj  =  0,   or  a;  =  J  =  0. 

This  result  is  the  direct  answer  to  the  question  of  the 
problem.  At  the  present  time  the  father  is  four  times  as  old 
as  his  son. 

Pr.  2.  A  merchant  has  two  kinds  of  wine,  one  worth  $  7.25  a 
gallon,  and  the  other  9  5.50  a  gallon.  How  many  gallons  of  each 
kind  must  be  taken  to  make  a  mixture  of  16  gallons  worth  $  88  ? 

Let  X  stand  for  the  number  of  gallons  of  the  first  kind;  then 
16  —  a;  will  stand  for  the  number  of  gallons  of  the  second  kind. 

Therefore,  by  the  condition  of  the  problem,  we  have 

7.25 aj +  5.5 (16 -a?)  =88; 
whence  x  =  0. 

That  is,  no  mixture  which  contains  the  first  kind  of  wine 
can  be  made  to  satisfy  the  condition.  In  fact,  16  gallons  of 
the  second  kind  are  worth  $88. 

Pr.  3.  The  denominator  of  a  fraction  is  three  times  its 
numerator.  If  5  be  added  to  the  numerator  and  10  to  the 
denominator,  the  resulting  fraction  will  be  equal  to  ^.  What 
is  the  fraction  ? 

Let  X  stand  for  the  required  numerator ;  then  3  x  will  stand 
for  the  denominator.  Therefore,  by  the  condition  of  the  prob- 
lem, we  have  a;-f5  _  1 

3a? +  10  ""2' 
or  2  a? +  10  =  3a? +  10; 

whence  •   a?  =  0. 

That  is,  there  is  no  fraction  which  will  satisfy  the  given 
condition. 
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IndetermiDate  Solutions. 

10.  Pr.  1.  A  father  is  40  years  old,  and  his  son  10  years 
old.  After  how  many  years  will  the  father  be  30  years  older 
than  his  son  ? 

Let  X  stand  for  the  required  number  of  years.  Then,  by 
the  condition  of  the  problem,  we  have 

40-f  aj  =  10  4-a  +  30,   or  40  +  a;  =  40 -f  a?. 

Both  members  of  the  equation  are  identical,  and  therefore 
we  can  assign  to  x  any  value  whatever,  i.e.,  the  problem  is  inde- 
terminate.     Solving  this  equation  as  a  linear  equation,  we 

obtain 

aj-aj  =  40-40,   or   (1  -  l)aj  =  40  -  40; 

40-40     0 


whence  x  = 


1-1       0 


The  indeterminate  result,  -,  therefore  means  that  any  finite 

number  satisfies  the  condition  of  the  problem.  It  is  evident 
from  the  problem  that  the  father  will  be  at  any  time  30  years 
older  than  his  son. 

Pr.  2.  A  merchant  buys  4  pieces  of  goods.  In  the  second 
there  are  3  yards  less  than  in  the  first,  in  the  third  7  yards  less 
than  in  the  first,  and  in  the  fourth  10  yards  less  than  in  the 
first.  The  number  of  yards  in  the  first  and  fourth  is  equal  to 
the  number  of  yards  in  the  second  and  third.  How  many 
yards  are  there  in  the  first  piece  ? 

Let  X  =  the  number  of  yards  in  the  first  piece, 

then     X  —  3  =  the  number  of  yards  in  the  second  piece, 
x  —  7  =  the  number  of  yards  in  the  third  piece, 
a;  —  10  =  the  number  of  yards  in  the  fourth  piece. 
Therefore,  by  the  condition  of  the  problem,  we  have 

aj -f-(a:  -  10)  =  (a;  -  3)-h(a  -  7), 
or  2  a; -10  =  2a; -10. 
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This  equation  is  an  identity,  and  is  therefore  satisfied  by  any 
finite  value  of  x. 

If  it  be  solved  in  the  usual  way,  we  obtain 

(2 -2)  a;  =  10 -10, 

10  -  la     0 

^  =  T3r  =  o 

That  is,  the  conditions  of  the  problem  will  be  satisfied  by 
any  number  of  yards  in  the  first  piece. 

Infinite  SolntlonB. 

U.  Pr.  1.  What  number  must  be  added  to  the  numerator  and  de- 
nominator of  i  to  give  1  ? 

Let  X  stand  for  the  required  number. 

Then,  by  the  condition  of  the  problem,  we  have 

6  +  x 
or  2  H-  X  =  5  4-  35. 

Evidently  no  finite  value  of  x  will  satisfy  this  equation,  since  2  plus 
any  finite  number  cannot  be  equal  to  5  plus  the  same  finite  number. 
But  if  the  equation  be  solved  as  a  linear  equation,  we  obtain 

X  — x  =  5  — 2, 

(1-  l)x  =  5-2; 

^      5-2      3 
whence  x  =  - — -  =  -  =  oo. 

The  meaning  of  this  result  is,  that  the  greater  the  number  which  is 
added  to  the  terms  of  the  given  fraction,  the  more  nearly  does  the  value 
of  the  resulting  fraction  approach  L 

The  impossibility  of  Scitisfying  the  equation  by  a  finite  value  of  x 
means,  of  course,  the  impossibility  of  the  problem  from  whose  conditions 
the  equation  was  obtained. 

Pr.  2.  A  cistern  has  three  pipes.  Through  the  first  it  can  be  filled  in 
24  minutes;  through  the  second  in  30  minutes;  through  the  third  it  can 
be  emptied  in  14  J  minutes.  In  what  time  will  the  cistern  be  filled  if  all 
the  pipes  be  opened  at  the  same  time  ? 

Let  X  stand  for  the  number  of  minutes  after  which  the  cistern  will  be 
filled.    In  one  minute  ^  of  its  capacity  enters  through  the  first  pipe,  and 

hence  in  x  minutes  —  of  its  capacity  enters.    For  a  similar  reason,  -^  of 

24  36 
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Its  capacity  enters  through  the  second  pipe  in  z  minates  ;  and  in  the  same 
time    /  of  iU  capacity  is  discharged  through  the  third  pipe. 
Therefore,  after  z  minutes  there  is  in  the  cistern 

of  its  capacity.     But  by  the  condition  of  the  problem,  that  the  cistern  is 
then  filled,  we  hare 

whence  z  = =  i  =  oo. 

This  result  means  that  the  cistern  will  never  be  filled.  This  is  also  evi- 
dent from  the  data  of  the  problem,  since  the  third  pipe  in  a  given  time 
discharges  from  the  cistern  exactly  as  much  as  enters  through  the  other 
pipes. 

The  Problem  of  the  Couxiars. 

ft 

12.  We  will  next  generalize  the  problem  of  the  couriers  which  was 
solved  in  Art.  7,  and  interpret  the  general  solution. 
.  Two  couriers  are  traveling  along  a  road  in  the  direction  from  Mio  N\ 
one  courier  is  traveling  at  the  rate  of  mi  miles  an  hour,  the  other  at  the 
rate  of  ms  miles  an  hour.  The  former  is  seen  at  the  station  A  at  noon, 
and  the  other  is  seen  ^  hours  later  at  the  station  B,  which  is  d  miles  from 
A  in  the  direction  in  which  the  couriers  are  traveling. 
Where  do  the  couriers  meet  ? 

A  B 

o o o o o o  o 


M  Cs  Cfl  Ci  N 

Fia.  10. 

Lot  us  assume  that  the  couriers  meet  to  the  right  of  B  at  a  point  Ci, 
and  let  z  stand  for  the  number  of  miles  from  B  to  the  place  of  meeting 
C,  (Fig.  10). 

The  first  courier,  moving  at  the  rate  of  mi  miles  an  hour,  travels  d  +  or 

miles,  from  A  to  Ci,  in     "^     hours ;  the  second  courier,  moving  at  the 

mi 

rate  of  m%  miles  an  hour,  travels  z  miles,  from  B  to  Ci  in  -=^  hours.    By 

ms 

the  condition  of  the  problem  it  is  evident  that,  if  the  place  of  meeting  be 
to  the  right  of  B,  the  number  of  hours  it  takes  the  first  courier  to  travel 
from  w4  to  C|  exceeds  by  h  the  number  of  hours  it  takes  the  second  courier 
to  travel  from  B  to  Ci.    We  therefore  have 
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i±J^-^  =  h,  (1) 

till        m^ 

•r  dm^  +  ziHi  —  xmi  =  hmitnt ; 

whence  x  =  ^^i^«  -  ^^  =  ma^^mi-d)^ 

WI3  —  i»i  wij  —  nil 

(i.)  A  Positiye  Result. — The  result  will  be  positive  either  when 
hmi  >  d  and  mj  >  mi,  or  when  hmi  <d  and  ins  <  mi.  A  positive  result 
means  that  the  problem  is  possible  with  the  assumption  made ;  i.e.,  that 
the  couriers  meet  at  a  point  to  the  right  of  B.  That  under  these  condi- 
tions only  this  assumption  is  possible  is  evident  from  the  following  con- 
siderations :  The  product  hmi  denotes  the  distance  over  which  the  first 
courier  passes  in  h  hours,  and  hence  shows  how  far  he  has  moved  from  A 
at  the  moment  that  the  second  courier  is  seen  at  B.  If  hmi  >  d^  the  first 
courier  has  passed  B  when  the  second  courier  is  seen  at  that  station  ;  that 
is,  the  second  courier  is  behind  the  first  at  that  time.  And  since  also 
m2  >  mi,  the  second  courier  is  traveling  the  faster,  and  will,  therefore, 
overtake  the  first,  and  at  a  point  beyond  the  station  B. 

On  the  other  hand,  if  ^mi  <  d,  the  first  courier  has  not  yet  reached  B 
when  the  second  courier  is  seen  at  that  station ;  that  is,  the  first  courier 
is  behind  the  second  at  that  time.  Moreover,  since  m%  <  mi,  the  first 
courier  is  traveling  the  faster,  and  will,  therefore,  overtake  the  second, 
and  at  a  point  to  the  right  at  B. 

(ii.)  A  Negative  Result. — The  result  will  be  negative  either  when 
Ami>d  and  mi<mi,  or  when  Ami<d  and  m^^mi. 

Such  a  result  shows  that  the  assumption  that  the  couriers  meet  to  the 
right  of  B  is  untenable,  since,  as  we  have  seen,  in  that  case  the  result  is 
positive. 

If  we  substitute  —  x  for  x  in  equation  (1),  we  obtain 

i.:^  +  JL  =  h.  (2) 

mi        ms 

This  equation  is  satisfied  by  a  positive  root  having  the  same  absolute  value 
as  the  root  of  equation  (1). 

It  is  readily  seen  that  the  new  equation  corresponds  to  the  assumption 
that  the  meeting  of  the  couriers  takes  place  to  the  left  of  B,  either  at  the 
point  d  or  at  the  point  Cz  (Fig.  10). 

That  this  assumption  is  in  accord  with  either  of  the  two  sets  of  condi- 
tions, namely,  that  hmi  >  d  and  m^  <  mi,  or  that  hmi  <  d  and  ms  >  mi, 
will  be  evident  from  the  following  considerations : 

If  we  suppose  that  the  meeting  takes  place  at  Cs,  the  first  courier  in 

passing  from  A  to  C^  travels  (/  —  x  miles  in hours ;  the  second 

mi 
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courier  in  passing  from  0%  to  B  travels  x  miles  in  —  hours ;  the  sum 

of  the  numbers  of  hours,  according  to  the  condition  of  the  problem,  must 

be  equal  to  h.    This  condition  is,  in  fact,  expressed  by  equation  (2). 

If,  on  the  other  hand,  the  couriers  meet  at  Cs,  the  distance  from  Cs  to 

X  —  d 
A  being  x  —  d  miles,  it  takes  the  first  courier hours  to  travel  from 

X  ^^ 

d  to  A,  and  tlie  second  courier  —  hours  to  travel  from  Cs  to  B.    From 

*»2                    X                             x-d 
the  condition  of  the  problem  it  follows  that  —  must  exceed by  h. 

We  therefore  have "  ^^  *"i 

^      x-d     1,    r,^    X    .  d  —  x     - 
=  A,   or h =  n. 

fn%       mi  tn^       fni 

This  equation  is  identical  with  equation  (2). 

That  under  the  assumed  conditions  the  couriers  can  meet  only  at  some 
point  to  the  left  of  B  can  also  be  inferred  from  the  following  considera- 
tions, which  are  independent  of  the  negative  result :  If  hmi  >  dy  the  first 
courier  has  passed  B  when  the  second  courier  is  seen  at  that  station ;  that 
is,  the  second  courier  is  behind  the  first  at  that  time.  And  since  also 
ms  <  mi,  the  first  courier  is  traveling  the  faster,  and  must  therefore  have 
overtaken  the  second,  and  at  some  point  to  the  left  of  B. 

A  B 

o o c o o o o 


M  Cz  Ca  C,  N 

Fig.  10. 

On  the  other  hand,  if  hm\  <  d,  the  first  courier  has  not  yet  reached  B 
when  the  second  is  seen  at  that  station  ;  that  is,  the  first  courier  is  behind 
the  second  at  that  time.  And  since  also  m2  >  mi,  the  second  courier  is 
traveling  the  faster,  and  must  therefore  have  overtaken  the  first,  and  at 
some  point  to  the  left  of  B, 

(iii.)  A  Zero  Result.  —  A  zero  result  is  obtained  when  hmi  =  d,  and 
ms  i^  mi ;  that  is,  the  meeting  takes  place  at  B,  This  is  also  evident 
from  the  assumed  conditions.  For  the  first  courier  evidently  reaches  B 
h  hours  after  he  was  seen  at  A  ;  and  since  the  second  courier  is  seen  at 
B  h  hours  after  the  first  was  seen  at  A^  the  meeting  must  take  place  at  B, 

(iv.)  Indeterminate  Result. — An  indeterminate  result  is  obtained  if 
hm\  =  d,  and  mj  =  mi.  In  this  case  every  point  of  the  road  can  be 
regarded  as  their  place  of  meeting.  For  the  first  courier  evidently  reaches 
B  at  the  time  at  which  the  second  courier  is  seen  at  that  station ;  and 
since  they  are  traveling  at  the  same  rate,  they  must  be  together  all  the 
time;  in  other  words,  the  problem  under  these  conditions  becomes 
indeterminate. 
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(t.)  An  Infinite  Result.  — An  infinite  result  is  obtained  when  hmi^d, 
and  ms  =  mi.  In  this  case  a  meeting  of  the  couriers  is  impossible,  since 
both  travel  at  the  same  rate,  and  when  the  second  is  seen  at  B  the  first 
either  has  not  yet  reached  B  or  has  already  passed  that  station. 

An  infinite  result  also  means  that  the  more  nearly  equal  mi  and  70%  are, 
the  further  removed  is  the  place  of  meeting. 

BXEBCISBS. 

Solve  the  following  problems,  and  interpret  the  results. 
Modify  those  problems  which  have  negative  solutions  so  that 
they  will  be  satisfied  by  positive  solutions. 

1.  A  and  B  together  have  $  100.  If  A  spend  one-third  of 
his  share,  and  B  spend  one-fourth  of  his  share,  they  will  then 
have  $  80  left.     What  are  their  respective  shares  ? 

2.  In  a  number  of  two  digits,  the  digit  in  the  tens'  place 
exceeds  the  digit  in  the  units'  place  by  5.  If  the  digits  be 
interchanged,  the  resulting  number  will  be  less  than  the 
original  number  by  45.     What  is  the  number  ? 

a  A  father  is  40  years  old,  and  his  son  is  13  years  old; 
after  how  many  years  will  the  father  be  four  times  as  old  as 
his  son  ? 

4.  The  sum  of  the  first  and  third  of  three  consecutive  even 
numbers  is  equal  to  twice  the  second.    What  are  the  numbers  ? 

5.  In  a  number  of  two  digits,  the  tens'  digit  is  two-thirds  of 
the  units'  digit.  If  the  digits  be  interchanged,  the  resulting 
number  will  exceed  the  original  number  by  36.  What  is  the 
number  ? 

'  6.  A  father  is  26  years  older  than  his  son,  and  the  sum  of 
their  ages  is  26  years  less  than  twice  the  father's  age.  How 
old  is  the  son  ? 

7.  A  teacher  proposes  30  problems  to  a  pupil.  The  latter 
is  to  receive  8  marks  in  his  favor  for  each  problem  solved,  and 
12  marks  against  him  for  each  problem  not  solved.  If  the 
number  of  marks  against  him  exceed  those  in  his  favor  by  420, 
how  many  problems  will  he  have  solved  ? 
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a  A  cistern  has  two  pipes.  To  fill  the  cistern^  it  takes  the 
smaller  pipe  5  hours  longer  than  the  larger  one.  If  both  pipes 
be  open,  the  cistern  will  be  filled  in  6  hours.  In  what  time 
will  each  pipe  fill  the  cistern  ? 

9.  In  a  number  of  two  digits  the  tens'  digit  is  twice  the 
units'  digit.  If  the  digits  be  interchanged,  the  resulting 
number  will  exceed  the  original  number  by  18.  What  is 
the  number? 

la  In  a  number  of  two  digits,  the  digit  in  the  units'  place 
is  two-thirds  of  the  digit  in  the  tens'  place.  If  the  digits  be 
interchanged  and  the  resulting  number  be  divided  by  the  origi- 
nal number,  the  quotient  will  be  equal  to  ff.  What  is  the 
number  ? 

11.  On  a  building  are  at  work  6  more  masons  than  carpen- 
ters. Each  mason  receives  9  2.50  a  day,  and  each  carpenter 
92  a  day.  The  amount  earned  by  the  masons  exceeds  the 
amount  earned  by  the  carpenters  in  the  same  time  by  one-fifth 
of  the  amount  earned  by  the  carpenters.  How  many  masons 
and  how  many  carpenters  are  at  work  ? 

12.  In  a  number  of  two  digits,  the  digit  in  the  units'  place 
exceeds  the  digit  in  the  tens'  place  by  4.  If  the  sum  of  the 
digits  be  divided  by  2,  the  quotient  will  be  less  than  the  first 
digit  by  2.     What  is  the  number  ? 

13.  A  has  l|^  100,  and  B  has  9  30.  A  spends  twice  as  much 
money  as  B,  and  then  has  left  three  times  as  much  as  B.  How 
much  does  each  one  spend  ? 

Discuss  the  solutions  of  the  following  general  problems.  State  under 
what  conditions  each  solution  is  positive,  negative,  zero,  indeterminate,  or 
infinite.  Also,  in  each  problem,  assign  a  set  of  particular  values  to  the 
general  numbers  which  will  give  an  admissible  solution. 

14.  In  a  number  of  two  digits,  the  tens*  digit  is  m  times  the  units* 
digit.  If  the  digits  be  interchanged,  the  resulting  number  will  exceed  the 
original  number  by  n.    What  is  the  number  ? 

15.  A  father  is  a  years  old,  and  his  son  is  b  years  old.  After  how 
many  years  will  the  father  be  n  times  as  old  as  bis  son  ? 
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16.  What  number,  added  to  the  denominators  of  the  fractions  -  and  ^ 
will  make  the  resulting  fractions  equal  ? 

17.  The  number  of  years  in  A^s  age  is  a,  and  in  B's  age  is  h.  After 
how  many  years  will  the  number  of  years  in  A's  age  divided  by  the  num- 
ber in  B^s  age  be  equal  to  ^  ? 

n 

18.  Having  two  kinds  of  wine  worth  a  and  h  dollars  a  gallon,  respec- 
tively, how  many  gallons  of  each  kind  must  be  taken  to  make  a  mixture 
of  n  gallons  worth  c  dollars  a  gallon  ? 

19.  Two  couriers,  A  and  B,  are  traveling  in  the  same  direction  over 
the  same  route,  A  at  the  rate  of  mi  miles  an  hour,  and  B  at  the  rate  of  m% 
miles  an  hour.  When  A  is  at  the  station  P,  B  is  at  the  station  Q,  which 
is  d  miles  from  P,  in  the  direction  in  which  the  couriers  are  traveling. 
When  and  where  do  the  couriers  meet  ? 

20.  Two  couriers,  A  and  B,  start  at  the  same  time  from  two  stations, 
distant  d  miles  from  each  other,  and  travel  in  the  same  direction.  A 
travels  n  times  as  fast  as  B.     Where  will  A  overtake  B  ? 


CHAPTER  XIII. 

8IMI7LTANiX>n8  LINEAR  EQUATIONS. 

§  1.     SYSTEMS  OF  EQUATIONS. 

1.  If  the  linear  equation  in  two  unknown  numbers 

x-hy^B  (1) 

be  solved  for  y,  we  obtain 

y  =  5  —  x. 

This  value  of  y  contains  the  unknown  number  x,  and  is 
therefore  not  definitely  determined.  We  may  substitute  in  it 
any  particular  numerical  value  for  x,  and  obtain  a  correspond- 
ing value  for  y. 

Thus,  when  a?  =  1,  y  =  4 

when  X  =  2,  r  =  3 
when  a:  =  3,  y  =  2\  etc. 

In  like  manner  the  equation  could  have  been  solved  for  x 
in  terms  of  y,  and  corresponding  sets  of  values  obtained. 

Any  set  of  corresponding  values  of  x  and  y  satisfies  the 
given  equation,  and  is  therefore  a  solution. 

An  equation  which,  like  the  above,  has  an  indefinite  number 
of  solutions,  is  called  an  Indeterminate  Equation. 

2.  The  equation 

y-x=l  (2) 

also  has  an  unlimited  number  of  solutions. 
Solving  this  equation  for  y,  we  have 

y  =  l+x. 

Then,  when  «  =  !,  y  =  2 

when  jr  =  2,  /  =  3 

when  x  =  3f  ^  =  4 ;  etc. 
864 
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Now,  observe  that  equations  (1)  and  (2)  have  one  common 
solution,  namely  x  =  2j  y  =  3.  It  seems  evident,  and  we  shall 
later  prove,  that  these  equations  have  only  this  solution  in 
common. 

Equations  (1)  and  (2)  express  different  relations  between 
the  unknown  numbers,  and  are  called  Independent  Equations. 

3.  But  the  equation 

x  +  y  =  5  (1) 

and  the  equivalent  equation 

2aj-f2y  =  10  (3) 

give  the  same  value  for  y  in  terms  of  x,  namely, 

yssB  —  x. 

Consequently  these  equations  are  satisfied  by  an  unlimited 
number  of  common  sets  of  values  of  x  and  y,  and  not  by  one 
definite  set  of  values. 

In  fact,  equations  (1)  and  (3)  express  the  same  relation 
between  the  unknown  numbers,  and  are  therefore  not  inde- 
pendent. 

4.  The  equations  a:  +  y  =  6  (1) 

and  3a?H-3y  =  16  (4) 

are  not  satisfied  by  any  common  set  of  values  of  x  and  y. 

For  any  set  of  values  which  reduces  a;  -f  y  to  6  must  reduce 
3  « -f-  3  y,  or  3  (oj  +  y),  to  15,  and  not  to  16.  These  two  equa- 
tions express  inconsistent  relations  between  the  unknown 
numbers,  and  are  called  Inconsistent  Equations. 

5.  The  three  equations 

fl;  +  y  =  5,  (1) 

y-x^l,  (2) 

2a:  +  y  =  9,  (5) 

are  not  satisfied  by  any  common  set  of  values  of  x  and  y.  For, 
by  Art.  2,  equations  (1)  and  (2)  are  satisfied  by  the  values 
x  =  2,  y  =  3.     But  equation  (5)  is  evidently  not  satisfied  by 
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this  set  of  values.     The  three  equations  express  three  inde- 
pendent relations  between  x  and  y. 

6.  A  System  of  Simultaneous  Equations  is  a  group  of  equa- 
tions which  are  to  be  satisfied  by  the  same  set,  or  sets,  of 
values  of  the  unknown  numbers. 

A  Solution  of  a  system  of  simultaneous  equations  is  a  set  of 
values  of  the  unknown  numbers  which  converts  all  of  the 
equations  into  identities,  that  is,  which  satisfies  all  of  the 
equations. 

The  examples  of  Arts.  1-5  are  illustrations  of  the  following 
general  principles,  which  will  be  proved  later : 

A  system  of  equations  Juzs  a  definite  number  of  solutions, 

(i.)  When  the  number  of  equations  is  the  same  as  the  number 
of  unknmvn  numbers. 

(ii.)  And  when  the  equxUions  are  all  independent  and  con- 
sistent. 

BXBBCISBS  I. 

Of  which  of  the  following  systems  are  the  equations  incon- 
sistent? Of  which  are  the  equations  not  independent?  Of 
which  are  the  equations  consistent  and  independent  ? 

3a;  +  oy  =  ll, 
4aJ4-7y=15. 


1. 


{■ 


5. 


7. 


9. 


U. 


3a;4-10y  =  42, 
.6x-\-20y  =  U. 

fl8a?-15y  =  51, 
6a;—   5y  =  17. 

8a; +  21/ =  5, 

ll2a;-f  3y  =  7. 

3a;-|-5y  =  30, 
.7a;  +  2y  =  70. 

ax--    by  =  Cf 
.  na^  —  nby  =  c 


|2a5^-3y  =  4, 
l4a;-6j^  =  8. 

^   r6a;-9y  =  4, 
l4a;  —  6y  =  9. 

^    r5a;  +  4y=    6, 
l7a;-f  6y  =  10. 

^  ri8a;-15y  =  60, 
I  6a;-   5y  =^17, 

^^   r7a;-2y  =  10, 
'  I8a;-5y  =  26. 

^^  I  ma;-f  7iy=|), 
l;ft(a;-f  y)=m/). 


+  2y  =  8,| 
-2y  =  2,J 


(I.)  ^*''"?^"?'i  (11.) 

2x 
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§2.     EQUIVALENT  SYSTEMS. 

1.  T\do  systems  of  equations  are  equivalent  when  every  solution 
of  either  system  is  a  solution  of  the  other. 

E.g.f  the  systems  (I.)  and  (II.): 

3aj-h2y  =  8, 

a?  —  y  =  1,  J 

are  equivalent.  For  they  are  both  satisfied  by  the  same 
solution,  x  =  2f  y  =  l,  and,  as  we  shall  see  later,  by  no  other 
solution. 

2.  The  principles  of  the  equivalence  of  equations  given  in 
Ch.  IV.  were  there  proved  for  equations  which  contain  one  or 
more  unknown  numbers.  They  can  therefore  be  applied  to  any 
equation  of  a  system  of  equations. 

The  solution  of  a  system  of  two  or  more  equations  depends 
also  upon  the  following  principles  of  the  equivalence  of 
systems : 

(i.)  If  any  equation  of  a  system  be  repla^ced  by  an  equivalent 
equation,  the  resulting  system  will  be  equivalent  to  the  given  one. 


(I-) 


(II.) 


E.g.,  the  system  3  a;  -f  2  y  =  8, 

»  -  y  =  1,  - 
is  equivalent  to  the  system 

3a;  +  2y  =  8, 
2x^2y  =  2  . 

in  which  the  equation  x  —  y  —  loi  the  given  system  is  replaced 
by  the  equivalent  equation  2 a?  —  2y  =  2. 

It  is  evident  that  if  each  equation  of  a  system  be  replaced  by 
an  equivalent  equation,  the  resulting  system  will  be  equivalent 
to  the  given  one. 

(ii.)  If  any  equation  of  a  system  be  replaced  by  an  equation 
obtained  by  adding  or  subtracting  corresponding  members  of  two 
or  more  of  the  equations  of  the  system,  the  resulting  system  will  be 
equivalent  to  the  given  one. 
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E.g.,  the  system      3a5-f2y  =  8, 1  ^j  j  v 

2x-2y  =  2,J 
is  equivalent  to  the  system 

3ic  +  2y=    8,1    ^^   3a:  +  2y=   8,1       ^^j. 
(3a?  +  2y)4-(2«-2y)=10,J  5a;  =  10.i 

(iii.)  ijf  one  equation  of  a  system  be  solved  for  one  of  the  un- 
known  numbers,  and  the  resulting  value  be  substituted  for  this 
unknown  number  in  each  of  the  other  equations,  the  derived  sy^em 
wiU  be  equivalent  to  the  given  one, 

E,g.,  the  system 

5x 


«-y=  2,1 

-3y  =  12,J 


(IV.) 


is  equivalent  to  the  system 

-3y  =  12.      ) 


5(2 +  y) 

The  proofs  of  the  principles  enunciated  are  as  follows : 

(I.) 


(i.)  Let  A  =  B, 

C  =  D,} 

m 

be  two  equations  in  two  unknown  numbers,  say  x  and  y ;  and  let  Cssiy 
be  equivalent  to  C  =  2). 

Then  the  system  A  =  B, 


C 


:;.}  (-> 


is  equivalent  to  the  system  (I.).  For,  by  definition  of  equivalent  equa- 
tions, the  same  sets  of  values  which  satisfy  C  =  D  also  satisfy  C  =  />',  and 
vice  versa.  Therefore  any  one  of  these  sets  of  values  which  also  satisfies 
^  =  ^  is  a  solution  of  both  systems.  Consequently,  every  solution  of 
either  system  is  a  solution  of  the  other. 

In  like  manner,  the  principle  can  be  proved  for  a  system  of  any  number 
of  equations. 

(ii.)  Let  A=B,^  ,-, 

be  two  equations  in  two  unknown  numbers,  say  x  and  y.  Then  the 
systems 

^  =  ^'         \        (IL)  and  .      i^l'     ^}       (ra.) 

are  each  equivalent  to  the  system  (L). 
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For  any  set  of  values  which  makes  A  and  B  equal,  and  C  and  D  equal, 
makes  A-{-  C  and  B  -{■  D  equal,  and  A  —  C  and  B  ^  D  equal.  Therefore 
every  solution  of  (L)  is  a  solution  of  (II.)  and  of  (IIL).  Likewise,  any 
set  of  values  which  makes  A  and  B  equal  and  A  +  C  and  B  -\-  D  equal,  or 
A—  C  and  B  —  D  equal,  makes  C  and  D  equal.  Therefore  every  solu- 
tion of  (II.)  and  of  (HI.)  is  a  solution  of  (I.). 

In  like  manner,  the  principle  can  be  proved  for  a  system  of  any  num- 
ber of  equations. 

(iii.)  Let  A  =  B,    (1) . 

C  =  A     (2)/  ^^ 

be  two  equations  in  two  unknown  numbers,  say  x  and  y ;  and  let  x  =  P 
be  the  equation  derived  by  solving  (1)  for  z,  and  C  =  D'  be  the  equation 
obtained  by  substituting  Pfor  x  in  (2). 
Then  the  system 

X  =  P,     (3). 
C'  =  Z)'.  (4)/  ^^'-^ 

is  equivalent  to  the  system  (I.). 

Since  equation  (3)  is  equivalent  to  equation  (1),  any  solution  of  the 
system  (1)  must  satisfy  equation  (3)  ;  that  is,  must  give  to  z  and  Pone 
and  the  same  value.  But  (4)  differs  from  (2)  only  in  having  P  where  (2) 
has  X.  Therefore,  since  z  and  P  have  the  same  value,  any  value  of  x, 
with  the  corresponding  value  of  y,  which  makes  C  and  D  equal  must  make 
C  and  D'  equal.  Therefore  every  solution  of  the  system  (I.)  is  a  solu- 
tion of  the  system  (IL). 

Since  equation  (1)  is  equivalent  to  equation  (3),  any  solution  of  the 
system  (II.)  must  satisfy  equation  (1)  ;  that  is,  must  make  A  and  B 
equal.  But  (2)  differs  from  (4)  only  in  having  x  where  (4)  has  P. 
Therefore,  since  any  solution  of  (II.)  makes  x  and  P  equal  and  C  and 
V  equal,  it  must  also  make  C  and  D  equal.  Therefore  every  solution  of 
the  system  (II.)  is  a  solution  of  the  system  (I.). 

Consequently,  the  two  systems  are  equivalent 

In  like  manner,  the  principle  can  be  proved' for  a  system  of  any  num- 
ber of  equations. 

3.  Elimination  is  the  process  of  deriving  from  two  or  more 
equations  of  a  system  an  equation  with  one  less  unknown 
number  than  the  equations  from  which  it  is  derived.  The 
unknown  number  which  does  not  appear  in  the  derived  equa- 
tion is  said  to  have  been  eliminated. 
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j&.gf.,  if  the  equations      a;  -f  y  =  7,  (1) 

a:~.v  =  l  (2) 

be  added,  we  obtain  2  a;  =  8,  (3) 

in  which  the  unknown  number  y  does  not  appear.  We  say 
that  y  has  been  eliminated  from  the  given  equations. 

In  this  chapter  we  shall  apply  these  principles  to  the  solu- 
tions of  systems  of  linear  equations. 

§3.   SYSTEMS  OF  LINEAR  EQUATIONS. 
Linear  EquationB  ta  Two  Unknown  Nomben. 

1.  There  are  several  methods  for  solving  two  simultaneous 
equations  in  two  unknown  numbers.  The  object  in  all  of 
them  is  to  obtain  from  the  given  system  an  equivalent  system 
of  which  one  equation  contains  only  one  of  the  unknown 
numbers. 

Elimination  by  Addition  and  Bubtraction. 

2.  Ex.  1.  Solve  the  system  3  a;  -f  4  y  =  24,  (1) 

5  a  -  6  y  =  2.     (2)  . 

To  eliminate  x,  we  multiply  both  members  of  equation  (1) 
by  5,  and  both  members  of  equation  (2)  by  3,  thereby  making 
the  coefficients  of  x  in  the  two  equations  equal.  We  then 
have 

15  a:  -h  20  y  =  120,  (3) 

15  a?  -  18  y  =  6.  (4) 

The  system  (IT.)  is  equivalent  to  the  system  (I.),  by  §  2, 
Art.  2  (i.).  The  system  (II.)  is,  by  §  2,  Art  2  (i.)  and  (ii.), 
equivalent  to  the  system 

3.  +  4y  =  24,  (1)1 

(15a!  +  20y)-(15a;-18y)=120-6;  (5)  J  '^      '' 

or,  performing  the  indicated  operations,  to 

3a;  +  4y=24,  (I)' 

38y=114;  (6). 

or,  to  3 « +  4  .V  =  24,  (1)  ' 

y=3.  (7) 


(I-) 


}  (II.) 


(IV.) 


(V.) 
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The  system  (V.)  gives  the  required  solution,  since  equation  (7) 

gives  the  value  of  y,  and  equation  (1)  the  corresponding  value 

of  «,  by  §  2,  Art.  2  (iii.).      Substituting  3  for  y  in  (1),  we 

obtain 

3a:H-12  =  24;  (8) 

whence  « =  4.  (9) 

Consequently  the  required  solution  is  a;  =  4,  y  =  3. 

This  solution  may  be  written  4,  3,  it  being  understood  that 
the  first  number  is  the  value  of  x,  and  the  second  the  value  of 
y.  This  way  of  representing  the  solution  will  be  used  in 
subsequent  work. 

The  work  above  has  been  given  in  full  in  order  to  emphasize 
that  by  each  step  one  system  has  been  replaced  by  an  equiv- 
alent system.  In  practice  the  work  may  be  contracted  as 
follows : 

Multiplying  (1)  by  5,      15  a?  +  20  y  =  120.  (3) 

Multiplying  (2)  by  3,      15  a?  -  18  y  =  6.  (4) 

Subtracting  (4)  from  (3),  38  y  =  114 ;  (6) 

whence  y  =  3.  (7) 

Substituting  3  for  y  in  (1),  3  a?  + 12  =  24 ;  (8) 

whence  a;  =  4.  (9) 

If  we  wish  first  to  eliminate  y,  we  multiply  both  members 
of  (1)  by  3  only,  and  both  members  of  (2)  by  2  only,  since  the 
coefficients  of  y  in  the  equations  have  the  common  factor  2. 
The  work  then  proceeds  as  follows : 

Multiplying  (1)  by  3,        9  a?  -|- 12  y  =  72.  (10) 

Multiplying  (2)  by  2,      10  a?  -  12  y  =  4.  (11) 

Adding  (10)  and  (11),                 19  x  =  76 ;  (12) 

whence                                                   « =  4.  (13) 

Substituting  4  for  x  in  (1),  12  -f-  4  y  =  24 ;  (14) 

whence                                               y  =  3.  (15) 
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Ex.  2.  Solve  the  system 

4^-?V^  =  3y-6,  (1) 

i£jz3  +  5iLzI  =  i8-6«.  (2) 

Clearing  (1)  of  fractions, 

28  +  4a?-10a;-f5y  =  60y- 100.  (3) 

Clearing  (2)  of  fractions, 

4  a;  -  3  -f  15  y  -  21  =  108  -  30  a;.  (4) 
Transferring  and  uniting  terms, 

6  aj  4-  55  y  =  128,  (5) 

34  a  +  15  y  =  132.  (6) 

Multiplying  (5)  by  3,    18  a;  +  165  y  =  384.  (7) 

Multiplying  (6)  by  11,  374  x -|- 165  y= 1452.  (8) 

Subtracting  (7)  from  (8),          356  x  =  1068 ;  (9) 

whence                                                 x  =  S,  (10) 

Substituting  3  for  x  in  (5),  18-h55 y=128 ;  (11) 

whence                                                y  =  2.  (12) 

Consequently,  the  required  solution  is  3,  2. 

Notice  that  (1)  and  (2),  (3)  and  (4),  (6)  and  (6),  (7)  and  (8), 
and  (10)  and  any  preceding  equation  except  (9),  form  equiva- 
lent systems.  In  forming  with  (10)  an  equivalent  system,  we 
naturally  take  the  simplest  of  the  preceding  equations,  in  this 
case  (5). 

Ex.  3.   Solve  the  system 

2x  —  b  __  2y  — g _  g  (i\ 

a  b  ' 

2^-^'  +  2^  +  ^  =  a  +  &.  (2) 

b  a 

Clearing  (1)  and  (2)  of  fractions, 

26aj -  6'  -  2ay  +  a»  =  2a6,  (3, 

2  a*x  -  a»  -f  2  6*1/  -f  &"  =  a*6  +  aV,  (4) 
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Transferring  termS; 

26a;  -  2ay  =  6«  4-  2a6  -  a«,  (5) 

2a«a?  +  26*y  =  a' -»-  «*&  +  a^'  -  &*•  (6) 

Multiplying  (5)  by  a*, 

2a*6a ~  2a»y  =  a*6»  +  2a»6  -  a\  (7) 

Multiplying  (6)  by  6, 

2  a*to  +  2  Vy  =  a»6  +  a W  +  a?^  -  6*  (8) 

Subtracting  (7)  from  (8), 

2(a«  +  &')y  =  a*  -  a»6  -f  a6»  -  6*  (9) 

=  a»(a-6)+6*(a-6) 

=  (a»  +  6»)(a-6); 

whence  y  =  ^^-^^^ —  (10) 

Substituting  — - —  for  y  in  (5), 

2hx-  a{a  -  b)=  h^'\'2ab-  a*; 

whence  x  =  -^ — 

Consequently,  the  required  solution  is  ^^   ,  ^^-^^ — 

3.  The  examples  of  the  preceding  article  illustrate  the  fol- 
lowing method  of  elimination  by  addition  and  subtraction. 

Simplify  the  given  equations j  if  necessary,  and  transfer  the 
terms  in  x  and  y  to  the  first  members,  and  the  terms  free  from  x 
and  y  to  the  second  members. 

Determine  the  L.  C,  M,  of  the  coefficients  of  the  unknovm  num- 
ber to  be  eliminated,  and  multiply  both  members  of  each  equation 
by  the  quotient  of  the  L.  G,  M.  divided  by  the  coefficient  of  that 
unknown  number  in  the  equation* 

The  coefficieyits  of  the  unknown  number  to  be  eliminated  being 
now  equal,  or  equal  and  opposite,  in  the  two  equations,  subtract, 
or  add,  corresponding  members,  and  equate  the  results.  A  final 
equation  in  one  unknown  number  wiU  thus  be  derived. 

The  solution  of  the  given  system  is  then  (Stained  by  solving  this 
derived  equation,  and  substituting  the  value  of  the  uriknown  numr 
ber  thus  obtained  in  the  simplest  of  the  preceding  eqiuxtions. 
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EXERCISES  II. 

Solve  the  following  systems  of  equations  by  the  method  of 
addition  and  subtraction : 


x-12y  =  3, 
4aj-7y  =  19, 


U  -  y  =  7. 

|7fl:-hlly  =  2, 
'   l7«-lly  =  0. 

1    aj  +  9y  =  37. 

ri0a;-3y  =  25, 
1   5aj  — 9y  =  — 25. 

f  na5  —  aw  =  0, 
I  n'o?  —  ai^  =  an. 

13.    I 

ll6a;4-    9y  =  7. 

r   5x-3y  =  12, 
■    ll9a?~5y  =  73t. 

24a;+   7y  =  27, 
8aj-33y  =  116. 

f21a;-h   8y  =  -66, 


ay 
12a;  +  15y  =  8, 


19.    ^ 


•{ 


I28aj-23y  =  13. 

12x-14y  =  -4, 
8«-21y  =  -8.6. 


96a5-38y  =  18, 
84«-67y  =  87. 


2.  \^+y-^ 

|3a;H-  ay  =  5 a', 
1 3  a;  —  ay  =  a*. 

^   |3a;+    y  =  31, 
l5aj-2y  =  16. 


10. 


12. 


14. 


f    a;  +  5y  =  14, 
l3»-4y  =  4. 

r   3a;  +  10y  =  12, 
112a;-   5y  =  3. 

r6aj4-    y  =  6, 
l4a;  +  3y  =  ll. 

f5a;  +  4y  =  49i, 
l2x  +  7y  =  63. 

^^  j      3aj  +  16y  =  5, 
1  -5aj  +  28y=19. 

ri6a-|-   17y  =  274, 
l24aj-105y  =  150. 

18a?-20y  =  l, 
16a;  +  16y  =  9. 

33a;-f  54y  =  -9, 

294. 


la 


2a 


{ 

f33a;-f  54y  = 
l44x-81y  = 


24. 


3x  +  ^  =  22, 

lly-^  =  20. 
o 
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2S. 


27. 


aa 


2»-y 


+ 14  =  18, 


?l±^+16^19. 


a& 


2«     6«     3x     y 
_3 12__2 3 

i  ¥ 

«-»=i(«+y)- 


=  2, 


4.  +  l^=2y  +  6+l£±li, 


^_  +  _J4  =  l, 
w  —  a     m  —  6 


a; 


n^a     n  —  6 


Blimlnation  by  Substitution. 

4  Ex,  1.  Solve  the  system  5  x  —  2  y  =  1,  (1) 

4a:-|-6y  =  47.  (2) 

If  we  wish  to  eliminate  x,  we  proceed  as  follows : 


(I-) 


Solving  (1)  for  a:, 


6 


(3) 


Substituting  i^^  for  a;  in  (2), 


(^) 


+  5y  =  47. 


(4) 


(II.) 


The  system  (II.)  is  equivalent  to  the  system  (I.),  by  §  2, 
Art.  2  (iii.). 

Solving  (4)  for  y,  y  =  7.  (6)] 

Substituting  7  for  y  in  (3),  x  =  3.  (6)  J  '^ 

The  system  (III.)  is,  by  §  2,  Art.  2  (iii.),  equivalent  to  the 
system  (II.),  and  hence  to  the  given  system.  Therefore  the 
required  solution  is  3,  7. 

If  we  wish  first  to  eliminate  y,  we  proceed  as  follows : 

5x-l 


Solving  (1)  for  y, 


y  = 


(J) 
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Substituting  — ^  for  y  in  (2),  4  »  +  ^f^V^)  =  ^^*    (®) 

Solving  (8)  for  »,                                as  =  3.  (9) 

Substituting  (3)  for  x  in  (7),             y  =  7.  (10) 

Ex.  2.  Solve  the  system          6a5  -h  ay  =  2  a,  (1) 

6(aj-l)-a(y-l)=a-|-&.  (2) 

Solving  (1)  for  x,  aj  =  '^^IZM.  (3) 

Substituting  ^^"^^  for  «  in  (2), 

ft^^^^-lVa(y-l)=a  +  6;  (4) 

whence  y  =  5Lz_.  (5) 

a 

Substituting  5LZ—  for  y  in  (3), 

a 

^^2a-a  +  6^a+ft  (g^ 

Hence  the  required  solution  is  ^       ,  ^""   « 

6  a 

This  system  could  have  been  solved  more  easily  by  the 
method  of  addition  and  subtraction. 

Notice  that  (1)  and  (2),  (3)  and  (4),  and  (3)  and  (6)  form 
equivalent  systems. 

S.  The  examples  of  the  preceding  article  illustrate  the 
following  method  of  elimination  by  substitution : 

Solve  the  simpler  equation  for  the  unknown  number  to  be 
eliminated  in  terms  of  the  other,  and  substitute  the  value  thus 
obtained  in  the  other  equation.  The  derived  equation  ivill  contain 
but  one  unknown  number. 

The  solution  of  the  given  system  is  then  obtained  by  solving  the 
derived  equation,  and  substituting  the  value  of  the  unknown  num- 
ber thus  obtained  in  the  expression  for  the  other  unknown  number. 
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Solve  the  following  systems  of  equations  by  the  method  of 
substitution: 


ra;  =  2y-3,        ^    raj=6-y, 
ly  =  2aj-16.        '   ly  =  3a;-4. 


«  =  3y-7, 
.y  =  3x-19. 


oj  —  y  =  18, 


I  a  =  4  y. 
\x  =  nv. 


U-4=Rv+6\     '  \v  = 


iy^3x  =  2, 
y  =  14:X. 


r  7x  =  5yy  (5x=:Sy-lly 

ll6y=28aj-70.  ^'   l6y  =  7aj-21. 


l7y-3  =  8a;.  [a  +  y  =  b  +  x.  I 


aj-3y  =  0, 
25ic-f48y=287. 


13.    f3a:  +  4y  =  2,    ^^    f 
l9a?+20y=8.        '   1 

l2a:  +  3y  =  43.         I 


^        5.+7y=49,    ^ 


7a!+5y=:47. 
2a!  +  3y  =  60. 


la 


4|  y  =:  6  X  —  7. 
.2ia!  =  3(y  +  5). 


Id. 


5  4 

2  6 


20. 


7a;4-3y  9a?~-3y_Q 
4  2 

lla;-f7y  15g4-9y_^g 
2  5 


21. 


8a        126 


22. 


a; 


f 


1^=1. 


4a4-66    4a-66 


(a;-a)(a-|-6)  =  (a~6)(y— a), 


2a 


c«4>-e-i>-^ 


a; 


+  -Jf 2. 


a  +  b     a  —  6 
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6.  Ex«  1.  Solve  the  system 

7x  +  2y  =  20,    (1) 
13aj-3y=:17.     (2) 

To  eliminate  y,  we  proceed  as  follows : 


}  a-) 


Solving  (1)  for  y,  y^20-7»    ^3^ 

Solving  (2)  for  y,  y  =  l^^lll.  (4) 


(II.) 


The  system  (II.)  is  equivalent  to  the  system  (I.),  by  §  2, 
Art  2  (i.). 
Substituting  in  (4)  for  y,  its  value  given  in  (3), 

20-735       1355-17 


2  3 


(5) 


The  last  equation  and  equation  (3)  form  a  system  which  is 
equivalent  to  the  system  (II.)^  s^d  hence  to  the  given  system. 

Solving  (5)  for  x,  x  =  2.     (6)  )  ,jjj  x 

Substituting  2  for  x  in  (3),     y  =  3.     (7)  J 

The  system  (III.)  is  equivalent  to  the  system  formed  by 
equations  (3)  and  (5),  and  therefore  to  the  given  system.  Con- 
sequently the  required  solution  is  2,  3. 

To  eliminate  x,  we  proceed  as  follows : 

Solving  (1)  and  (2)  for  «,    aj  =  ?5^^  (8) 


^17  +  3y 

Equating  these  expressions  for  x, 

20-2y^l7-t-3y. 
7  13      ' 

whence  y  =  3. 

Substituting  3  for  y  in  (8),  x=s2. 


«  =  ^^^^  (9) 


(10) 
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Ex.  2.  Solve  the  system 

3a?-f  y  _  5y  —  2x  _  3y4-l  /^  x 

9                7               14     '  ^  ^ 

(x  +  20)»-(aj  +  y)  (x  -  y)=(y  -h  22)«.  (2) 
Clearing  (1)  of  fractions, 

42aj  +  14y-90y-f36a?  =  27y  +  9.  (3) 
Removing  parentheses  in  (2), 

aJi  +  40aj4-400-iB"  +  y*  =  y»  +  44y  +  484.  (4) 

Simplifying  (3)  and  (4), 

78«-103y  =  9,  (6) 

10aj-lly  =  21.  (6) 

Solving  (6)  for  a?,                   «  =  ^+if^y.  (7) 

7o 

Solving  (6)  for  x,                   «  =  ^^  "t^^  ^^  (8) 

Equating  these  expressions  for  x, 

9  +  108y_21  +  lly.  ,q. 

78 10       '  ^^^ 

whence                                     y  =  9.  (10) 

Substituting  9  for  y  in  (8),    x  =  12.  (11) 

Consequently  the  required  solution  is  12,  9. 

Notice  that  (1)  and  (2),  (3)  and  (4),  (6)  and  (6),  (7)  and  (8), 
and  (10)  and  any  preceding  equation  except  (9)  form  equiva- 
lent systems.  In  forming  with  (10)  an  equiv^ent  system,  we 
naturally  take  the  simplest  of  the  preceding  equations,  in  this 
case  (8). 

Ex.  3.  Solve  the  system 

ab  a  +  b       cfi^V 
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Notice  that  this  continued  equation  is  equivalent  to  two  in- 
dependent equatiX)ns,  which  can  be  chosen  in  two  ways : 


ay  +  bx  _^^__  ^  +  y 
ab  a-h  6' 


(1) 


ay  +  bx       .  _  o'a;  -  6'y     ,„. 


(I-; 


ay+bx     ^^_x  +  y 
ab  a +  6' 

x  +  y  _  o'x  —  &*y 
o  +  6  ~   o»  -  6*  ' 


(1) 
(3) 


(II.) 


Both  systems  have  the  same  solution.      We  will  solve  the 
system  (II.)i  which  appears  to  be  the  simpler. 
Clearing  of  fractions, 

ahf  4-  ahx  -|-  ahy  +  b^x  —  a^V  —  aW  =  abx  -|-  aby,         (4) 

a?x  +  a*y  —  Voj  —  6*y  =  a*x  —  at^  +  ofbx  —  Vy.  (5) 

Transferring  and  uniting  terms, 

ay  —  bx  =  0. 
Solving  (6)  for  y, 


y  = ^ — 


a' 


bx 

y  =  — 

a 


Solving  (7)  for  y, 

Equating  these  expressions  for  y, 
a^b\a'hb)-b^x_bx^ 


(6) 
(7) 

(8) 
(9) 


a' 


a 
X  =  a%. 


(10) 


whence 
Substituting  a'6  for  x  in  (9), 

y  =  ab*. 

Consequently  the  required  solution  is  a*b,  ab*. 

Notice  that  the  equations  (6)  and  (7)  could  have  been  more 
easily  solved  by  the  method  of  addition  and  subtraction,  or  by 
the  method  of  substitution. 
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7.  The  examples  of  the  preceding  article  illustrate  the  fol- 
lowing method  of  elimination  by  comparison : 

Solve  the  given  equations  for  the  unJcnown  number  to  be  elimi- 
nated, and  equate  the  expressions  thus  obtained.  The  derived 
equation  will  contain  but  one  unknovm  number. 

The  solution  of  the  given  system  is  then  obtained  by  solving  this 
derived  equation,  and  substituting  the  value  of  the  unknown  numr 
ber  thus  obtained  in  the  simplest  of  the  preceding  equations. 


BXBBOISBS  IV. 

Solve  the  following  systems  of  equations  by  the  method  of 
comparison : 


^    f»  =  3y-2, 
la  =  6y-12. 

^    (5y^2x  +  l, 
l82^  =  5a;-ll. 

(l^x  =  7y-38, 
'   lliy  =  7«-72. 

r21aj-23y  =  2, 
^'  I   7aj-19y  =  12. 


U. 


la 


15. 


8a:-|-9y  =  26, 
I32a?--3y  =  26. 

^-h   8y  =  31, 

24^  +  10  a;  =  192. 
4 


^    |y  =  3«-17, 
ly  =  2a;-10. 

^    (5x  =  7y-.l, 


10. 


12. 


14. 


16. 


6aj  +  9y  =  28, 
7a;  +  3y  =  20. 

||aj  4-7^  =  99, 
l|y  +  7a  =  51. 


1+ 1 = "■ 

5^24     2 

f63a?-46y  =  29, 
42a?-69y  =  96. 


5fl;  +  4y  =  9a-6, 
7x^ey  =  a'-13b, 
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« +  0^  +  1  =  0,  ^        ^' 

by  =  b (c  — (M5). 

a 


17.  j      ■/'../  la 

foaj  — 
I  (a  — 


20. 


c(a?  +  l)=0. 

oa?  —  6y  =  a*  +  6*, 

5)  a;  -|-(a  +  b)y=2(cf  -  &«). 

7a?-21  ,  Sy-x^^  ,  3a;-19 

2a;-|-y     9a;  — 7^3y-f9     4a?  +  5y 
2  8  4  16      ' 


The  Oeneral  Solution  of  a  System  of  Two  Unear  Bquatloiui  In 

Two  Unkno'wn  Numbers. 

8L   Any  linear  equation  in  two  unknown  numbers  can  evidently  be 

brought  to  the  form 

ax-^-by  =  c, 

in  which  ax  stands  for  the  algebraic  sum  of  all  the  terms  in  x,  by  for  the 
algebraic  sum  of  all  the  terms  in  y,  and  c  for  the  algebraic  sum  of  all  the 
terms  free  from  z  and  y. 

9.   Let  aix  +  biy  =  Ci,  (1) 

oax  +  6^  =  Cs,  (2) 

be  any  two  linear  equations. 

To  eliminate  y  we  must  make  the  coefficients  of  y  equal  in  the  two 

equations. 

Multiplying  (1)  by  b%,  aibiX  +  bibiy  =  6jCi.  (8) 

Multiplying  (2)  by  bu  otbiz  +  bibiy  =  6iCj.  (4) 

Subtracting  (4)  from  (3),     (0162  -  os&i)  x  =  btpi  -  ftiCj ;  (6) 

whence,  if  aibt  -  a,6i  :;fc  0,  x=  b^^lh^.  (6) 

To  eliminate  x  we  must  make  the  coefficients  of  x  equal  in  the  two 
equations. 

Multiplying  (1)  by  as,  aiOaX  +  o^ftiy  =  ajCi.  (7) 

Multiplying  (2)  by  au  aio^  +  a\b%y  =  aiCj.  (8) 

Subtracting  (7)  from  (8),     (aifrj  -  a«6i)  y  =  aiCa  -  a«Ci ;  (9) 

whence,  if  aid,  -  osdirjfcO,  y  =  ?-^^^--":^^  (10) 

But  if  ai&3  —  os&i  =  0,  we  have  no  authority  for  dividing  both  members 
of  equations  (5)  and  (9)  by  aib^  -  a^bi. 
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Consequently,  the  general  solution  of  two  linear  equations  in  two  un- 
known numbers  is 

^bjfii  —  bic%  _  aid  —  OiCa 

aibi  —  fls6i  ^  ~  0162  —  a^i 

when  tfi^t  —  as6i:^0. 

10.  Every  system  of  two  independent  and  consistent  equations  of  the 
first  degree  in  two  unknown  numbers  has  one,  and  only  one,  solution. 

For  the  system 

aix  +  biy  =  ci,  (1) 

oix  +  bay  =  Ca,  (2) 

is,  by  Art  0,  equivalent  to  the  system 

(ai62  -  a%bi)z  =  6«ci  -  ftid,  (3) 

(ai&2  -  Oibi)  y  =  aict  -  a^fii.  (4) 

But  equations  (3)  and  (4)  are  each  linear  in  one  unknown  number, 
and  each,  therefor^,  has  one,  and  only  one,  solution.  Consequently,  the 
given  system  has  one,  and  only  one,  solution. 

11.  Three  independent  linear  equations  in  two  unknown  numbers  can^ 
not  be  satisfied  by  any  common  set  of  values  of  the  unknown  numbers. 

If  the  values  of  x  and  y  which  constitute  the  solution  of  equations  (1) 
and  (2),  Art.  9,  satisfy  a  third  equation, 

atx  +  biy  =  Cs,  (8) 

we  have  as  x  — r r-  +  ^8  x  — r —j-  =  cs. 

From  this  relation,  we  obtain 

,  dsfts  —  ciibz  aibi  —  atbi 

Cg  =  Ci  X  — r r-  +  Ca  X  — -r — r- 

aiOa  —  (hbi  flioa  —  fl^Oi 

=  Ici  +  wica,  (1.) 

wherein  1= — r ;-,  and  m^ — r 5-* 

fliOa  —  Wi  ai&a  —  «20i 

We  also  have 

*     ai6a  —  o«6i  oi&a  ~  «a&i         «i^«  ""  ^bi 

=  68. 

That  is,  ^8  =  Ibi  +  m6a.  (11-) 

In  like  manner,  it  can  be  shown  that 

as  =  lai  +  moa.  (iii-) 
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Observe  that  (ii.)  and  (iii.)  are  identities,  and  hold  for  all  values  of  the 
a*s  and  6*8  which  do  not  reduce  ai^s  —  os^i  to  0;  while  (i.)  is  not  an 
identity,  but  imposes  a  condition  upon  the  values  of  the  known  numbers 
in  the  three  equations. 

When  this  condition  is  satisfied,  cz  is  obtained  from  Ci  and  Ct,  just  as  as 
is  obtained  from  ai  and  a^,  and  bz  from  bi  and  b^.  That  is,  when  the 
solution  of  (1)  and  (2)  is  also  a  solution  of  (3),  the  last  equation  is  not 
independent  of  the  other  two. 

DiscuBsion  of  the  Solution  of  a  System  of  Two  Linear  Equations 

in  Two  Unknown  Nomben. 

12.  The  denominator  ai6s  —  as^i  not  equal  to  Zero.  —  In  this  case  the 
system  always  has  a  definite  solution.  The  value  of  either  unknown 
number  is  positive,  negative,  or  0,  according  as  its  numerator  has  the 
same  sign  as  its  denominator,  the  opposite  sign,  or  is  0.  It  is  important 
to  notice  that  the  known  numbers  ai,  &i,  Ci,  oa,  &8t  cs,  may  have  any 
values  whatever,  including  0,  provided  only  ai&s  —  a^bi  ^  0. 

13.  The  Denominator  aibi  —  a^i  equal  to  Zero. — As  long  as  the 
denominator  is  not  equal  to  0,  however  near  its  value  may  be  to  0,  the 
values  of  x  and  y  in  Art.  9  constitute  the  solution  of  the  system.  If 
we  assume  that  these  values  still  give  a  solution  when  ai&s  —  os^i  =  0,  we 
must  determine  the  nature  of  the  solution,  and  consider  it  in  connection 
with  the  equations  of  the  system. 

The  denominator  ai&s  —  (^ubi  will  reduce  to  0  when  ai,  os,  bi,  &s  are  all 
different  from  0,  if  ai&s  =  azbi.  This  denominator  will  also  reduce  to  0 
in  the  following  cases,  among  others : 

ai=0,   02  =  0,   6i=?fcO,   bi^O;    6i  =  0,   6i  =  0,   ai=jfcO,   Ot^O; 

ai  =  0,   6i  =  0,   a«  =?fc  0,   6a  =jfc  0 ;    aj  =  0,   ftj  =  0,   ai  :^  0,   6i  ^t  0. 

We  will  now  discuss  these  cases  in  the  above  order.  It  is  to  be  under- 
stood in  the  following  discussion  that  each  of  the  numbers  ai,  as,  &i,  &s  is 
di£ferent  from  0,  unless  the  contrary  is  stated. 

14.  aibi  =  aa6i.  —  We  have  to  consider  two  cases,  according  as  the 
numerators  in  the  expressions  for  x  and  y  are  equal  to  0,  or  are  different 
from  0. 

(i.)  If  ftjCi  —  6iCa  ^  0,  then  x  =  oo. 
But  in  this  case  also  y  =  x. 
For  from  aibt  =  flafeit  we  derive 

ai  =  ^,  since  bt^O, 
bi 
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Sabstituting  this  value  of  ai  in  aiCt  ~  otCi,  the  numerator  of  the  expres- 
sion for  ify  we  obtain 

^  0,  since  ot^^Ojbi^O,  b^Ci  —  bic^  ^  0. 

Therefore,  aiCs  —  o^ci  ^  0,  and  hence  y  =  oo. 
Consequently,  in  this  case  the  system  does  not  have  a  finite  solution. 
That  the  equations  of  the  system  are  inconsistent  can  be  shown  as 
follows : 

From  aibt  =  Os&i,  we  obtain 

2l  =  5l  =  ifc,  say; 
ax     bi 

whence  as  =  kau  and  bt  =  kbi* 

But  since  btCi  —  bic^  ^  0,  b^iii  ^  biCt ; 

therefore,  £?=^^,  and  hence  ^^ky  or  ct=^ kci, 

ci     bi  ci 

The  given  system  is  therefore  equivalent  to 

aix  +  6iy  =  ci,  (1) 

*  iaix  +  biy)  =  c,  =jfc  kci,  (2) 

But  any  set  of  finite  values  of  x  and  y  which  reduces 

aix  +  biy  to  ci 

must  reduce  k  {aix  +  &iy)  to  kci,  ftnd  not  to  cg. 
See  the  particular  example  given  in  §  1,  Art  4. 

(ii.)  If  62C1  -  biCf  =  0,  then  a;  =  J. 
But  in  this  case  also  y  =  jf. 
For  from  aib%  =  a%bu  we  obtain 

ai=^^y  since  bt^O. 
bi 

Substituting  this  value  of  ai  in  aiCs  —  (hfiu  the  numerator  of  the  ex- 
pression for  y,  we  obtain 

=  0,  since  fejCi  —  6iCt  =  0,  and  62  ^  0. 

Therefore,  aiCs  —  atCi  =  0,  and  hence  y  =  i. 

Consequently,  in  this  case  the  equations  of  the  system  do  not  have  a 
determinate  solution. 


876  ALGEBRA. 

That  the  equations  are  eqaiyalent  can  be  shown  as  follows : 

From  aibi  —  Otbi  =  0,  we  obtain  ^  =  ^ ; 

ai     bi 

from  aiCt  —  osCi  =  0,  we  obtain  ^  =  ^. 

ai     ci 

Therefore,  2i  =  52  =  £?  =  jfe,  gay ; 

ai     oi     ci 

whence  os  =  kau  bt  =  kbu  c%  =  kci. 

The  given  qrstem  is,  therefore,  equivalent  to 

aix  +  biy  =  ci.  (1) 

il;  (aix  +  6iy)  =  Aci.  (2) 

That  is,  equation  (2)  is  equivalent  to  (1),  and  the  system  has  an  un- 
limited number  of  finite  solutions. 

See  the  particular  example  given  in  §  1,  Art.  3. 

15.  ai  =  0  and  as  =  0.  —  We  have  to  consider  two  cases,  according 
as  the  numerators  of  the  expressions  for  x  and  y  are,  or  are  not,  equal  to  0. 

(i.)  If  btCi  —  &iCa^O,  then  x  =  oo. 

And  since  ai  =  0  and  os  =  0,  therefore  aiCt  —  a,Ci  =  0 ;  consequently, 

(ii.)  If  6iCi  -  61C2  =  0,  then  x  =  J.    And,  as  in  (i.),  y  =  J. 
But  in  this  case  the  value  of  y  is  not  truly  indeterminate. 
For  from  b^i  —  bic%  =  0,  we  obtain 

ci  =  ^,  since  bt  ^  0. 
bi 

Substituting  this  value  of  ci  in  the  expression  for  y,  we  obtain 

Oa  _  Cg  (ai&a  —  OaOi) 

ai6s  —  ajfti         6a  (0162  —  (hbi) 
_.ca 
6«' 

16.  61  =  0  and  6s  =  0.    This  case  is  similar  to  that  in  Art.  16. 
(i.)    If  aiCs  —  oaCi  ^  0,  then  y  =  oo,  and  x  =  (. 

(ii.)  If  aiCa  -  oiCi  =  0,  then  y  =  #,  and  x  =  ^* 

Of 

17.  ai  =  0  and  61  =  0.    In  this  case  z  =  x,  and  y  =  x. 

18.  ai  =  0  and  6a  =  0.     In  this  case  x  =  x,  and  y  =  x. 
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Linear  Bquatioiui  in  Three  or  More  Unknown  Numbers. 

19.  The  following  examples  will  illustrate  the  methods  for 
solving  systems  of  three  linear  equations  in  three  unknown 
numbers : 

Ex.  1.  Solve  the  system ' 

aJ  +  y-«  =  6,      (1)' 

»  +  y  +  «  =  12,    (2) 

a.-3y-2=:10.    (3)^ 

To  eliminate  z  we  proceed  as  follows : 
Adding  (1)  and  (2),  and  dividing  by  2,    a;  +  y  =  9.  (4) 

Adding  (2)  and  (3),  and  dividing  by  2,    a;  —  y  =  11.  (5) 

We  thus  obtain  a  system  of  two  equations  in  the  same  two 
unknown  numbers.    From  equations  (4)  and  (5),  we  have 

X  =  10,  (6) 

y  —  1.  (7) 

Substituting  these  values  for  x  and  y  in  equation  (1), 

10-1-21  =  6,  or  21  =  3. 

Notice  that  (1),  (2),  (3) ;  (1),  (4),  (5) ;  and  (1),  (6),  (7)  form 
equivalent  systems.  Therefore,  the  required  solution  is  10, 
-1,  3. 

Ex.*  2.  Solve  the  system          2  aj  —  3  y  -f  6  «  =  11,  (1) 

5aj-|-4y-62  =  -5,  (2) 

-4ajH-7y-82  =  -14.  (3) 
To  eliminate  Xj  we  proceed  as  follows : 

Multiplying  (1)  by  5,          10  a;  - 15  y  +  25  2  =  55.  (4) 

Multiplying  (2)  by  2,            10  a;  +  8  y  - 12  2  =  - 10.  (5) 

Subtracting  (4)  from  (5),               23  y  -  37  a;  =  -  65.  (6) 

Multiplying  (1)  by  2,              4  a?  -  6  y  -h  10  2  =  22.  (7) 

Adding  (3)  and  (7),                              y  +  2z^  8.  (8) 
Solving  (6)  and  (8),                                      y  =  2, 

2  =  3. 

Substituting  2  for  y  and  3  for  z  in  (1),  »  =  1. 
Notice  that  (1),  (2),  (3);  and  (1),  (6),  (8)  form  equivalent 
systems.    Consequently  the  required  solution  is  1,  2,  3. 
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Ex.  a  Solve  the  system 

ay-cz  =  0,  (1) 

«-a;  =  -6,  (2) 

ax  +  by^a^-^-bia-hc).  (3) 

Notice  that  by  eliminating  z  from  (1)  and  (2)  we  obtain  an 
equation  in  x  and  y,  which  with  equation  (3)  gives  a  system  of 
two  equations  in  the  same  two  unknown  numbers. 

Solving  (2)  for  «,  «  =  a;  —  h.  (4) 

Substituting  x  —  b  for  zin  (1), 

ay  —  ex  '\-  cb  =  0,  (5) 

Multiplying  (3)  by  a,  a^x  -f  aby  =  a^  +  a^b  +  abc,      (6) 

Multiplying  (6)  by  b,        —  bcx  +  aby  =  —  Vc.  (7) 

Subtracting  (7)  from  (6),     (a*  +  6c)  a;  =  a«  -f  a=6  +  a^c  +  6*c 

=  a\a  -{-  b)+  bc(a  -^-b) 

=  (a«  +  6c)(a4-&);  (8) 
whence  a;  =  a  -H  6. 

Substituting  a  -f  6  for  a;  in  (4),  z  =  a. 

Substituting  a  for  «  in  (1),  y  =  c. 

To  solve  three  simultaneous  equations  in  three  tinknovm  numr 
bersy  eliminate  one  of  the  unknown  numbers  from  any  two  of  the 
equations;  next  eliminate  the  same  unknown  number  from  the 
third'  equation  and  either  of  the  other  two.  Two  equaiions  in 
the  same  two  unknown  members  are  thus  derived. 

Solve  these  equations  for  the  two  unknoion  numbers,  and  sub- 
stitute the  values  thus  obtained  in  the  simplest  equation  which 
contains  the  thiM-  unknoum  number, 

20.  From  four  equations  in  four  unknown  numbers,  we  can 
by  eliminating  one  of  the  unknown  numbers  obtain  three 
equations  in  three  unknown  numbers.  We  then  solve  these 
equations  for  the  three  unknown  numbers  and  substitute  the 
values  thus  obtained  in  the  simplest  equation  which  contains 
the  fourth  unknown  number. 
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Ex.  1.  Solve  the  system   4a;  —  3y-|-22f  —  w  =  40,  (1) 

5a  +  42/-32-2M  =  76,  (2) 

6a?  +  y-5z-w  =  9,  (3) 

x-i-y  —  Z'-u=s42.  (4) 

Since  the  coefficients  of  u  in  the  equations  are  the  simplest, 
we  first  eliminate  u. 

Multiplying  (1)  by  2,       8  a?  -  6  y  +  4  2  -  2  ?*  =  80.  (5) 

Subtracting  (2)  from  (5),        3  a;  -  10  y  +  7  2  =  4.  (6) 

Subtracting  (1)  from  (3),  2  a;  -h  4  3^  -  7  2  =  -  31.  (7) 

Subtracting  (3)  from  (4),  -  5  x  +  4  2  =  33.  (8) 

We  have  thus  obtained  three  equations  in  the  three  unknown 
numbers,  x,  y,  2.  Notice  that  we  could  have  obtained  a  third 
equation  [instead  of  (8)]  by  subtracting  (1)  from  (4);  but  by 
subtracting  (3)  from  (4),  we  eliminated  both  y  and  u,  and  thus 
obtained  a  somewhat  simpler  system  in  a:,  y,  2.  We  have  now- 
only  to  eliminate  y  from  (6)  and  (7)  to  obtain  a  system  of  two 
equations  in  x  and  2. 

Multiplying  (6)  by  2,            6  a;  -  20  y  -f  14  2  =  8.  (9) 

Multiplying  (7)  by  5,          10  at  +  20  y  -  35  2  =  - 156.  (10) 

Adding  (9)  and  (10),                      16  a;  -  21 2  =  -  147.  (11) 
We  now  have  the  system  (8)  and  (11)  in  x  and  2. 

From  (8)  and  (11),             x  =  -  J^,  (12) 

2  =  Vf .  (13) 

From  (6),                             j^  =  ff .  (14) 

From  (4),                             w  =  -  ^{3.,  (15) 

It  is  frequently  possible  to  shorten  the  work  by  employing 
some  simple  device. 

Ex.  2.  Solve  the  system    x-\'y-^z  =  a,  (1) 

a?-fy  +  tt=6,  (2) 

x  +  z  +u  =  c,  (3) 

y  +  2-f-ti  =  d.  (4) 
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Adding  all  four  equations,  we  obtain 

x  +  y  +  z  +  «  =  «±A±«±^.  (5) 

Subtracting  from  (5),  the  given  equations  in  turn,  we  have 
from  (1)  and  (6),        «  =  ft  +  c  +  d-2a . 

from  (2)  and  (6),        z  =  a-^b  +  c  +  d . 

from  (3)  and  (5),        y  =  l±Alli£±^; 

from  (4)  and  (5),        x  =  ^"^^"t^""^^- 


Zrumber  of  Solatloiis  of  a  System  of  Linear  Eqoationa. 

ZL  The  examples  of  the  preceding  articles  illustrate  the  following 
principles : 

(i.)  A  system  of  n  independent  and  consistent  linear  equations,  in  a 
unktiown  nwnbers,  has  one,  and  only  or^j  determinate  solution. 

From  the  given  system  a  system  of  n  —  1  equations  in  n  —  1  unknown 
numbers  can  be  derived  by  eliminating  one  of  the  unknown  numbers. 
By  eliminating  from  the  latter  system  another  unknown  number,  a 
second  system  of  n  —  2  equations  in  n  —  2  unknown  numbers  is  derived ; 
and  so  on. 

Finally,  a  single  equation  in  one  unknown  number  is  obtained. 

By  the  principles  of  equivalent  equations  the  given  system  is  equiva- 
lent to  a  second  system  which  contains  the  following  equations :  any  one 
of  the  given  equations  in  n  unknown  numbers,  any  one  of  the  n  —  1 
derived  equations  in  n  —  1  unknown  numbers,  and  so  on,  to  any  one  of 
the  three  derived  equations  in  three  unknown  numbers,  either  of  the  two 
derived  equations  in  two  unknown  numbers,  and  the  last  derived  equation 
in  one  unknown  number. 

The  last  equation  in  one  unknown  number  has  one,  and  only  one, 
definite  solution.  If  the  value  of  this  unknown  number  be  substituted  in 
the  next  to  the  last  equation  of  the  second  system  described  above,  one 
and  only  one  definite  value  for  a  second  unknown  number  is  obtained. 
If  the  values  of  these  two  unknown  numbers  be  substituted  in  the  equa- 
tion in  three  unknown  numbers,  one,  and  only  one,  definite  value  of  a 
third  unknown  number  is  obtained ;  and  so  on. 
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Consequently  the  given  system  is  satisfied  by  one,  and  only  one,  defi- 
nite set  of  values  of  the  unknown  numbers. 

(ii.)  A  gystem  of  n  independent  linear  eqiuUions,  in  more  than  n 
unknown  numbers,  Juts  an  ind^nite  number  of  soliUions. 

For,  by  each  elimination  of  an  unknown  number,  we  derive  a  set  of 
equations,  one  less  in  number,  and  containing  one  less  unknown  number. 

Finally,  as  in  (i.)i  we  obtain  a  single  equation.  But  since  the  original 
system  contained  more  unknown  numbers  than  equations,  the  last  derived 
equation  will  contain  more  than  one  unknown  number.  Since  this  equa- 
tion, therefore,  has  an  indefinite  number  of  solutions,  we  conclude  that 
the  given  system  has  likewise  an  indefinite  number  of  solutions. 

(iii.)  A  system  of  n  independent  linear  equations,  in  less  tlian  n 
unknovm  numbers,  does  not  have  a  determinate  finite  solution. 

For,  if  we  take  from  the  given  system  as  many  equations  as  there  are 
unknown  numbers,  the  system  formed  by  these  equations  will  have  by  (i.) 
one,  and  only  one,  definite  solution. 

But  since  the  other  equations  of  the  given  system  are  independent 
of  the  equations  selected,  that  is,  express  independent  relations  between 
the  unknown  numbers,  they  cannot  be  satisfied  by  this  solution. 

Therefore,  the  given  system  cannot  be  satisfied  by  any  one  definite  set 
of  values  of  the  unknown  numbers. 


BZBB0I888  V. 


Solve  the  following  systems  of  equations : 


y-|-2=32. 
3a;-y  =  7, 

.3«-aj  =  0. 

'3aj  +  2y-4«  =  16, 

.     5  a  -  3  y  +  2  «  =  28, 

I    3y-f4z  —  a;=24. 


'aj-hy  =  2c, 
•  05  +  «  =  2  6, 
I  y  +  2  =  2  a. 

Sx  +  5y  =  35, 
[Sz  +  5x  =  34:. 


9. 


'  a;  +  y  —  2  =  c, 
a?  -h  a?  —  y  =  6, 
I  y  +  «  —  a?  =  a. 


10. 


aJ-3^  =  2, 

3.   •iy-«  =  3, 

aj  +  2  =  9. 

«  4-  y  +  2  =  60, 
y  =  3a;-21, 
2=4aj-33. 

x  +  y-z  —  1, 

8a?  +  3y-62  =  l, 

32  — 4a?  —  y  =  l. 

4a;-3y  +  22  =  9, 

2aj  +  5y  —  32f  =  4, 

.5a?  +  6y-22  =  18. 
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2aj-   4yH-   92  =  28, 
U.  ]7a?-f   3y-   52  =  3, 
9a;-|-10y-ll2  =  4. 


13. 


15. 


la 


21. 


12. 


2aj  +  3y-42  =  20, 
l3iB-2y  +  52  =  26. 


6     9     10 
3     2     26 

^2     18     10 


=  9, 


=  11, 


=  10. 


14. 


^   j^.   y 


a-^-b     6  -he 


c—a     c+a 

X 2__ 

h  —  c     a  —  b 


zzzb  —  a, 
b  —  c. 


x-^y+z^a+b-^c, 
bx+cy-\-az^a^+b^-{-c^,      16. 
.  cJB+ayH-62=a'-h6*+c'. 


17. 


la 


x  +  y-^z 
x-\-y  +  u 
x  +  z-\-u 
y  +  24-w 


(c  -ha)aj— (c• 
(a-f-&)y-(a 
.(6  +  c)2-(6 


x  +  y-^-z 

ay  '{■bz-\-cx 

[ax  +  by  +  cz 

6, 

7, 
8, 


■6)2 

c)a5 


a  4-  y  +  «  =  -4, 
ax  ■\' by  -{- cz  =  Of 
a^x  -h  6V  +  c*2  =  0. 

=  2  6c, 
=  2ac, 
=  2ab. 


(aH-6  +  c)«, 
3(a6«4-ftc«  +  ca»), 
a»  +  y  +  c»  +  6  a6c. 


20. 


=  9. 


X'\-y  -{-z  —  u 
x-^y  —  z-^u 

a  — y  +  2-f-  u 
x-\'y  +  z  +  u 


11, 
17, 

9, 
12. 


7aj-22-f  3tt 

4y-22-|-< 

fiy-3jtr-2M 

4y-3M-f-2< 

32  + 8m 


17, 
15, 

8, 

17, 

33. 


22. 


3  aj-4i^  4-32^3  v_6tt=ll, 
3a;-5y4-22-4M=ll, 
10y-32-f-3u-2v=2, 
52+4?*+2v— 2x=3, 
6tt-3u+4aj-2y=6. 
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§4.   SYSTEMS  OF  FRACTIONAL  EQUATIONS. 

1.  If  some  or  all  of  the  equations  of  a  system  be  fractional, 
and  lead,  when  cleared  of  fractions,  to  linear  equations,  the 
solution  of  the  system  can  be  obtained  by  the  methods  of  the 
preceding  paragraph. 

Any  solution  of  the  linear  system  which  is  derived  by  clear- 
ing of  fractions,  is  a  solution  of  the  given  system,  unless  it  is 
a  solution  of  the  L.  C.  D.  (equated  to  0)  of  one  or  more  of  the 
fractional  equations.     (See  Ch.  X.,  Art.  6.) 

Ex.   Solve  the  system  6  a;  —  5  y  =  0,  (1) 

4y-f-5     11  ^^ 

Clearing  (2)  of  fractions,       66  a;  +  H  =  52  y  +  66.  (3) 

Transferring  and  uniting  terms  in  (3),  and  dividing  by  2, 

33a;-26y  =  27.  (4) 

The  solution  of  (1)  and  (4)  is  15, 18. 
In  clearing  (2)  of  fractions,  we  multiplied  by  11  (4  y  -|-  6). 
Since  a;  =  15,  y  =  lS  is  not  a  solution  of  4  y  +  5  =  0,  it  is 
a  solution  of  the  given  system. 

2.  When  the  equations  of  a  system  contain  only  the  recipro- 
cals of  the  unknown  numbers,  they  can  be  solved  directly  for 
these  reciprocals. 

2     3 

Ex.  1.  Solve  the  system  -  -f  -  =  2,  (1) 

X     y 

--5  =  1  (2) 

05        2       4 

y     2    12  ^' 

We  will  solve  the  system  for  -»  -,  — 

X  y  z 

Multiplying  (1)  by  2,  !  +  !  =  •*•  W 

X      y 
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Subtracting  (2)  from  (4),         5  +  5 = ^.  (6) 

We  now  solve  (3)  and  (5)  for  -  and  — 

y         z 

Multiplying  (3)  by  6,  ?^  +  ^l  =  ^.  (6) 

Multiplying  (6)  by  3,  l§  +  ^  =  ^.     .  (7) 

Subtracting  (7)  from  (6),  -  =  11 5  (8) 


whence 


1^1 

y   3' 

Substituting  ^  f or  i  in  (1),      ?  + 1  =  2 ; 

3        y  X 


whence 


1  =  1. 
X     2 


Substituting  J  for  -  in  (2),      2  -  ^  =  ? ; 

2        X  z     4 


whence 


1^1 

z     4 

The  required  solution  is,  therefore,  2,  S,  4. 


(I.) 


Ex.  2.  Solve  the  system  X'\-y  =  xy,    (1) 

2  »  +  2  «  =  a»,     (2) 
3y-f-32;  =  y2.     (3) 

Observe  that  the  given  equations  are  neither  linear  nor  frac- 
tional. Yet  they  can  be  transformed  so  that  they  will  contain 
only  the  reciprocals  of  x,  y,  and  z. 


Dividing  (1)  hjxy,  1  +  -  =  1.       (4) 

y    » 

Dividing  (2)  by  a»,  ?  +  ?  =  1.       (5) 

z      X 

Dividing  (3)  by  yz,  2  +  5  =  1.      (6) 


(II.) 
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Multiplying  (4)  by  2,  ?  +  ?  =  2.  (7) 

y    X 

Subtracting  (5)  from  (7),        ?-?=!.  (8) 

y    z 

Solving  (6)  and  (8)  for  i  and  i,    i  =  A, 

z        12 

Substituting  A  for  ^  in  (4),  -^^' 

12        y  X     12 

Consequently,  a  solution  of  the  given  system  is  ^f^,  ^,  — 12. 

It  is  important  to  notice  that  we  cannot  assume  that  the 
system  (II.)  is  equivalent  to  the  system  (I.),  since  the  equa- 
tions of  (11.)  are  derived  from  the  equations  of  (I.)  by  dividing 
by  expressions  which  contain  the  unknown  numbers. 

But  if  any  solution  of  (I.)  be  lost  by  this  transformation,  it 
must  be  a  solution  of  the  expressions  (equated  to  0)  by  which 
the  equations  of  (I.)  were  divided ;  that  is,  of 

a»  =  0,  (III.) 

yz  =  0. . 

The  system  (III.)  has  the  solution  0,  0,  0,  and  this  solution 
evidently  satisfies  the  system  (I.). 

We  therefore  conclude  that  the  given  system  has  the  two 
solutions  ^,  ^,  - 12,  and  0,  0,  0. 

Ex.  3.  Solve  the  system 

^       +o^+:A-  =  l»  •     (1) 


x-\'y  +  z     2x  —  y     y  —  3z 

^      +7r^-:rK-  =  ^>  (2) 


x-^y  +  z     2x  —  y     y  —  Sz 

15 2  3 

x-i-y  +  z     2aj  — y     y  —  Sz 


=  6.  (3) 
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This  system  can  be  readily  solved  by  making  the  following 
substitutions : 

3  2  1 

Let         =  w, =  v, —-  =  «;.  (I.) 

aj  +  y  +  2  2x-y  y-3z  ^ 

Then  the  given  system  becomes 

w  +  3  V  -I-  to  =  1,  (4) 

2  tt  H-  2  V  -  w  =  3,  (5) 

6  tt  —  V  —  3  m;  =  5.  (6) 

Solving  equations  (4),  (5),  and  (6),  we  obtain 

Substituting  these  values  in  the  system  (I.),  we  have 

«  +  y  +  «  =  G,  (7) 

2aj-y  =  4,  (8) 

y-3;»  =  -l.  (9) 

Solving  equations  (7),  (8),  and  (9),  we,obtain 

a?  =  3,  y  =  2,  «  =  1. 

3l  As  in  a  system  of  integral  equations,  so  in  a  system  of 
fractional  equations,  the  equations  must  be  consistent  and  in- 
dependent 

Ex.   Solve  the  system 

3aJ4-4y  =  ll,  (1) 

^     +-^  =  0.  (2) 


x-1     y-2 
Clearing  (2)  of  fractions  and  uniting  terms, 

aj  +  y  =  3.  (3) 

Sol  wig  (1)  and  (3),  oj  =  1,  y  =  2. 

These  values  constitute  a  solution  of  equations  (1)  and  (3), 
but  not  of  (1)  and  (2). 

For  they  form  a  solution  of  the  L.  C.  D.  (equated  to  0)  of  the 
fractions  in  (2) ;  that  is,  of 

(ar-l)(y-2)=0.  (4) 
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We  conclude^  therefore,  that  equations  (1)  and  (2)  do  not 
have  any  solution. 

It  can,  in  fact,  be  shown  that  they  are  inconsistent.    For 
(1)  is  equivalent  to 

3a?-3-f  43^-8  =  0, 


or  to 


3(a._l)+4(y-2)=0. 


Dividing  both  members  of  the  last  equation  by  (a;— l)(y— 2), 
we  obtain 


3   +-L.=o. 


y-2     aj-1 


(6) 


Equation  (5)  is  evidently  inconsistent  with  (2). 

It  should  be  noticed  that  in  clearing  (2)  of  fractions  no 
unnecessary  factor  was  used.  The  explanation  of  the  apparent 
contradiction  of  the  principle  proved  in  Ch.  X.,  Art.  4,  is 
that  this  principle  holds  only  when  the  fractional  equation 
contains  but  one  unknown  number. 

BXBBCISB8  VI. 

Solve  the  following  systems  of  equations : 


X      y 

1_1 

X     y 


1 

1 
6 


=  2, 


3^6 
X     y 

2-12  =  1 

X      y 


7aj-^  =  16, 

y 
y 


^-3y  =  8, 

X 

X 


X       y 
49_60^_3 

^     y 


e. 


X     y 
1     1 


=  a. 


la?    y 


7. 


P    I 

Q_    P 
x'^y 


=  €L 


=  6. 


6y-6x=zxyy 
AOy+Sx=eosy. 


9. 


'  +-^=3, 


«— 4     y— 1 

_9 2 

a?— 4     y—i 


—  9 
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10. 


12. 


14. 


16. 


la 


20. 


+ 


2a?-3y     y-2 

— ?— +  -^ 
2x  —  Sy     y—x 

7  11 


=  8, 


=  10. 


u. 


2a;-f3y     2x^3y 

X       ^9 
102^-7     lO' 

x-^-a—b^x—b 
y—a—b^y—a 

b  a 


la 


3a;4-7  _^ 
lOy  +  3       ' 
12  a? +  5     o 

a?  +  y  — 1_ 


=  a. 


aj-y-f  1 
x  —  y-\-l 


15. 


05  — a     y  +  6 
2n  1 


X 


2y~a;^oQ     59-2 


23 -aj 


X 


*     a;-18  3 


a!+ny    n— ny 


=  1, 


10  n 


17. 


+ 


x+ny    n-^ny 
c  t^n en 

-  T f 

X     y     xy 


=1. 


a 


+ 


a+l         2a-f3 


2x'\'ay    ax—2y    5a(a— 1)' 
a(a-l)^  2a-3 


a' 


n 


■i 


C9l 


05  — c    y  — n    jcy  —  noj  — cy 4-cn 


2X'^ay    ax—2y    5(a+l) 

'xy=3i(y+2x\ 
yz=2i(Sz+4y), 


19. 


oi;     z 


21. 


-  +  -  =  a, 

2        05 


22. 


i  +  ^+2^16, 
X     y     z 

y       2        05 

2  X         y 
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Solve  the  following  systems  of  equations  by  the  methods 
given  in  this  chapter : 


6505+   68y  =  -3, 
39  05  - 119  y  =  158. 
2205 -46y  =  126, 
26a;  +  69y  =  391. 


125x  +  252y  =  53, 
85a;+243y  =  44. 


(a(X'\-y)-b(x-y)=2a^y 
•  t(a*-6*)(a5-y)=4a'6. 
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5. 


a?     I     y 


n+1     n— 1 


X 


y    _ 


1 


7. 


9. 


U. 


n  —  1      n  +  1     n'  —  1 

3«  +  y        iT 

5g-3y^9 
y  +  2        6 


6ix-9iy  =  21, 


faa?  +  6y  ^  ^.^a  +  l^ 
2  a 


la 


gg  +  y  __  a?  —  y 

ra?-1^3 
y-1     4' 

a? +  3^  10 
y  +  3      13 

2^       ^^  2a 


;;^ hy  =  — ; — ' 

a^x  —  6*y  =  0, 


12. 


oo; 


-»,-»^ 


2  "  6 

.a  {«"- 

+  6«)  a;  +  (a*  -  6«)  y  =  a*  +  6*. 


(a-6)a?-(a  +  6)y  =  0. 


la 


fa'a; 
l(a> 


14.   f(a  +  ^)aJ+(a~6)y  =  a«  +  6«, 
1  (a  —  6)a;  -t-(a  +  6)y  =  a*  —  6*. 


15. 


y  =  2a;-13, 
j8  =  2y-ll. 


16. 


'y»  =  2(y-|-2), 

a»  =  3  (oj  +  2), 

.ajy  =  4(»  +  y). 


17. 


^_3£±6y^l7^5^^4^ 

22~6y     5a?-7_a?-M     8y  +  5 
3  11  6  18 


la 


X 


_2£^  +  17  =  6y  +  i^. 


22 -6y     5g--28_a;  +  l     8yH-5 
3  4  6  18    ' 
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19. 


^(a  +  6  -  c)x  -h  ^(a  -  &  +  c)y  =  a*  +(6  ~  c/, 


U(a- 


|(a  -  6  -f  c)x  +  ^(a  -f  6  +  c)y  =  a«  - (6  -  c)«. 


20. 


X 


y__«« 


a«  +  1     n*  -f  1 


=  a*+n*-2. 


21. 


g  — 1        a?-f-y__l 
ahf  —  2ay       2y   ^ a 

X  y      _   g+l 

2a     2a -4  ""a* -4a" 


22 


a       < 


fl-9a! 

OS 


4, 


+ 


5y      _ 


23. 


2aj-10     30 -6a;     20-4aj 

y  -  6         10     _  y  +  6 
a?  -  4     16  —  «■     a; +  4' 


+ 


aj"- Sa     3y  — asy 


.+1=1. 

24.  ]y  +  |  =  l, 

2  +  7  =  1. 
4 


25. 


10 

X  y  z 

x  y  z 

X  y  z  ~ 


=  a, 


=  6, 


a& 


27. 


(x-l)(4y  +  3)  =  (4a!-8)(y  +  2), 
(a!-2)(3z  +  l)=(3«-8)(«  +  l), 
(y  +  l)(2z  +  3)=(2y  +  l)(z  +  2). 

(2a!-9)(3y-7)=(3a!-ll)(2y-6), 
(3  a!  -  l)(4z  -  l)=(4a!  +  2)(3z  -  2), 
(4y-6)(5z-4)  =  (5y-9)(4z-l). 
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aa 


QSZ 


X-\'Z 


=  6, 


29. 


ay  4- 6a? 

—B—^l 
cz-^-dy       ' 


xz 


ez  +/« 


=  1. 


30.  xyz  =  a(yz-'ZX'-xy)=b(zx--xy-~yz)=c(xy  —  yz  —  zxy 

' «  4-  ay  +  a^  -I-  «'  =  0,  (ax-\-by  +  cz^Af 

31.  I  a?  +  6y  +  6%  +  6«  =  0,         32.   |  a«a?  + 
x+cy+(h  +  (!?  =  0. 


32.  ^  a«a?  +  6  V  +  c%  =  ui«, 
a»a?  -f  6*y  +  A  =  A\ 


33. 


«  +  y  +  «  =  a  +  6  +  c, 
.  fta?  -}-  cy  +  a«  =  ca?  4-  ay  +  62  =  0. 


34. 


X 


+ 


y 


+ 


04-6    b—c    c4-a 

_5 2_+_«_ 

a— 6    6 — c    c— a 

a? 2 5_ 

a— 6    6— c    c4-a 


=2c, 
=2a, 


=2a-2c 


36. 


'6a?4-ay_       a— & 
c         (a— c)(6— c)' 

cy4-6g_        6~c 
a         (6— a)(c— a)' 

ag4-ca?_        c—a 
b     ""(a-6)(c-6)* 

«4-y4-«  =  aH-6-|-c, 

c(«  -  y)'\-o,(y  -  »)4-  6(2  -  a?)=  0, 

&(a?4-y  —  c  —  a)4-c(y4-2  —  a  —  6)4-a(2-fa?  —  6  —  c)  =  0. 

[  (4  -  «)  (244  -  y)=  2,  r  ajy~yz-haa=4ajy«, 

r7_fK^n24_w^=«.  3a  I  3ajy4-2y»-6aw=-ajj^, 

4  ajy +3  yaf  4-2  a»=19  a?y2f. 


37.   \  (7-aj)(124-y)=2, 
(13-aj)(64-y)=2. 

.  5caj  +  cay  4-  abz  =  0. 


a?  4-  y  4- «  =  -4, 
39.  U6  4-c)aj4-(c  +  a)y4-(a  +  6)a;  =  0, 


40. 


'  {Z'\-x)a—(z  ^x)b  =^2yz, 

(a?  H- y)6 -(aj  —  y)c  =  2aw, 

.  (y4-«)c-(y  — 2)a  =  2a^. 
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41. 


' «  +  y  +  «  =  0, 

{b  4-  c)x-h(c  -f  a)y  -h(a  -f  b)z 
,  hex  4-  cay  4-  oft*  =  1. 


=  0, 


42. 


a; 


.y 


^     a'-h2(a-h6) 

a»-2a  '  a«  +  a6H-2a     a»- 2  6-hcrf> -4' 

1  6(l-ay)+i 


J)7?  —  X 


6V-1 


4a 


n' 


oaj  +  a     asy  —  2ax-'2a-\-y     2a  —  y' 
n»)+l1=y. 


.[?(.- 


44. 


n 


g  —  nhf  -f  n 


X  —  n*y  +  1     nhf  — 

gy  _ 

2  n*a5  —  nW  —  w 


1  — 


(n-l)(ajH-l) 
1 

1-1 


—  nV 


a; 


45. 


2a?-l     8g»  +  3y^. 
2a?4-l"^  8ar»  +  l         ' 

18 1_^ 

a'4-2aj*  +  aj     ajy-o*     jc'-Cy --2)ar*-(2y- l)aj-y" 

1  1 


X 


46. 


a;  + 


X 


a 


a; 


47. 


l(i-l)=i. 

lyV     «/ 


1  — «  +  y    a?  +  y  — 1 
1 


2 

3 

— • 

4 


1— »-|-y     1  — a;  — y 


4a 


8 


2aj-3yH-17 

5 

2  jc  -  3  y  -h  17 


+  6aj-8y4-39  =  0, 
-hl6y-10a?  =  88i. 


SIMULTANEOUS  LINEAR  EQUATIONS. 
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49. 


50. 


52. 


54. 


(a-6)y-h(6 


c)y+(o— a)»=2(a*H-6*+c*— aft— ac— 6c), 
c)«+(c— a)aj=a6-|-ac4-6c— a'— 6*— c*, 


51. 


{yz  -f  aa  4-  a^  =  xyz, 
yu  +  xu  +  oey  =.  ocyuy 
zu  -\-xu  +  xz^ xuz, 
zu  -^yu  +  yz=  uyz, 

X'^y  +  z  +  u  =  16, 

x  +  y-\-z-\-v=:lS, 

x  +  y'\'U  +  v  =  20,  53. 

[y'\-z  +  u-^v  =  24. 

aj4-y4-2;  +  tt  +  v  =  25, 
2aj4-3y  +  42-6tt  — 6v  = 
3a;-5y  +  6«  — 2M-h3v  = 

4a-f6yH-62H-2tt  +  3t;  = 


'  a*  4-  a'a:  +  a V  -h  flw  4-  tt 
6*+  6*a  +  6«y  4-  62  +  w 

c*4-c'a;4-c*y4-c»4-tt 

d*4-cPa;4-cPy4-d2  +  tt 


0, 
0, 
0, 
0. 


f2tt-3v 

v  +  2z 

Sz+    y 

4y-2a; 

.3a  — 6u 


14, 
22, 

105, 

105. 


2a-7b  +  2c 
76, 

8  a, 

a  —  5b  —  5e. 


CHAPTER  XIV. 

PROBLEMS. 

1.  As  was  stated  in  Ch.  V.,  Art.  2  (iii,),  every  problem 
which  can  be  solved  must  eon  tain  as  many  conditions,  ex- 
pressed or  implied,  as  there  are  required  numbers.  In  solving 
a  problem  by  means  of  one  equation  in  one  unknown  number, 
one  of  the  required  numbers  was  usually,  though  not  always, 
taken  as  the  unknown  number  of  the  equation.  All  but  one 
of  the  conditions  of  the  problem  were  used  to  express  the 
other  required  numbers  in  terms  of  the  one  selected  as  the 
unknown  number.  The  remaining  condition  then  furnished 
the  equation  of  the  problem. 

But  a  problem  which  contains  more  than  one  condition  can 
be  solved  by  means  of  a  system  of  equations  in  which  the 
unknown  numbers  are  usually,  though  not  always,  the  required 
numbers  of  the  problem.  Each  condition  then  furnishes  an 
equation.  The  solution  of  the  system  of  equations  thus 
obtained  gives  the  solution  of  the  problem,  if  the  conditions 
of  the  latter  be  consistent. 

2.  We  will  first  solve  by  means  of  a  system  of  two  equations 
one  of  the  problems  which  was  solved  in  Ch.  V.  by  means  of 
one  equation  in  one  unknown  number. 

Pr.  1.  (Pr.  5,  Ch.  V.)  At  an  election  at  which  943  votes 
were  cast,  A  and  B  were  candidates.  A  received  a  majority 
of  65  votes.     How  many  votes  were  cast  for  each  candidate  ? 

Let  X  stand  for  the  number  of  votes  cast  for  A, 
and      y  for  the  number  of  votes  cast  for  B. 

Then,  by  the  first  condition 

a-|-y  =  943;  (1) 

and  by  the  second  condition 

X  —  ff  =  (>5.  (2) 
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Solving  (1)  and  (2),  we  obtain 

X  =  504,  the  number  of  votes  cast  for" A, 
y  =  439,  the  number  of  votes  cast  for  B. 

Notice  that  if  we  had  substituted  the  value  of  y  obtained 
from  (1),  namely  943  —  x,  for  y  in  (2),  we  should  have  obtained 
the  equation  of  the  solution  in  Ch.  V., 

aj  -  (943  -  a;)  =  65. 

Pr.  2.  A,  B,  and  C  compared  fortunes.  A  said  to  B :  "Give 
me  $  700,  and  I  shall  have  twice  as  much  as  you  will  have 
left."  B  said  to  C :  "  Give  me  $  1400,  and  I  shall  have  three 
times  as  much  as  you  will  have  left."  C  said  to  A:  "Give 
me  $420,  and  I  shall  have  five  times  as  much  as  you  will 
have  left." 

Let  X  stand  for  number  of  dollars  in  A's  fortune, 
y  for  the  number  of  dollars  in  B's, 
and     z  for  the  number  of  dollars  in  C's. 

We  then  have,  from  A's  statement  to  B, 

aj-f  700  =  2(y-700);  (1) 

from  B's  statement  to  G, 

y  + 1400  =  3(«- 1400);  (2) 

from  C's  statement  to  A, 

«  +  420  =  5  (a;  -  420).  (3) 

Solving  equations  (1),  (2),  and  (3),  we  obtain 

X  =  980,  y  =  1540,  z  =  2380. 

Pr.  3.  A  tank  can  be  filled  by  two  pipes.  If  the  first  be 
opened  6  minutes,  and  the  second  7  minutes,  the  tank  will 
be  filled;  or  if  the  first  be  opened  3  minutes,  and  the  second 
12  minutes,  the  tank  will  be  filled.  In  what  time  can  each 
pipe  fill  the  tank  ? 

Let  X  stand  for  the  number  of  minutes  it  takes  the  first  pipe 
to  fill  the  tank,  and  y  for  the  number  of  minutes  it  takes  the 
second  pipe.     Let  the  capacity  of  the  tank  be  represented  by  1. 
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1 
Then  in  1  minute  the  first  pipe  fills  -  of  the  tank,  and 

in  6  minutes  -  of  the  tank.    In  like  manner,  the  second  pipe 

7  * 

fills  -  of  the  tank  in  7  minutes. 

y 

Therefore,  by  the  first  condition, 

05     y 
and  by  the  second  condition 

5-i-i?  =  l.  (2) 

a?     y 

Solying  equations  (1)  and  (2),  we  obtain 

aj=10t,  y  =  17. 

Pr.  4.  A  teacher  required  each  of  three  pupils  to  multiply 
two  given  numbers.  The  first  pupil,  in  adding  the  partial 
products,  neglected  to  carry  1  from  a  certain  column.  To 
check  his  work  he  divided  his  product  by  the  less  number, 
and  obtained  a  quotient  971  and  a  remainder  214.  The  second 
pupil  neglected  to  carry  2  from  the  next  column  (to  the  left), 
and  obtained  by  dividing  his  product  by  the  less  number  a 
quotient  965  and  a  remainder  198.  The  third  pupil  neglected 
to  carry  1  from  the  next  column  (always  to  the  left),  and 
obtained  by  his  division  a  quotient  940  and  a  remainder  48. 
What  were  the  two'numbers,  and  from  what  column  did  each 
pupil  neglect  to  carry  ? 

The  required  numbers  of  the  problem  are  the  two  numbers 
given  by  the  teacher  and  the  numbers  of  the  columns  from 
which  the  pupils  neglected  to  carry.  But  the  three  last  num- 
bers will  be  known,  if  the  error  made  by  the  first  pupil 
(i.e.,  the  difference  between  his  product  and  the  correct  prod- 
uct) in  neglecting  to  carry  1  is  known.  Thus,  if  the  first 
pupil  made  an  error  of  10,  he  must  have  neglected  to  carry  1 
from  the  first  column  to  the  second ;  evidently  in  that  case, 
the  second  and  third  pupils  neglected  to  carry  from  the  second 
and  third  columns,  respectively. 
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Let     X  stand  for  the  less  number  given  by  the  teacher, 
y  for  the  greater, 
and         z  for  the  error  made  by  the  first  pupil. 

Then  the  correct  product  is  osy ;  the  product  obtained  by  the 
first  pupil  is  971  x  -f-  214 ;  that  obtained  by  the  second  pupil 
is  965  a;  4- 198;  and  that  obtained  by  the  third  pupil  is 
940  X  +  48. 

The  second  pupil's  error  is  2  x  10  x  2,  =  20  z,  since  he  neg- 
lected to  carry  2  from  the  next  column ;  and  the  third  pupil's 
error  is  1  x  100  x  2,  =  100 «,  since  he  neglected  to  carry  1 
from  the  next  succeeding  column. 

The  conditions  of  the  problem  are : 

(1)  first  pupiVa  product  -f  his  error  =  exact  product; 

(2)  second  pupiVs  product  H-  his  error  =  eocact  product; 

(3)  third  pupiVs  product  -{-  his  error  =  exact  product. 

These  three  conditions  give  the  following  equations,  re- 
spectively : 

971  a? -f- 214  4- 2  =  «y,  (1) 

966aj-f  198-f202  =  ajy,  (2) 

940aj-h48  +  1002  =  ajy.  (3) 

Solving  equations  (l)-(3),  we  obtain 

X  =  314,  y  =  972,  z  =  100. 

Therefore,  the  two  numbers  given  by  the  teacher  were  314 
and  972 ;  and  the  first  pupil  neglected  to  carry  from  the  sec- 
ond column,  the  second  pupil  from  the  third  column,  and  the 
third  pupil  from  the  fourth  column. 

EXBBOI8B8   I. 

1.  Find  two  numbers  whose  sum  is  19  and  whose  difference 
is  7. 

2.  If  one  numl)er  be  multiplied  by  3  and  another  by  7,  the 
sum  of  the  products  will  be  68 ;  if  the  first  be  multiplied  by  7 
and  the  second  by  3,  the  sum  will  be  42.  What  are  the 
numbers  ? 
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3.  In  a  meeting  of  48  persons,  a  motion  was  carried  by  a 
majority  of  18.  How  many  persons  voted  for  the  motion  and 
how  many  against  it  ? 

4.  If  one  of  two  numbers  be  divided  by  6  and  the  other  by 
5,  the  sum  of  the  quotients  will  be  52 ;  if  the  first  be  divided 
by  8  and  the  second  by  12,  the  sum  of  the  quotients  will  be  31. 
What  are  the  numbers  ? 

5.  Find  two  numbers,  such  that  if  1  be  subtracted  from  the 
first  and  added  to  the  second  the  results  will  be  equal ;  while 
if  5  be  subtracted  from  the  first  and  the  second  be  subtracted 
from  5,  these  results  will  also  be  equal. 

6.  If  45  be  subtracted  from  a  number,  the  remainder  will 
be  a  certain  multiple  of  5;  but  if  the  number  be  subtracted 
from  136,  the  remainder  will  be  the  same  multiple  of  10. 
What  is  the  number,  and  what  multiple  of  5  is  the  first 
remainder  ? 

7.  If  1  be  added  to  the  numerator  of  a  fraction,  the  result- 
ing fraction  will  be  equal  to  \ ;  but  if  1  be  added  to  the  denomi- 
nator, the  resulting  fraction  will  be  equal  to  ^.  What  is  the 
fraction  ? 

a  If  1  be  •  subtracted  from  the  numerator  and  denominator 
of  a  certain  fraction,  the  resulting  fraction  will  be  equal  to  ^ ; 
but  if  1  be  added  to  the  numerator  and  denominator  of  the 
same  fraction,  the  resulting  fraction  will  be  equal  to  ^.  What 
is  the  fraction  ? 

9.  A  said  to  B :  "  Give  me  three-fourths  of  your  marbles 
and  I  shall  have  100  marbles."  B  said  to  A :  "  Give  me  one- 
half  of  your  marbles  and  I  shall  have  100  marbles."  How 
many  marbles  had  A  and  B  ? 

10.  A  bag  contains  white  and  black  balls.  One-half  of  the 
number  of  white  balls  is  equal  to  one-third  of  the  number  of 
black  balls,  and  twice  the  number  of  white  balls  is  6  less 
than  the  total  number  of  balls.  How  many  balls  of  each  Qolor 
are  there  ? 
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11.  The  sum  of  two  numbers  is  47.  If  the  greater  be  divided 
by  the  less,  the  quotient  and  the  remainder  will  each  be  5. 
What  are  the  numbers  ? 

12.  A  father  said  to  his  son :  *^  After  3  years  I  shall  be  three 
times  as  old  as  you  will  be,  and  7  years  ago  I  was  seven  times 
as  old  as  you  then  were."  What  were  the  ages  of  father  and 
son? 

13.  A  merchant  received  from  one  customer  $  26  for  10 
yards  of  silk  and  4  yards  of  cloth ;  and  from  another  customer 
923  for  7  yards  of  silk  and  6  yards  of  cloth  at  the  same 
prices.     What  was  the  price  of  the  silk  and  of  the  cloth  ? 

14.  A  merchant  has  two  kinds  of  wine.  If  he  mix  9  gallons 
of  the  poorer  with  7  gallons  of  the  better,  the  mixture  will  be 
worth  $  1.37^  a  gallon ;  but  if  he  mix  3  gallons  of  the  poorer 
with  5  gallons  of  the  better,  the  mixture  will  be  worth  $  1.45  a 
gallon.     What  is  the  price  of  each  kind  of  wine  ? 

15.  A  man  has  a  gold  watch,  a  silver  watch,  and  a  chain. 
The  gold  watch  and  the  chain  cost  seven  times  as  much  as  the 
silver  watch;  the  cost  of  the  chain  and  half  the  cost  of  the 
silver  watch  is  equal  to  three-tenths  of  the  cost  of  the  gold 
watch.  If  the  chain  cost  $40,  what  was  the  cost  of  each 
watch  ? 

16.  A  and  B  make  a  purchase  for  $iS.  A  gives  all  of  his 
money,  and  B  three-fourths  of  his.  If  A  had  given  three- 
fourths  of  his  money  and  B  all  of  his,  they  would  have  paid 
$  1.50  less.     How  much  money  had  A  and  B  ? 

17.  A  mechanic  and  an  apprentice  together  receive  $40. 
The  mechanic  works  7  days  and  the  apprentice  12  days ;  and 
the  mechanic  earns  in  3  days  $7  more  than  the  apprentice 
earns  in  5  days.    What  wages  does  each  receive  ? 

la  I  have  7  silver  balls  equal  in  weight  and  12  gold  balls 
equal  in  weight.  If  I  place  3  silver  balls  in  one  pan  of  a 
balance  and  5  gold  balls  in  the  other,  I  must  add  to  the  gold 
balls  7  ounces  to  maintain  equilibrium.     If  I  place  in  one  pan 
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4  silver  balls  and  in  the  other  7  gold  balls,  the  balance  is  in 
equilibrium.  What  is  the  weight  of  each  gold  and  of  each 
silver  ball  ? 

19.  A  tank  has  two  pumps.  If  the  first  be  worked  2  hours 
and  the  second  3  hours,  1020  cubic  feet  of  water  will  be  dis- 
charged. But  if  the  first  be  worked  1  hour  and  the  second 
2J  hours,  690  cubic  feet  of  water  will  be  discharged.  How 
many  cubic  feet  of  water  can  each  pump  discharge  in  1  hour  ? 

20.  It  was  intended  to  distribute  $  25  among  a  certain  num- 
ber of  the  poor,  each  adult  to  receive  $2.50  and  each  child 
75  cents.    But  it  was  found  that  there  were  3  more  adults  and 

5  more  children  than  was  at  first  supposed.  Each  adult  was 
therefore  given  $1.75  and  each  child  50  cents.  How  many 
adults  and  how  many  children  were  there  ? 

21.  A  man  ordered  a  wine-merchant  to  fill  two  casks  of 
different  sizes  with  wine,  one  at  $  1.20  and  the  other  at  $  1.50 
a  quart,  paying  $88.50  for  both  casks  of  wine.  By  mistake 
the  casks  were  interchanged,  so  that  the  purchaser  received 
more  of  the  cheaper  wine  and  less  of  the  dearer.  The  mer- 
chant therefore  returned  to  him  $1.50.  How  many  quarts 
did  each  cask  hold  ? 

22.  A  and  B  jointly  contribute  $  10,000  to  a  business.  A 
leaves  his  money  in  the  business  1  year  and  3  months,  and 
B  his  money  2  years  and  11  months.  If  their  profits  be  equal, 
how  much  does  each  contribute  ? 

23.  A  merchant  sold  12  gallons  from  each  of  two  full  casks 
of  wine,  and  then  found  that  the  larger  contained  twice  as 
much  as  the  smaller.  After  he  had  sold  more  wine  from  both 
casks,  he  found  that  each  one  contained  one-third  of  its  original 
capacity.  If  he  had  then  added  4  gallons  of  wine  to  each 
cask,  the  contents  of  the  smaller  would  have  been  three-fourths 
of  the  contents  of  the  larger.  What  was  the  capacity  of  each 
cask? 

24.  One  boy  said  to  another :  "  Give  me  5  of  your  nuts, 
and  I  shall  have  three  times  as  many  as  you  will  have  left." 
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*'  No,"  said  the  other,  "  give  me  2  of  your  nuts,  and  I  shall 
have  five  times  as  many  as  you  will  have  left."  How  many 
nuts  had  each  boy  ? 

25.  A  father  has  two  sons,  one  4  years  older  than  the  other. 
After  2  years  the  father's  age  will  be  twice  the  joint  ages  of 
his  sons ;  and  6  years  ago  his  age  was  six  times  the  joint  ages 
of  his  sons.     How  old  is  the  father  and  «ac^  of  his  sons  ? 

26.  If  a  number  of  two  digits  be  divided  by  the  sum  of  the 
digits,  the  quotient  will  be  7.  If  the  digits  be  interchanged, 
the  resulting  number  will  be  less  than  the  original  number  by 
27.    What  is  the  number  ? 

27.  A  man  walks  26  miles,  first  at  the  rate  of  3  miles  an 
hour,  and  later  at  the  rate  of  4  miles  an  hour.  If  he  had 
walked  4  miles  an  hour  when  he  walked  3,  and  3  miles  an 
hour  .when  he  walked  4,  he  would  have  gone  4  miles  further. 
How  far  would  he  have  gone,  if  he  had  walked  4  miles  an 
hour  the  whole  time  ? 

2a  Two  trains  leave  different  cities,  which  are  660  miles 
apart,  and  run  toward  each  other.  If  they  start  at  the  same 
time,  they  will  meet  after  10  hours ;  but  if  the  first  start 
4J^  hours  earlier  than  the  second,  they  will  meet  8  hours  after 
the  second  train  starts.     What  is  the  speed  of  each  train  ? 

.  29.  If  the  base  of  a  rectangle  be  increased  by  2  feet,  and  the 
altitude  be  diminished  by  3  feet,  the  area  will  be  diminished 
by  48  square  feet.  But  if  the  base  be  increased  by  3  feet,  and 
the  altitude  be  diminished  by  2  feet,  the  area  will  be  increased 
by  6  square  feet.  Find  the  base  and  the  altitude  of  the  rec- 
tangle ? 

30.  A  number  of  three  digits  is  in  value  between  400  and 
500,  and  the  sum  of  its  digits  is  9.  If  the  digits  be  reversed, 
the  resulting  number  will  be  f^  of  the  original  number.  What 
is  the  number  ? 

31.  The  report  of  a  cannon  travels  with  the  wind  344.42 
yards  a  second,  and  against  the  wind  335.94  yards  a  second. 
What  is  the  velocity  of  the  report  in  still  air,  and  what  is  the 
velocity  of  the  wind? 


402  ALGEBRA. 

32.  Two  messengers,  A  and  B,  travel  toward  each  other, 
starting  from  two  cities  which  are  805  miles  distant  from  each 
other.  If  A  start  5J  hours  earlier  than  B,  they  will  meet 
6^  hours  after  B  starts.  But  if  B  start  5|  hours  earlier  th^n 
A,  they  will  meet  5f  hours  after  A  starts.  At  what  rates  do 
A  and  B  travel  ? 

33.  Each  of  two  servants  was  to  receive  $  160,  a  dress,  and 
a  pair  of  shoes  for  one  year's  services.  One  servant  left  after 
8  months,  and  received  the  dress  and  $  106 ;  the  other  servant 
left  after  9^  months,  and  received  a  pair  of  shoes  and  $  142. 
What  was  the  value  of  the  dress,  and  of  the  pair  of  shoes  ? 

34.  On  the  eve  of  a  battle,  one  army  had  5  men  to  every  6 
men  in  the  other.  The  first  army  lost  14,000  men,  and  the 
second  lost  6000  men.  The  first  army  then  had  2  men  to  every 
3  men  in  the  other.  How  many  men  were  there  originally  in 
each  army  ? 

35.  If  the  sum  of  two  numbers,  each  of  three  digits,  be 
increased  by  1,  the  result  will  be  1000.  If  the  greater  be 
placed  on  the  left  of  the  less,  and  a  decimal  point  be  placed 
between  them,  the  resulting  number  will  be  six  times  the 
number  obtained  by  placing  the  smaller  number  on  the  left 
of  the  greater,  with  a  decimal  point  between  them.  What 
are  the  numbers  ? 

36.  A  vessel  sails  110  miles  with  the  current  and  70  miles 
against  the  current  in  10  hours.  On  a  second  trip,  it  sails 
88  miles  with  the  current  and  84  miles  against  the  current  in 
the  same  time.  How  many  miles  can  the  vessel  sail  in  still 
water  in  one  hour,  and  what  is  the  speed  of  the  current  ? 

37.  A  and  B  run  a  race  of  400  yards.  In  the  first  heat  A 
gives  B  a  start  of  20  seconds,  and  wins  by  60  yards.  In  the 
second  heat  A  gives  B  a  start  of  125  yards,  and  wins  by 
5  seconds.     What  is  the  speed  of  each  runner  ? 

3a  A  merchant  had  two  casks  containing  different  quanti- 
ties of  wine.  He  poured  from  the  first  cask  into  the  second 
as  much  wine  as  was  in  the  second ;  next  he  poured  from  the 
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second  cask  into  the  first  as  much  wine  as  was  left  in  the  first ; 
finally  he  poured  from  the  first  cask  into  the  second  as  much 
wine  as  was  left  in  the  second.  Each  cask  then  contained 
80  quarts.  How  many  gallons  did  each  cask  originally  con- 
tain? 

39.  A  and  B  both  wished  to  buy  a  horse.  A  said  to  B: 
"  Give  me  half  of  your  money,  and  I  can  buy  the  horse."  B 
said  to  A :  "  Give  me  a  third  of  your  money,  and  I  can  buy 
the  horse."  But  neither  was  willing  to  lend  to  the  other. 
When  a  second  horse,  worth  $  36  less  than  the  first,  was  to  be 
sold,  A  said  to  B :  "Give  me  three-eighths  of  your  money,  and 
I  can  buy  this  horse."  But  B  said  to  A :  "  Give  me  one-sixth 
of  your  money,  and  I  can  buy  the  horse."  How  much  money 
had  A  and  B,  and  what  was  the  price  of  the  first  horse  ? 

40.  A  battle  between  two  armies,  A  and  B,  continued  three 
days.  The  number  of  killed  and  wounded  in  each  army  during 
each  day's  engagement  was  the  following  fraction  of  the  num- 
ber of  uninjured  at  the  beginning  of  the  day:  The  first  day 
A  lost  ^,  and  B  lost  ^ ;  the  second  day  A  lost  ^,  and  B 
lost  ^ ;  the  third  day  A  lost  ^,  and  B  lost  ■^.  If  the  total 
loss  in  the  army  A  was  twice  that  in  the  army  B,  and  if  6000 
more  men  survived  uninjured  in  B  than  in  A,  how  many  men 
were  there  in  each  army  before  the  battle  ? 

41.  A  and  B  formed  a  partnership.  A  invested  9  20,000  of 
his  own  money  and  $5000  which  he  borrowed;  B  invested 
9  22,000  of  his  own  money  and  $  8000  which  he  borrowed  at 
the  same  rate  of  interest  as  was  paid  by  A.  At  the  end  of  a 
year,  A's  share  in  the  profits  amounted  to  $  1750  more  than 
the  interest  on  his  $  5000,  and  B's  share  to  $  2000  more  than 
the  interest  on  his  $8000.  What  rate  per  cent  interest  did 
they  pay,  and  what  rate  per  cent  did  they  realize  on  their 
investments  ? 

42.  Two  bodies  move  along  the  circumference  of  a  circle  in 
the  same  direction  from  two  different  points,  the  shorter  dis- 
tance between  which,  measured  along  the  circumference,  is 
160  feet.     One  body  will  overtake  the  other  in  32  seconds, 
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if  they  move  in  one  direction ;  or  in  40  seconds,  if  they  move 
in  the  opposite  direction.  While  the  one  goes  once  around  the 
circumference,  the  distance  passed  over  by  the  other  exceeds 
the  circumference  by  45  feet.  What  is  the  circumference 
of  the  circle,  and  at  what  rates  do  the  bodies  move  ? 

43.  A  number  of  workmen,  who  receive  the  same  wages, 
earn  together  a  certain  sum.  Had  there  been  7  more  work- 
men, and  had  each  one  received  25  cents  more,  their  joint 
earnings  would  have  increased  by  $18.65.  Had  there  been 
4  fewer  workmen,  and  had  each  one  received  15  cents  less, 
their  joint  earnings  would  have  decreased  by  $9.20.  How 
many  workmen  are  there,  and  how  much  does  each  one  receive? 

44.  A  courier  rode  from  A  toward  B,  which  is  64  miles 
distant  from  A,  Five  hours  after  his  departure,  a  second 
courier  started  from  B  and  rode  toward  A,  The  couriers  met 
7  hours  after  the  second  courier  started.  If  the  second  courier 
had  started  from  B  2  hours  before  the  first  started  from  A, 
they  would  have  met  8  hours  after  the  second  courier  started. 
At  what  rate  did  each  courier  ride  ? 

45.  A  farmer  has  enough  feed  for  his  oxen  to  last  a  certain 
number  of  days.  If  he  were  to  sell  75  oxen,  his  feed  would 
last  20  days  longer.  If,  however,  he  were  to  buy  100  oxen, 
his  feed  would  last  15  days  less.  How  many  oxen  has  he,  and 
for  how  many  days  has  he  enough  feed  ? 

46.  An  alloy  of  tin  and  lead,  weighing  40  pounds,  loses 
4  pounds  in  weight  when  immersed  in  water.  Find  the 
amoimt  of  tin  and  lead  in  the  alloy,  if  10  pounds  of  tin  lose 
If-  pounds  when  immersed  in  water,  and  5  pounds  of  lead 
lose  .375  of  a  pound. 

47.  Two  men  were  to  receive  $96  for  a  certain  piece  of 
work,  which  they  could  do  together  in  30  days.  After  half 
of  the  work  was  done,  one  of  them  stopped  for  8  days,  and 
then  the  other  stopped  for  4  days.  They  finally  completed 
the  work  in  35  J-  days.  How  many  dollars  should  each  one 
receive,  and  in  what  time  could  each  one  have  done  the  work 
alone  ? 
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4a  Two  boys,  A  and  B,  ran  a  race  from  P  to  Q  and  return. 
A,  the  faster  runner,  on  his  return  meets  B  90  feet  from  Q, 
and  reaches  P  3  minutes  ahead  of  B.  If  he  had  run  again 
to  Q,  he  would  have  met  B  at  a  distance  from  P  equal  to  one- 
sixth  of  the  distance  from  P  to  Q.  How  far  is  Q  from  P,  and 
how  long  did  it  take  B  to  run  from  P  to  Q  and  return  ? 

49.  It  took  a  certain  number  of  workmen  6  hours  to  carry 
a  pile  of  stones  from  one  place  to  another.  Had  there  been  2 
more  workmen,  and  had  each  one  carried  4  pounds  more  at 
each  trip,  it  would  have  taken  them  1  hour  less  to  complete 
the  work.  Had  there  been  3  fewer  workmen,  and  had  each 
one  carried  5  pounds  less  at  each  trip,  it  would  have  taken 
them  2  hours  longer  to  complete  the  work.  How  many  work- 
men were  there,  and  how  many  pounds  did  each  one  carry  at 
every  trip  ? 

50.  Three  carriages  travel  from  A  to  B.  The  second  car- 
riage travels  every  4  hours  1  mile  less  than  the  first,  and  is 
4  hours  longer  in  making  the  journey.  The  third  carriage 
travels  every  3  hours  If  miles  more  than  the  second,  and  is 
7  hours  less  in  making  the  journey.  How  far  is  B  from  A, 
and  how  many  hours  does  it  take  each  carriage  to  make  the 
journey  ? 

51.  Water  enters  a  basin  through  one  pipe  and  is  discharged 
through  another.  Through  the  first  pipe  four  more  gallons 
enter  the  basin  every  minute  than  is  discharged  through  the 
second.  When  the  basin  is  empty,  both  pipes  are  opened,  the 
first  one  hour  earlier  than  the  second,  and  after  a  certain  time 
the  basin  contains  1760  gallons.  The  pipe  through  which 
water  enters  is  then  closed,  and  after  one  hour  is  again  opened. 
If  both  pipes  be  then  left  open  for  as  long  a  time  as  they  were 
open  together  in  the  former  case,  the  basin  will  contain  880 
gallons.  In  what  time  can  the  one  pipe  fill  the  basin  and  the 
other  empty  it  ? 

52.  A  body  moves  with  a  uniform  velocity  from  a  point  A  to 
a  point  By  which  is  323  feet  distant  from  A,  and  without  stop- 
ping returns  at  the  same  rate  from  ^  to  ^.     A  second  body 
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leaves  B  13  seconds  after  the  first  leaves  A,  and  moves  toward 
A  with  a  uniform  but  less  velocity  than  the  velocity  of  the 
first.  The  first  body  meets  the  second  10  seconds  after  the 
latter  starts,  and  on  returning  to  A  overtakes  the  second  body 
45  seconds  after  the  latter  starts.  What  is  the  velocity  of  each 
body? 

53.  A  fox  pursued  by  a  dog  is  60  of  her  own  leaps  ahead  of 
the  dog.  The  fox  makes  9  leaps  while  the  dog  makes  6,  but 
the  dog  goes  as  far  in  3  leaps  as  the  fox  goes  in  7.  How 
many  leaps  does  each  make  before  the  dog  catches  the  fox  ? 

54.  The  sum  of  the  three  digits  of  a  number  is  14 ;  the  sum 
of  the  first  and  the  third  digit  is  equal  to  the  second ;  and  if 
the  digits  in  the  units'  and  in  the  tens'  place  be  interchanged, 
the  resulting  number  will  be  less  than  the  original  number  by 
18.    What  is  the  number  ? 

55.  The  sum  of  the  ages  of  A,  B,  and  C  is  69  years.  Two 
years  ago  B's  age  was  equal  to  one-half  of  the  sum  of  the  ages 
of  A  and  C,  and  10  years  hence  the  sum  of  the  ages  of  B  and 
C  will  exceed  A's  age  by  31  years.  What  are  the  present  ages 
of  A,  B,  and  C  ? 

56.  The  total  capacity  of  three  casks  is  1440  quarts.  Two 
of  them  are  full  and  one  is  empty.  To  fill  the  empty  cask  it 
takes  all  the  contents  of  the  first  and  one-fifth  of  the  contents 
of  the  second,  or  the  contents  of  the  second  and  one-third  of 
the  contents  of  the  first.    What  is  the  capacity  of  each  cask  ? 

57.  Three  brothers  wished  to  buy  a  house  worth  $  70,000, 
but  none  of  them  had  enough  money.  If  the  oldest  brother 
had  given  the  second  brother  one-third  of  his  money,  or  the 
youngest  brother  one-fourth  of  his  money,  each  of  the  latter 
would  then  have  had  enough  money  to  buy  the  house.  But 
the  oldest  brother  borrowed  one-half  of  the  money  of  the 
youngest  and  bought  the  house.  How  much  money  had  each 
brother  ? 

5a  The  sum  of  the  three  digits  of  a  number  is  9.  The  digit 
in  the  hundreds'  place  is  equal  to  one-eighth  of  the  number 
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composed  of  the  two  other  digits,  and  the  digit  in  the  units' 
place  is  equal  to  one-eighth  of  the  number  composed  of  the  two 
other  digits.     What  is  the  number  ? 

59.  Find  the  contents  of  three  vessels  from  the  following 
data :  If  the  first  be  filled  with  water  and  the  second  be  filled 
from  it,  the  first  will  then  contain  two-thirds  of  its  original 
contents ;  if  from  the  first,  when  full,  the  third  be  filled,  the 
first  will  then  contain  five-ninths  of  its  original  contents; 
finally,  if  from  the  first,  when  full,  the  second  and  third  be 
filled,  the  first  will  then  contain  8  gallons. 

60.  Three  boys  were  playing  marbles.  A  said  to  B :  "  Give 
me  5  marbles,  and  I  shall  have  twice  as  many  as  you  will  have 
left."  B  said  to  C :  "  Give  me  13  marbles,  and  I  shall  have 
three  times  as  many  as  you  will  have  left.''  C  said  to  A: 
"  Give  me  3  marbles,  and  I  shall  have  six  times  as  many  as 
you  will  have  left."    How  many  marbles  did  each  boy  have  ? 

61.  Three  cities,  A,  B,  and  C,  are  situated  at  the  vertices  of 
a  triangle.  The  distance  from  -4  to  C  by  way  of  B  is  82  miles, 
from  B  to  -4  by  way  of  C  is  97  miles,  and  from  0  to  5  by  way 
of  A  is  89  miles.    How  far  are  A,  B,  and  C  from  one  another  ? 

62.  A  father's  age  is  twenty-one  times  the  difference  between 
the  ages  of  his  two  sons.  Six  years  ago  his  age  was  six  times 
the  sum  of  his  sons'  ages,  and  two  years  hence  it  will  be 
twice  the  sum  of  their  ages.  Find  the  ages  of  the  father  and 
his  two  sons. 

6a  A  regiment  of  600  soldiers  is  quartered  in  a  four-story 
building.  On  the  first  floor  are  twice  as  many  men  as  are  on 
the  fourth ;  on  the  second  and  third  are  as  many  men  as  are 
on  the  first  and  fourth;  and  to  every  7  men  on  the  second 
there  are  5  on  the  third.  How  many  men  are  quartered  on 
each  floor  ? 

64.  The  sum  of  the  three  digits  of  a  number  is  9.  If  198  be 
added  to  the  number,  the  digits  of  the  resulting  number  are 
those  of  the  given  number  written  in  reverse  order.  Two- 
thirds  of  the  digit  in  the  tens'  place  is  equal  to  the  difference 
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between  the  digits  in  the  units'  and  in  the  hundreds'  place. 
What  is  the  number? 

65.  Four  men  are  to  do  a  piece  of  work.  A  and  B  can  do 
the  work  in  10  days,  A  and  C  in  12  days,  A  and  0  in  20  days, 
and  B,  C,  and  D  in  7^  days.  In  how  many  days  can  each  man 
do  the  work,  and  in  how  many  days  can  they  all  together  do 
the  work  ? 

66.  The  sum  of  the  four  digits  of  a  number  is  11.  The  tens' 
digit  is  equal  to  the  sum  of  the  hundreds'  and  the  thousands' 
digit,  and  the  thousands'  digit  is  equal  to  the  sum  of  the  hun- 
dreds' and  the  units'  digit.  If  the  digits  be  written  in  reverse 
order,  the  resulting  number  will  be  less  than  the  original  num- 
ber by  1728.    What  is  the  number  ? 

67.  Three  cities,  -4,  B,  and  (7,  are  situated  at  the  vertices  of 
a  triangle.  The  distance  from  -4  to  B  by  way  of  C7  is  4  times 
the  direct  distance.  The  distance  from  A  to  C  by  way  of  B  is 
5  miles  greater  than  the  direct  distance;  and  the  distance 
from  J3  to  C  by  way  of  A  is  85  miles.  Find  the  direct  dis- 
tances between  the  cities. 

6a  The  year  in  which  printing  was  invented  is  expressed 
by  a  figure  of  four  digits,  whose  sum  is  14.  The  tens'  digit  is 
one-half  of  the  units'  digit,  and  the  hundreds'  digit  is  equal 
to  the  sum  of  the  thousands'  and  the  units'  digit.  If  the 
digits  be  reversed,  the  resulting  number  will  be  equal  to  the 
original  number  increased  by  4905.  In  what  year  was  print- 
ing invented  ? 

69.  Water  enters  a  tank  through  two  pipes,  A  and  J5,  and  is 
discharged  through  a  third  pipe,  C,  The  capacity  of  the  tank 
is  200  gallons.  If,  when  the  tank  is  empty,  A  be  left  open 
7  minutes,  and  be  then  closed,  and  B  and  C  be  next  left  open 
5  minutes,  and  then  B  be  closed,  the  tank  will  be  again  empty 
13  minutes  after  B  is  closed.  If  all  the  pipes  be  left  open 
5  minutes,  and  then  A  be  closed,  the  tank  will  be  filled 
25  minutes  after  A  is  closed.  If,  when  the  tank  is  full,  C  be 
left  open  12  minutes,  and  then  B  and  A  be  left  open  3  minutes. 
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the  tank  will  contain  119  gallons.     If  the  three  pipes  be  left 
open,  how  long  will  it  take  to  fill  the  empty  tank  ? 

70.  A  merchant  paid  $  13,600  for  a  number  of  chests  of  tea 
of  two  kinds.  He  calculated  that  if  he  were  to  gain  $  20  on 
each  chest  of  the  first  kind,  and  $15  on  each  chest  of  the 
second  kind,  he  would  realize  $15,300.  But  he  sold  to  one 
customer  25  chests  of  the  first  kind,  and  15  chests  of  the 
second  kind,  gaining  thereby  $750.  The  gain  on  the  first 
kind  was  12%,  and  on  the  second  kind  15%.  The  remainder 
of  the  tea  he  then  sold  to  another  man  for  $  9000,  at  9 180  a 
chest  for  the  first  kind,  and  $140  a  chest  for  the  second. 
How  many  chests  of  each  kind  did  he  buy,  and  at  what 
price  ? 

71.  A  body  moves  at  a  uniform  rate  from  a  point  A  toward 
a  point  By  which  is  490  feet  distant  from  A,  After  5  minutes 
it  is  followed  by  a  second  body  which  moves  at  the  same  rate. 
When  the  first  body  leaves  A,  a  third  body  moves  from  B 
toward  ^  at  a  uniform  rate,  and  meets  the  first  body  after 
19.6  minutes,  and  the  second  2.4  minutes  later.  At  what  rate 
does  each  body  move  ? 

DiscuBslon  of  Solutions. 

3.  Fr.  1.  A  merchant  has  two  kinds  of  tea;  the  first  is 
worth  a  cents  a  pound,  and  the  second  b  cents  a  pound.  How 
much  of  each  kind  must  be  taken  to  make  a  mixture  of  one 
pound  worth  c  cents  ? 

Let  X  stand  for  the  part  of  a  pound  of  the  first  kind,  and  y 
for  the  part  of  a  pound  of  the  second  kind. 

Then,  by  the  first  condition, 

x  +  y=.l;  (1) 

and  by  the  second  condition, 

ax+by  =  c.  (2) 

Solving  (1)  and  (2),  we  obtain 

X —         -,      y -. 

a— 6  a—b 
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(i.)  If  a > c>  6, the  values  of  x  and y  are  both  positive,  and 
the  solution  satisfies  the  conditions  of  the  problem.  Thus,  if 
a  =  100,  b  =  75,  and  c  =  85,  we  have 

2  3 

If  a<c<b,  the  values  of  x  and  y  are  both  positive,  and 
satisfy  the  conditions  of  the  problem. 

That  is,  if  the  value  of  the  pound  of  mixture  be  intermediate 
between  the  values  of  a  pound  of  each  of  the  two  kinds,  a 
definite  solution  is  always  possible. 

(ii.)  If  c>a>b,  then  x  will  be  positive,  and  y  negative. 
Therefore  the  solution  does  not  satisfy  the  conditions  of  the 
problem.     Thus,  if  a  =  100,  6  =  75,  c  =  110,  we  obtain 

^7  2 

5^5 

It  is  evident  that  a  one-pound  mixture  of  two  kinds  of  tea 
which  is  worth  more  than  either  kind  cannot  be  made. 

(iii.)   If  a  =  6  =  c,  then  a;  =  -,  y  =  -.     This  solution  indicates 

that  the  conditions  of  the  problem  may  be  satisfied  in  an  in- 
definite number  of  ways.  It  is  evident  that  a  one-pound  mix- 
ture of  two  kinds  of  tea,  that  are  the  same  in  price,  can  be 
made  in  any  number  of  ways,  if  the  mixture  is  to  be  the  same 
in  price. 

(iv.)  If  a  =  &,  and  a^c,  then  x  =  oo  and  2^  =  00. 

This  solution  does  not  satisfy  the  conditions  of  the  problem,  since 
X  and  y  must  be  finite  proper  fractions.  It  is  also  evident  that  a  one- 
poand  mixture  of  two  kinds  of  tea  which  are  the  same  in  price  cannot  be 
made,  if  the  mixture  is  to  be  of  a  different  price. 

Pr.  2.  [See  Ch.  XII.,  Art.  7,  Pr.  2.]  Two  couriers  are  traveling  along 
a  road  in  the  direction  from  Mto  N';  one  at  the  rate  of  mi  miles  an  hour, 
and  the  other  at  the  rate  of  m^  miles  an  hour.  The  former  was  seen  at 
noon  at  the  station  A,  and  the  latter  h  hours  later  at  the  station  B,  which 
is  d  miles  from  A  in  the  direction  in  which  the  couriers  are  traveling.  At 
what  place  do  the  couriers  meet,  and  how  many  hours  after  the  first  was 
seen  a,t  A? 
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The  meeting  can  take  place  either  at  a  point  to  the  left  of  A,  or  at  a 
point  intermediate  between  A  and  B,  or  at  a  point  to  the  right  of  B. 

Let  us  assume  that  the  couriers  meet  to  the  right  of  B,  at  a  point 
C„  say  (Fig.  11). 

d  X 

M  ' • «' * »  N 

o o— — o o o o  o 

Ct  A  d  B  Cx 

Fio.  11. 

Let  X  stand  for  the  number  of  miles  from  B  to  the  place  of  meeting  C\ ; 
and  let  y  stand  for  the  number  of  hours  from  the  time  the  first  courier 
was  seen  at  A  until  the  couriers  meet. 

Then  the  first  courier  travels  d  +  a;  miles  in  y  hours ;  but  since  he 

travels  at  the  rate  of  mi  miles  an  hour,  in  y  hours  he  travels  m\y  miles. 

Therefore 

d  +  X  =  wiiy.  (1) 

The  second  courier  travels  x  miles  my  —  h  hours.;  but  since  he  travels  at 

the  rate  of  m%  miles  an  hour,  iny  —  h  hours  he  travels  ms(y  —  A)  miles. 

Therefore 

X  =  mj(y  —  h),  (2) 

Solving  equations  (1)  and  (2),  we  obtain 

X  =  wiaC^mi  —  d)        __  hm^  —  d 

(1.)  A  Positiye  Result.  When  hmi  >  d  and  n»s  >  mi,  then  also 
hnh>d;  and  when  hmi<,d  and  ms<mi,  then  also  hmi<.d.  Conse- 
quently, in  either  of  these  cases,  the  values  of  x  and  y  are  both  positive. 
We  therefore  conclude  that  the  couriers  meet  to  the  rigJU  of  B^  some 
time  qfter  the  first  courier  was  seen  at  A. 

(ii.)  A  Negative  Result.  When  hm^  >  d  and  mi  >  ms,  then  also 
hmi  >  d ;  and  when  hm^  <  d  and  mi  <  ms,  then  also  Ami  <  d.  Conse- 
quently, in  either  of  these  cases,  the  values  of  x  and  y  are  both  negative. 
We  therefore  conclude  that  the  couriers  meet  to  the  left  of  B,  some  time 
before  the  first  courier  was  seen  at  A.  Hence  they  must  have  met  not 
only  to  the  left  of  B,  but  to  the  left  of  A,  at  some  point  0$, 

When  hmi  >  d^  hrrii  <  d,  and  mi  >  m^,  then  the  value  of  x  is  negative, 
and  the  value  of  y  is  positive.  We  therefore  conclude  that  the  couriers 
meet  to  the  left  of  B,  some  time  e^er  the  first  courier  was  seen  at  A. 
Consequently,  they  meet  at  some  point  between  A  and  B,  at  Ct,  say. 

(iii.)  A  Zero  Result.  When  hmi  =  d,  and  ms  =^  mi,  then  x  =  0,  and  y 
is  positive.  These  results  mean  that  the  couriers  meet  at  B,  some  time 
(tfter  the  first  courier  was  seen  at  A, 
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(iv.)  An  Indeterminate  Result  When  mi  =  mt  and  hmi  =  d,  then 
kmt  =  d.    In  this  case 

X  =  J,  y  =  «. 

Since  the  couriers  reach  B  at  the  same  time,  and  are  now  traveling  at 
the  same  i-ate,  they  are  always  together.  That  is,  every  pohit  on  the 
road  can  be  regarded  as  their  place  of  meeting. 

(v.)  An  Infinite  Result.  If  nti  =  ttij,  and  hmi  =^  d,  then  Ams  =^  d. 
In  this  case  x  =  ao,  and  y  =  co.  We  therefore  conclude  that  the  couriers 
can  never  meet.  In  fact,  since  both  couriers  now  travel  at  the  same 
rate,  and  do  not  reach  B  at  the  same  time,  they  can  never  meet. 

(vi.)  One  Infinite  and  One  Indeterminate  Result. 

If  mi  =  0,  m2  =  0,  (2^0,  then  x  =  g,  and  y  =  oo. 

Since  the  couriers  are  at  rest,  the  first  at  A  and  the  second  at  B,  they 
will  never  meet. 

(vii.)  One  Determinate  and  One  Indeterminate  Result. 
If  mi  =  0,  m2  =  0,  and  d  =  m^,  then  x  =  {,  and  y  =  i. 

But  in  this  caije,  x  =  *»«(^'»t  -  '^"") 

mi  —  ms 

=  Am,  =  0,  since  ms  =  0. 

The  meaning  of  these  results  is  that  the  couriers  are  at  rest  at  A,  and 
hence  will  be  always  together.  In  fact,  d  =  m^/^,  =  0,  since  m^  =  0, 
and  the  points  A  and  B  coincide. 

BXBBCISES  U. 

Solve  the  following  problems,  and  discuss  the  results : 

1.  If  an  alloy  of  two  kinds  of  silver  be  made,  and  a  ounces  of  the  first 
be  taken  with  b  ounces  of  the  second,  the  mixture  will  be  worth  m  dollars 
an  ounce.  If  b  ounces  of  the  first  be  taken  with  a  ounces  of  the  second, 
the  mixture  will  be  worth  n  dollars  an  ounce.  How  much  is  an  ounce  of 
ea<;h  kind  of  silver  worth  ? 

2.  Two  bodies  are  separated  by  a  distance  of  d  yards.  If  they  move 
toward  each  other  with  different  velocities,  they  will  meet  after  m  seconds ; 
but  if  they  both  move  in  the  same  direction,  the  one  will  overtake  the 
other  after  n  seconds.     With  what  velocities  do  the  bodies  move  ? 

3.  Two  bodies,  A  and  B,  start  from  two  points,  which  are  d  feet  dis- 
tant from  each  other,  and  move  toward  each  other.  If  A  start  s  seconds 
earlier  than  B,  they  will  meet  m  seconds  after  B  starts ;  but  if  B  start 
t  seconds  earlier  than  A,  they  will  meet  n  seconds  after  A  starts.  With 
what  velocities  do  the  bodies  move  ? 


CHAPTER  XV. 

BVOLUTION. 

§  1.     DEFINITIONS  AND  PRINCIPLES. 

1.  A  ^th  Root  of  a  number  or  an  expression  is  a  number  or 
an  expression  whose  qth.  power  is  equal  to  the  given  number 
or  expression. 

E.g.,  since  (-|-5)*  =  25  and  (—5)*  =  25,  therefore  +5  and 
—  5  are  second  roots  of  26.  The  statement,  +  6  and  —  6,  is 
usually  written  ±  5. 

Since  (a  +  6)*  =  a'  -f  3  a*6  -f-  3  a6'  +  ^t  therefore  a  +  6  is  a 
third  root  of  a»  +  3a*6  -}-  3a6*  -f  V. 

A  second  root  of  a  number  is  usually  called  a  square  root; 
and  a  ^Atrd  root  a  cube  root. 

2.  It  follows  from  the  definition  of  a  root  that  a  9th  root  of 
a  number  is  one  of  q  equal  factors  of  the  number. 

Thus,  a  +  6  is  one  of  three  equal  factors  of 

a«-|-3a*6  4-3a6'  +  &'; 
either  H-  3  or  —  3  is  one  of  two  equal  factors  of  9. 

3.  The  Radical  Sign,  <y/,  is  used  to  denote  a  root,  and  is  placed 
before  the  number  or  expression  whose  root  is  to  be  found. 

The  Radicand  is  the  number  or  expression  whose  root  is 
required. 

The  Index  of  a  root  is  the  number  which  indicates  what  root 
of  the  radicand  is  to  be  found,  and  is  written  over  the  radical 
sign.    The  index  2  is  usually  omitted. 

E,g.f  -^9,  or  -y^9,  denotes  a  second,  or  square  root  of  9 ;  the 
radicand  is  9,  and  the  index  is  2.     In  general,  -{/a  denotes  a 

gth  root  of  the  radicand  a ;  the  index  is  9. 

418 
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4.  A  vinculum  is  often  used  in  connection  with  the  radical 
sign  to  indicate  what  part  of  an  expression  following  the  sign 
is  affected  by  it. 

E,g,j  -y/d  + 16  means  the  sum  of  y/9  and  16,  while  V9-I-16 
means  a  square  root  of  the  sum  9  + 16.  Likewise,  ^a'  x  b* 
means  the  product  of  ^a*  and  6®,  while  y/a^  x  6®  means  a  cube 
root  of  aW. 

Parentheses  may  be  used  instead  of  the  vinculum  in  connec- 
tion with  the  radical  sign ;  as  -^{9  + 16)  for  V9  4- 16. 

5.  Like  and  Unlike  Roots.  —  Two  roots  are  said  to  be  like  or 
unlike  according  as  their  indices  are  equal  or  unequal,  whether 
or  not  their  radicands  are  equal.     Thus, 

-y/a,  -y/b  are  like  roots ;  -y/a,  -y/a  are  unlike  roots. 

&  In  this  chapter  we  shall  consider  only  roots  of  numbers 
which  are  powers  with  exponents  equal  to  or  multiples  of 
the  indices  of  the  required  roots;  as  V^^>  =V^*>  \^*'>  y/^^^ 

An  Even  Root  of  a  number  is  one  whose  ind^x  is  even;  as 
Va*,  </a*,  ^a\ 
An  Odd  Root  of  a  number  is  one  whose  index  is  odd;  as  ^8, 

7.  (i.)  A  positive  number  has  cU  least  two  even  roots,  equal 
and  opposite;  i.e.,  one  positive  and  one  negative. 

E.g.,  since  (±4)*=16,  V16=  ±4;  since  (±ay=a\  ^a*=  ±a. 
In  general,  since  (  ±  a)**  =  a^,  ^a**  =  ±  a. 

(ii.)  A  positive  or  a  iiega^tive  number  has  at  least  one  odd  root 
oftJie  same  sign  as  the  number  itself. 

E.g.,  since  (-3)'=  -27,  </-27=  -3;  since  2«=32,  ^32=2 ; 
since  (—  a/  =  —  a^  -y/—  a^  =  —  a. 

In  general,  since  (4-a)*«"*"^=-|-a*»"'"^,  *»"^-|-a*»+^=-ha;  since 
(-  a)«»+^=  -  a*«+S  ^^-  a'^+^=  -  a. 

The  principle  enunciated  in  (ii.),  when  the  radicand  is  nega- 
tive, may  also  be  stated  as  follows : 
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(iii.)  An  odd  root  of  a  negative  number  is  equal  and  opposite 
to  a  like  root  of  a  positive  number  which  has  the  same  absolute 
value. 

E.g.,  since        ^-  8  =  -  2  and  -  ^8  =  -  2, 
therefore  </  -  8  =  -  ^8 ; 

since  *«+^  -  a^+^  =  -  a  and  -  *»-t^a*»+i  =  -  a, 

therefore  ««+i/  _  a^^+i  =  _  ^±^a^+\ 

Consequently,  to  find  an  odd  root  of  a  negative  number, 
find  a  like  root  of  the  positive  number  which  has  the  same 
absolute  value,  and  prefix  the  negative  sign  to  this  root. 

(iv.)  Since  0'  =  0,  therefore  ^0  =  0.  In  general,  since 
0"  =  0,  therefore  -;;/0  =  0. 

(v.)  Since  (+4)*  =  -hl6  and  (-4)«  =  4-16,  there  is  no 
number,  with  which  we  are  as  yet  familiar^  whose  square  is 
— 16.  Consequently  y'— 16  cannot  be  expressed  in  terms 
of  the  numbers  as  yet  used  in  this  book. 

In  general,  since  (±  a)*"  =  -f-  a*",  we  cannot  express  ^—  a** 
in  terms  of  numbers  hitherto  used. 

The  roots  of  numbers  which  are  not  powers  with  exponents 
equal  to  or  multiples  of  the  indices  of  the  required  roots,  and 
even  roots  of  negative  numbers,  will  be  considered  in  the  Chap- 
ters XVII.-XIX. 

8.  It  was  shown  in  Art.  7  that  a  positive  number,  which  is 
the  gth  power  of  a  number,  has  aZ  least  one  qth  root,  and  when 
q  is  even  at  least  two ;  also  that  any  negative  number,  which  is 
an  odd  power  of  a  negative  number,  has  at  least  one  odd  root. 

It  will  be  proved  in  Chapters  XX.  and  XXI.  that  any 
number  has  two  square  roots,  three  cube  roots,  four  foxirth 
roots,  and  Jive  fifth  roots;  and  in  Part  II.  that,  in  general, 
any  number  has  q  gth  roots. 

Principal  Roots. 

9.  The  Principal  Root  of  a  positive  number  is  its  one  positive 
root. 

E.g.,  3  is  the  principal  square  root  of  9 ;  5  is  the  principal 
cube  root  of  125. 
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The  Principal  Odd  Root  of  a  negative  number  is  its  one  nega- 
tive root. 

E.g,,  —  2  is  the  principal  cube  root  of  —  8. 

10.  It  is  important  to  notice  that  the  relation 

^a«  =  (^a)«  =  a 

is  true  only  for  the  principal  gth  root. 

For,  by  Art.  8,  the  ^a«  has  q  values,  the  principal  value 
being  a.  But,  by  definition  of  a  root,  the  (^a)*  =  a,  for  every 
gth  root  of  a. 

E,g.,  ^^' =  ■^/16  =  ±  4t,  if  other  than  principal  roots  be 
admitted ;  and  (V^)'  =  (±  2)«  =  4. 

Therefore,  -^^4*  =  (ny/4)*,  only  for  the  principal  square  root. 

In  subsequent  work  the  radical  sign  will  be  understood  to 
denote  only  the  principal  root,  unless  the  contrary  is  expresdy 
started. 

E,g.y         V9  =  3»  -Vl6  =  -4,  ^-27  =  -3. 

BXBBCISES  I. 

Write 
1.  Two  square  roots  of  49.         2.  Two  fourth  roots  of  81. 
a  Two  sixth  roots  of  64.  4.  Two  square  roots  of  S^. 

Write  one  cube  root  of 
5.  64.  6.   -125.  7.  1000.  a   -a**. 

Find  the  value  of  the  indicated  principal  root  of  each  of 
the  following  numbers : 

9.   V256.  10.   ^216.         11.    ^-512.     12.   ^625. 

13.   ^-729.     14.   ^1296.       15.   ^243.  16.   ^64. 

From  the  definition  of  a  root,  express  a  as  a  root  of  the 
second  member  of  each  of  the  following  equations : 

17.  a'  =  &.  la  a*  =  &*.        19.  a*  =  6^        20  a»  =  6*. 

21-24.   In  Exx.  17-20,  express  &  as  a  root  of  the  first  member 
of  each  of  the  equations. 
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Evolation. 

U.  Bvolation  is  the  process  of  finding  any  required  root 
of  a  given  number  or  expression. 

Since  even  roots  of  negative  numbers  are  not  considered  in 
this  chapter,  and  since,  by  Art.  7  (iii.),  an  odd  root  of  a  nega- 
tive number  can  be  found  from  the  like  root  of  a  positive 
number,  we  shall  give  now  only  methods  for  finding  principal 
roots  of  positive  numbers  and  expressions. 

It  is  to  be  kept  in  mind  therefore  that  in  the  following  prin- 
ciples the  radicanda  are  limited  to  positive  values,  and  the  roots 
to  principal  roots. 

12.  The  like  principal  roots  of  equai  numbers  or  expressions 
are  equal. 

If  a  =  6,  then  -^a  =  -^b. 

For  -^a  =  -^a,  by  Axiom  (i.).  (1) 

Since  &  =  a,  we  can,  by  Axiom  (iii.),  substitute  b  for  a  in 
the  second  member  of  (1).    We  thus  obtain 

^a  =  ^b. 

13.  The  principal  root  of  a  power  of  a  number  is  equal  to  the 
same  power  of  the  like  principal  root  of  the  number,  and  conr 
versdy;  or,  stated  symbolically, 

^a/^  =  (^a)P. 
In  particular,  ^&f  =  (-?/a)^. 

E.g.,  ^8*=  (^Sy  =  2*  =  32 ;  ^32«  =  (^32)»  =  32. 

Let  the  qih  root  of  a  be  denoted  by  i?, 
or  ^a  =  E. 

Then  (-^a)*  =  -B«»  by  Ch.  III.,  §  3,  Art.  6, 

or  a  =  ^,  since  (  {/a)«  =  a,  by  definition  of  a  root ; 

and  a'  =  (-»«)',  by  Ch.  III.,  §  3,  Art  6, 

or  aP  =  (i?')'»  since  (2?»)J»  =  (^)«. 

Whence  ^op  =  -t^Ci?')',  by  Art  12, 

=  5',  by  Art.  10. 

Substituting  ^a  for  B  in  the  laat  equation,  we  have 
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14.  The  principal  root  of  a  power  is  obtained  by  dividing  the 
exponent  of  the  power  by  the  index  of  the  root;  or,  stated 
symbolically, 

E.g.y  -^a*  =  a*  =  a\ 

Let  the  q  root  of  a^  be  denoted  by  B, 
or  B-  ^a*ff. 

Then  B^  =  (  ^a*ff)«,  by  Ch.  III.,  §  3,  Art.  5, 

=  a^,  by  definition  of  a  root, 

Whence  ^B^  =  -{/(a*)«,  by  Art.  12, 

or  JB  =  a*,  by  Art.  10. 

Substituting  ^a^  for  B  in  the  last  equation,  we  have 

*? 

|/a*»  =  a^  =  a^, 

15.  The  principal  root  of  a  prodvxst  of  two  or  more  factors  is 
equal  to  the  proditct  of  the  like  principal  roots  of  the  factors^  and 
conversely;  or,  stated  symbolically, 

y(ab)  =  -^fl  X  ■?/*.  and  -?/a  x  -?/*  =  Viab). 

E.g.y        ^{16  X  25)=V16  X  V25  =  4  X  5  =  20; 

</(8a86«)  =  ^8  X  ^a^  X  -^fe*  =  2  X  a  X  &'  =  2 aV. 

Let  |/a  =  B,  and  ^6  =  i?i. 

Then  (-f^o)*  =  -R»»  and  (  ^6)«  =  iJi«,  by  Ch.  III.,  §  3,  Art.  6, 

or  a  =  Bff  and  b  =  i?i«,  by  definition  of  a  root. 

Therefore  ab  =  B^Bi^  =  (2?i?i)». 

Whence  -{/(«*)  =  ^^u  hy  Arts.  10  and  12. 

Substituthig  ^a  for  B^  and  ^6  for  i?i  in  the  last  equation,  we  have 

In  like  manner,  the  principle  can  be  proved  for  the  gth  root  of  a 
product  of  any  number  of  factors. 
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16.  The  principal  root  of  a  quotient  of  tvoo  numbers  is  equal 
to  the  quotient  of  the  like  principal  roots  of  the  numbers,  and 
conversely;  or,  stated  symbolically, 

„  /26_^/25_5       «/27  a»  _  ^(27  a»)  _  3  g 

^^''    \16~  Vl^"'^'   \   b'    "'  ^b'     "  V' 


And 


Let  ^a  =  ^  and   {/b  =  Bx, 

Then  a  =  i^  and  b  =  £i«. 

Whence  ^/-  =  ^,  by  Arts.  10  and  12. 

Substituting  ^a  for  B  and  ^6  for  B\  in  the  last  equation,  we  have 

17.  r^c  principal  root  of  the  principal  root  of  a  number  is 
equal  to  thai  principal  root  of  the  number  whose  index  is  equal  to 
the  product  of  the  indices  of  the  given  roots,  and  conversely;  or, 
stated  symbolically, 

^{/a=Vya,  and  ^a  =  ■V</tf  =  </-?/a. 
E.g.,     ^V^=\/^  =  2;   ^256  =  V V266  =  Vl6  =  4. 

Let  B  =  ^{/a. 

Then  JBt  =  ^a  and  {Bfy  =  a; 

or  Bf'  =  a. 

Therefore  B  =^a. 

Substituting  ^v^a  for  B  in  the  last  equation,  we  have 

The  principle  and  its  converse  can  be  easily  extended. 
E,g.y  ^256  =  Vv^256= V VV256  =  V V^^  ^^/^^2. 
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IB.  In  the  principles  of  the  preceding  articles  the  roots 
were  limited  to  principal  values,  because  with  the  exception  of 
that  in  Art.  17,  they  do  not  always  hold  for  other  than  these 
values. 

E.g.,  the  identity  ^2^  =  2*,  by  Art.  14,  is  true  only  for  the 
positive  fourth  root  of  2^  For  ^2«  =  ^2m  =  ±  4,  two  of  the 
four  fourth  roots,  if  the  root  be  not  limited  to  its  principal 
value ;  while  2*  =  4. 

The  identity  v'4*=(y^4)*,  by  Art.  13,  is  true  only  for  the 
positive  square  roots.  For  ^^4*  =  ^16  =  ±  4,  if  the  root  be 
not  limited  to  its  principal  value;  while  (V4)*  =  (±  2)*  =  4. 

But  V4'=(V'^)'»  ^y  -^^^  ^^y  ^s  ^^®  ^^^  ^^^  *^®  positive  and 
the  negative  square  roots.     For 

V4'=V^  =  ±8.  and  (V4)'=(±2)»  =  ±8. 
Observe,  also,  that  the  principles  of  Arts.  15  and  16,  with 
certain  restrictions,  hold  for  other  than  the  principal  values. 

E.g.,  the  identities  ^{1^  x  9)  =  Vl6  X  V^  and  \/^  =  ^^ 
hold  in  the  following  cases :  "^ 

+  12=(+4)(+3),  +1  =  ^' 

+  12=(-4)(-3),  +1  =  51 

-12=(+4)(-3),  -|  =  r|' 

-12=(-4)(+3),  -|  =  ^. 

But  evidently  the  positive  square  root  of  16  x  9  cannot  be 
equal  to  the  product  of  the  positive  square  root  of  16  and  the 
negative  square  root  of  9 ;  and  so  on. 

The  principle  of  Art.  17,  however,  is  true  for  all  values  of 
the  roots. 

E.g.,  the  identity  ^64  =^-y/64  is  true  for  both  the  positive 
and  the  negative  values  of  the  roots.  For  ^64  =  ±  2,  two  of 
the  six  sixth  roots,  and  ■^^/64:=^^±  8  =  ±  2,  one  of  the  three 
cube  roots  of  8  and  one  of  the  three  cube  roots  of  —  8.  It  will 
be  proved  in  Part  II.  that  this  principle  holds  for  all  six  sixth 
roots. 
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§2.     ROOTS  OF  MONOMIALS. 

1.  The  principal  (positive)  root  of  a  positive  number  or  ex- 
pression can  be  found  by  applying  the  principles  of  Arts.  13-17. 

The  negcUive  even  root  of  a  positive  number  or  expression  is 
found  by  prefixing  the  negative  sign  to  its  principal  root. 

The  negative  odd  root  of  a  negative  number  or  expression  is 
found  by  prefixing  the  negative  sign  to  the  principal  root  of  the 
radicaud  taken  positively. 

Ex.  1.  V(16  «*^*)  =  V16  X  V«'  X  V^*  (1) 

=  4  ab^,  the  principal  square  root. 

Therefore        ±  V(16  aV)  =  ±  4  ab\ 

Tn  the  following  examples  we  shall  give  only  the  positive 
even  roots. 

Ex.  2.    ^(-  27  ajVyO  =  -v^-^T  x  ^ic*  x  -^i/*  x  </«•  (1) 

=  -3ayV. 

Ex  a  4/16 a^6" ^ ^(16 a«6^  ^  ^16  x  ^a?  X  ^b''    ... 

\  625  c'«      ^(625  c'")  </62o  x  ^c»«        ^  ^ 

2a'6» 

^z  —— — ~-  * 

Ex.  4.  ^(27  a»)«  =  (^27  a»)>  =  (3  a)«  =  9  a«. 

Notice  that  the  work  of  the  last  example  is  much  simplified 
by  taking  the  power  of  the  root  instead  of  the  root  of  the 
power. 

It  is  frequently  necessary  to  modify  the  form  of  the  radicand 
before  finding  the  indicated  root. 

Ex.  5.    -y/iSB  X  7  X  20)= V(7  X6x7x4x5) 

=  V(7*  X  6*  X  4)=7  X  6  X  2  =  70. 

Ex.  &    V(8  cfb  X  2  a6«)  =  V(16  a*6«)  =  4  aV. 
Ex.  7. 

V[(a+6)»(a«  -6')(a-6)]= V[(a  +  &)'(«  +  6)  (a  -  6) (a  -  6)] 

=  V[(«  +  6y(a-6)T 
=(aH-6)«(a-6). 
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The  reduction  indicated  by  (1)  above  in  Exx.  1,  2,  and  3, 
and  similar  reductions  in  the  succeeding  examples^  should  be 
performed  mentally. 

BXBB0I8B8  n. 

Simplify  each  of  the  following  expressions : 

1.  ^{16a^V).  2.  V(36a*y°c«).  a  ^(8a?6«). 

4.  ^(-  64  a«6"aj«).       5.  ^(8 a'«6*  x  2aW).       6.  ^(-  a'^ix?^, 
7.  V(3  oa^  X  27  cfia?^). 

U.  v[8l  «*(«'  + «*)•]• 
15.  ^(.00032  a*"+^&'<«"-«'>). 


/49  a»» 
.    S/.064 


6V 
»/.064  a" 


343' 


21. 


24 


aa^^^±il 


29. 


216a!»-y'* 


4- 

,/216  o" 
\(o-x) 


a  ^(9  aVy"  X  3  aVV). 
la  -^(64  x'Y^^  X  «*yV). 

12.  V(6ia*^*<^- 

14.  </[3faj»»-»  (»-!)»]. 

VlOO  rM 

s/27  a«6« 


la 


19. 


243  a^x^ 


25 


2a 


4 

^4 


625  a^" 


64ajiy* 


30. 


aL  VV(^25  aWc"). 


^     J3'a^"-^>' 

32.  V<^(4^  X  ^')-  ^  -v/ V(5'«"S^-  ^-  ■^V(266  a"6^«). 
35.  VV(16a**-^.  3a  ^V(27"a»-6*»)l  37.  ^^(-.3"a»6"'' 
3a  V^(a-6-"""-^.  39.  V(100  a«"6y       40.  </(H)' 

-^(iD-    «*^(^'    «w<^<)-. 

44.  -^(a^l^af^^.  45.  ^(a^b^cT'y. 
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§3.     SQUARE  ROOTS  OF  MULTINOMIALS. 

1.  A  Rational  Number  is  a  number  which  can  be  expressed  as 

2x 
an  integer  or  as  a  fraction ;  as  2,  -— ,  V(^^  ^*)* 

oy 

A  Rational  Expression  is  an  expression  which  involves  only 
rational  numbers ;  as  J  a  +  ^  6,  db -\-  -^o?. 

All  numbers  and  expressions  hitherto  used  in  this  book  are 
rational. 

2.  Since  the  square  of  a  rational  monomial  is  a  monomial, 
and  the  square  of  a  rational  binomial  is  a  trinomial,  therefore 
a  binomial  cannot  be  the  square  of  a  rational  expression. 

E.g.y  a*  +  &'  is  not  the  square  of  any  rational  expression. 
Hence  we  need  consider  the  square  roots  of  only  multi- 
nomials of  three  or  more  terms. 

3.  The  square  root  of  a  trinomial  which  is  the  square  of 
a  binomial  and  the  square  roots  of  certain  multinomials  can 
be  found  by  inspection  (Ch.  VIII.,  §  1,  Arts.  10  and  19),  and 
will  not  be  further  considered  in  this  chapter. 

4.  The  process  of  finding  the  square  root  of  a  multinomial 
is  the  inverse  of  the  process  of  squaring  the  multinomial. 
This  process  will  be  first  illustrated  by  finding  the  square  root 
of  a  trinomial. 

Since  (a  -f  ?>)'  =  a«  +  2  a6  +  b\ 

we  have       V(«'  -f  2  o6  4-  &*)  =  «  +  ^-  (X) 

From  the  identity  (1)  we  infer : 

(i.)  The  first  term  of  the  root  is  the  square  root  of  the  first 
term  of  the  trinomial;  i.e., 

a—^a*. 

(ii.)  If  the  square  of  the  first  term  of  the  root  he  subtracted 
from  the  trinomial,  the  remainder  wiU  be 

2ab  +  V,  =(2a  +  6)6. 
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Twice  the  first  term  of  the  root,  2  a,  is  called  the  trial  divisor, 
(iii.)  The  second  term  of  the  root  is  obtained  by  dividing  the 
first  term  of  the  remainder  by  the  trial  divisor;  i.e., 

2  ah 


6  = 


2a 


(iv.)  If  twice  the  first  term  of  the  root  plus  the  second  term, 
2a  +  b  (the  complete  divisor),  be  multiplied  by  the  second  term, 
b,  and  the  product  be  subtracted  from  the  first  remainder,  the 
second  remainder  wiU  be  0. 


The  work  may  be  arranged  as  follows : 


a«  +  2a5  +  6« 


a' 


2ab 
2ab^b^ 


g-f  6 

2  a  trial  divisor 

2ah  -i-2a  =  b,  second  term  of  root 

2  a  +  &  complete  divisor 

=  (2  a +  6)6 


(1) 
(2) 
(3) 
(4) 


Ex.   Find  the  square  root  of  4  aJ*  — 12  jc^  4-  9  y*. 
The  work,  arranged  as  above,  is : 

2g'-3y 

trial  divisor 


4a?*-12a^+9y* 
4a^ 


-12  aj^ 
-12a^y-i-9y' 


4ar2 

—12  05*^-1-4 05*=  — 3y.,  second  term  of  root 

4  a^ — 3  y,  complete  divisor 

=(4a^-3y)(-3y) 


(1) 
(2) 
(3) 
(4) 


Steps  (2)  and  (4)  should  be  performed  mentally. 
The  work  may  then  be  arranged  as  follows : 


4:a^-12a?y-^9f 

2a?-Sy 

4a^ 

-12a:«y 
-12a.'»^4-9.v« 

4x* 
Aa?-Sy 

S.  When  the  multinomial  is  the  square  of  a  trinomial,  the 
process  of  finding  the  root  is  an  extension  of  the  method  of 
Art.  4. 

The  multinomial  whose  root  is  required  should  be  arranged 
to  powers  of  a  letter  of  arrangement. 
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Since   (a-h  &  +  c)*=  (a  +  6)"  +  2(a  +  6)c  +  c" 

=  (a'-f2a5  +  6^4-2ac  +  26c  +  c*,      (1) 

we  have  V[(a*  +  2a6  +  6*) +  2ac  +  26c +  c*]  =  a  +  6-Hc.    (2) 

The  first  two  terms  of  the  root  are  found  by  inspection,  or 
by  the  method  of  Art.  4.  The  work  may  be  arranged  as 
follows : 

a*+2a6+ft«+2ac+26c4-c' 


2ab 
2cU>+V 


2ac 
2ac+26c4-c* 


a-h6H-c 


2a 


required  root 
trial  divisor 


2ab'i-2  a=^bf  second  term  of  root 
2  a + &  complete  divisor  of  first 

stage 


2 ac-i'2a=Cf  third  term  of  root 
2  a  +  2  6  -f  c,    complete  divisor  of  sec- 
ond  stage 


Observe  that  2ac  is  the  first  term  of  the  remainder  after 
subtracting  (a  -f  6)*  =  a'  +  2  aft  -f  6*.  For,  in  finding  the  first 
two  terms  of  the  root  we  first  subtracted  a'  and  then  2db  +  b\ 

Ex.  1.  Find  the  square  root  of 

4a^-12aj»  +  29iB»-30aj  +  26. 
The  work  follows : 


4aJ*-12a!»  +  29aj»-30x  +  26 

2a?-3ic4-6 

4a^ 

-12x» 

4a» 
4aj»-3a 

20  a^ 
20a^-30a?  + 25 

4aj*  — 6aj-f-5 

Observe  that  only  the  trial  divisor  and  the  complete  divisor 
of  each  stage  are  written,  the  other  steps  being  performed 
mentally. 

Notice,  also,  that  the  first  three  terms  are  not  the  square  of 
the  sum  of  the  first  two  terms  of  the  root.  But  if  29a^  had 
been  separated  into  9  o^  +  20  x*,  such  would  have  been  the  case. 
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6L  The  method  of  the  preceding  articles  can  be  extended  to 
find  square  roots  which  are  multinomials  of  any  number  of 
terms. 

The  work  consists  of  successive  repetitions  of  the  following 
steps:  ^ 

After  one  or  more  terms  of  the  root  have  been  found,  obtain 
each  succeeding  term,  by  dividing  the  first  term  of  the  remainder 
aJt  that  stage  by  twice  the  first  term  of  the  root. 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 

the  expression 

(2a +  6)6, 

wherein  a  stands  for  the  part  of  the  root  already  founds  and  b 
for  the  term  last  found. 

Ex.  1. 

36-24  a+40  a'- 24  a»+13  a*-6  cf+ofi 

36 


-24a 
-24a-}-  4a* 


36  a« 

36a«-12a»-f-  9a^ 
-12  a»-*-  4  a* 
-12a«-|-  4a*-6a»4-a* 


6-2a+3a«-a» 


12 


12-2  a 


12-4a-|-3a" 


12-4  a-f  6  a'-o? 


If  the  polynomial  whose  root  is  required  contains  fractional 
terms,  the  root  can  be  found  by  the  preceding  method. 


Ex.  2. 


4a^ 

25  a« 
4a^ 

26  a* 


4fec     y     12dx     6bd     9(P 
6ac     c»      5af       c/       /« 


4te 
5ac 
Abx 
6ac     c* 


6* 


12cte 
5af 
12dx     ebd     9d' 

gg/      cf  "^/' 


2x 
5a 


b 
c 


3d 


4x 
5a 


5a 


b 
c 


4a? 
5a 


2b 

c 


Sd 


JL 
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BXBR0I8HU9  III. 

Find  the  square  root  of  each  of  the  following  expressions : 
1.  aJ*--4aj'.+  8iB  +  4.  2.  4m*  — 4m«  +  5w"  — 2m  +  l. 

a  a^~2aj«4-3a^-2aj+l.    ^  4a?* +  12a!»  +  6««-.6a?  +  l. 

5.  9a;*  +  12iB»-26a^-20a?-f  26. 

6.  4a?*-28ar»-f  61aj«-7aj-|-f 

7.  a?y  —  4  a^j^  +  6  a^  —  4  acy  +  1. 

a  iaJ*  +  |aj«y  +  2a^-12iC2/»4-9y*. 

a  a5*-6aaB»4-13aW-12a?a5  +  4a*. 

la  4a»  +  96»  +  16c*-12a6  +  16ac-24  6c. 

11.  49aj8  +  42a^-19a?*-12aj*  +  4. 

12.  26a*6*-30aV  +  29a«6*-12a6*4-46« 
la  26aJ*-30aic»  +  49aV-24a»a;4-16a*. 

14.  a*  +  4a«4-4a'  +  2a  +  4  +  ^. 

a' 

,_    4     12  .25     24  ^^^ 

Sv  2/  5w  (v 

16.  ^-4aj»  +  4a5y  +  6ajy-12y»  +  9JC- 

17.  aj*  +  ?^H.^+2a»  +  2+^*. 

a       a'  ar 

16     2a;^2aj«      aj>  ^aJ* 

la  l+2a?-a?-|-3a?*-2aj»4-a^. 

20.  a"  +  4aj«  +  10aj*  +  20aj»  +  25aj*4-24a:4-16. 

21,  a^-6aaj»4-16aV-20aV  +  15a*aj»-6a»a?  +  rf. 
2a  a^-4«»4-10a?*-20aj"-f26aj*-.24a:  +  16. 

2a  l-4a4-64a«-64a«-32a?  +  48a*  +  12a«. 

24.  4a«  +  17a*-22a«-f  13a*-24a-4a«  +  16. 

25.  25aj«+70a^-44aj'+73aJ*-76«»+36a^-60aj»+4a!«>-12a5». 
2a  9a^-|-6ajV  +  43aV  +  2ajy  +  46aY-28«y'  +  4y». 
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X     4ar     ar     ar 

29.  a*-a^  + 10  a*^'a**+*  -  6  a*^V^*  +  25  a*-*aj*'+*-  30  a*-Hc^» 
+  9  aV . 


§  4.    CUBE  ROOTS  OF   MULTINOMIALS. 

1.  Since  the  cube  of  a  rational  monomial  is  a  monomial^  and 
the  cube  of  a  rational  binomial  is  a  multinomial  of  four  termS; 
a  binomial  or  a  trinomial  cannot  be  the  cube  of  a  rational 
expression. 

E.g.,  a?  4-  &'  is  not  the  cube  of  any  rational  expression. 

Hence  we  need  consider  only  the  cube  roots  of  multinomials 
of  four  or  more  terms. 

2.  The  cube  root  of  a  multinomial  of  four  terms,  which  is 
the  cube  of  a  binomial,  can  be  found  by  inspection  (Ch.  VIII., 
§  1,  Art.  20),  and  will  not  be  further  considered  in  this  chapter. 

3.  The  process  of  finding  the  cube  root  of  a  multinomial  is 
the  inverse  of  the  process  of  cubing  the  multinomial.  This 
process  will  be  first  illustrated  by  finding  the  cube  root  of  a 
multinomial  of  four  terms. 

Since  (a  -|-  6)»  =  a«  +  3  a*6  -f-  3  a6«  +  6» 

=  a«  H-(3a*  +  3a6  +  b^b,  (1) 

we  have  -^(a*  +  3 a*6  +  3 a6»  +  &*)=  a  +  &.  (2) 

From  the  identity  (2)  we  infer : 

(i.)  The  first  term  of  the  root  is  the  cube  root  of  the  first  term 
oftJie  multinomial;  i.e.,  a=  -^a*. 

(ii.)  If  the  cube  of  the  first  term  of  the  root  be  subtracted  from 
the  multiiiomialy  the  remainder  wiU  be 

3a%  +  SaV  +  6'  =(3a«  +  3a6  -h  b^b. 
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Three  times  the  square  of  the  first  term  of  the  root,  3  af^  is 
called  the  trial  divisor. 

(iii.)  The  second  term  of  the  root  is  obtained  by  dividing  the 
first  term  of  the  remainder  by  the  trial  divisor;  i.e., 

3a*6 


6  = 


3rf 


(iv.)  If  the  sum  3  a*  -h  3  a6  -h  6',  the  complete  divisor,  be  mvUi- 
plied  by  the  second  term  of  the  root,  and  this  product  be  sub- 
tracted from  the  first  remainder,  the  second  remainder  wiU  be  0. 


The  work  may  be  arranged  as  follows : 


a»-|.3a*6+3ai>»+&» 


a^ 


3a»6 


3a*6  4-30^4- 6* 


a-f6 


3  of  trial  divisor 

3  a*b  -4-  3  a'  =:  &,  Becond  term  of  root 

3  a'  -f  3  a!)  +  &*,  complete  divisor 

=  (3a«H-3a6+&«)x6 


(1) 
(2) 
(3) 
(4) 


Ex.  1.  Find  the  cube  root  of  27*aj»  -f64ajV  +  36ajy*  +  8y». 
The  work,  arranged  as  above,  is : 


27  a^+64  a!V+36  ajy*+8y» 
54aj*y 


54a:^4-36a?y'+8y' 


3a?4-2y 


3  (3  xf= 27  a?,        trial  divisor         (1) 
64fl^-8-27a5*=2y,  second  term  of 

root  (2) 

3(3aj)«+3(3a:)(2y)-h(2  y)«=27  t? 

4- 18  asy  4-  ^y',      complete  divisor  (3) 
=  (27aj«4-18icy4-42^(2y)  (4) 


Steps  (2)  and  (4)  should  be  performed  mentally. 

4.  The  method  of  the  preceding  article  can  be  extended  to 
find  cube  roots  which  are  multinomials  of  any  number  of  terms, 
as  the  method  of  finding  square  roots  was  extended. 

The  work  consists  of  successive  repetitions  of  the  following 
steps: 

After  one  or  more  terms  of  the  root  have  been  found,  obtain 
each  succeeding  term  by  dividing  the  first  term  of  the  remainder 
at  that  stage  by  three  times  the  square  of  the  first  term  of  the  root 
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Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  expremon 

wherein  a  stands  for  the  part  of  the  root  already  founds  and  h  for 
the  term  last  found. 

The  given  multinomial  should  be  arranged  to  powers  of  a 
letter  of  arrangement. 


Ex. 

27-27  x+00xa-66x»+90x*-27«»+27aB^ 

27 

-27  X 

-27x4-   Ox«-     x« 

81x2-64x» 

81  x*-64  x»+90  x*-27  x6+27  x^ 


3-x+3x» 


8(3)«=27 

8(3)«-f3(3)(-x)  +  (-x)«=27-9x+a^ 


3(3-x)«+3(3-x)  (3x2) +  (8x8)2 
=27-18x+80x2-9x'+9x* 


BXBBOI8B8  IV. 

Find  the  cube  root  of  each  of  the  following  expressions : 

1.  aJ«-6aj»  +  16a?*-20aj»-F15a«-6a;  +  l. 

2.  8a^-36a^  +  66aj*-63«»4-33a5"-9a:-f  1. 

3.  166a*-144a»-99a«  +  64a«-f  39a*-9a-hl. 

4.  a»-6a'6  +  3a*c  +  12a6*-12a6c  +  3ac»-86»  +  12  6*c 

-  6  6c*  +  c». 

5.  l4-3»  +  6aj"  +  7ar'*-|-6ac*  +  3aj'-|-a^. 

7.  8.^-12^  +  12.-7  +  1-^+^. 

a  27aV  +  54a«aj»4-9aV-28aV-3aV4-6aa;-l. 

9.  8a^-36aj«y4-42aY  +  9«y-21a^--9icy'-.V". 

10.  8a«  -h48a»6  -h  60 a*6« -  80 a»6»  -  90 aV  +  108 aW» -  27 6«. 

IL  Safi- S6aa^  + 102 aV - 171  aV  +  204 aV-  144a»a;  +  64a« 

12.  aj»4-3a^-9a^^-27aj"-6ar'-64a5»-|-28aj». 

13.  108a«-48a*  +  8a»  +  54a'-12a«4-a»-112a«. 

14.  8a« -48a«aj  +  60aV-27a^-108aa^-90aV-h80aV. 

15.  l+3x-8aj8-6aJ*  +  6«»  +  8a^-3aj8-a?. 
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,^    125/     ISOy*     1652^^172y»^99y»     54y         ' 

17.  a«"  -  6  a'"^  V  + 12  a*+»iB*'  -  8  c?x^, 

la  64aj>»-144a^-^  +  12af»"-«+117aj»"-«-6a;»^--36ar»^ 

f  5.     HIGHER  ROOTS. 

1.  The  process  of  iinding  the  7ith  root  of  a  multinomial  is 
the  inverse  of  raising  a  multinomial  (the  required  root)  to  the 
nth  power. 

The  methods  may  be  derived  from  the  following  identities : 

(a  +  6)*  =  a*  +  4a»6  -f-6aW  +  4ay  +  &*, 

=  a*  +  (4a?  +  6a%  +  4a5*  +  y)6.  (1) 

(a  +  &)*  ^(J^^-hd^^-  10a»y  +  lOaW  +  5a6*  +  2>*, 

=  a»  +  (5a*  + 10  a%  +  10a%«  +  5  (rf>«  -f-  6*)6.     (2) 

etc. 

The  work  for  the  fifth  root  consists  of  successive  repetitions 
of  the  following  steps  (the  first  term  of  the  root  being  the  fifth 
root  of  the  first  term  of  the  given  multinomial) : 

After  one  or  more  terms  have  been  found,  obtain  each  succeed- 
ing  term  by  dividing  the  first  term  of  the  remainder  at  thai  stage 
by  five  times  the  fourth  power  of  tJie  first  term  of  the  root.. 

Find  the  next  remainder  by  subtraotiivg  from  the  last  remain- 
der the  expression 

(Ba""  +  10cfb  +  lOaV  +  5a6« -|- 6^ x  6, 

wherein  a  stands  for  the  part  of  the  root  already  found,  aixd  b 
for  the  term  last  found. 

2.  Since  -^N^^^N,  wherein  N  stands  for  any  multi- 
nomial/ the  fourth  root  is  most  easily  found  as  the  square  root 
of  the  square  root  of  the  given  multinomial. 

In  like  manner,  since  y/N  =  ^-yjN,  the  sixth  root  can  be 
most  easily  found  as  the  cube  root  of  the  square  root  of  the 
given  multinomial.  And  so  on  for  any  root  whose  index  can 
be  factored. 
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Fiud  the  fourth  root  of  each  of  the  following  expressions : 

1.  aj'-f4a^  +  6aJ*-|-4aj»-fl. 

2.  a^  +  4  a^6  -f- 10  aV  + 16  aW  + 19  a*b*  + 16  a?6*  +  10  aW 

a  16  a^  - 160  a:' +  408  a^  + 440  «»- 21110^- 1320  a!»-h  3672  »« 
+  4320  X  -f  1296. 

4.  625  aj»  4- 5500  a?' +  17160  a^  +  20020  sc*  +  721 0^  -  8008  a!» 

-f  2744  aj«  -  352  a?  +  16. 

5.  aJ*-  +  8a?*"-^  +  24 a^-«  +  32 a?^-«-f  16 a?*--^ - 12 a^ - 72 aj»"-^ 

- 144  a*--«  -  96  a^-^  +  54  a^  +  216  x^-^  +  216  aj«»-» 
- 108  af  -  216  af-^  H-  81. 

Find  the  fifth  root  of  each  of  the  following  expressions : 

6.  a?'«-10a»  +  40aJ«-80aJ*  +  80aj*-32. 

7.  a»«  +  5a%-f  15aV  +  30aV  +  45aV  +  51a*6«4-45aW 

4-  30  aV  4- 15  aW  4-  5  a5«  +  &"*. 
a  ajw-  35  a^4-  505  a?-  3850  a^  + 16505  a^  -  39277  a^  4-  49515  aJ* 
-  34650  ar»  4- 13635  aj»  -  2835  a:  4- 243. 

Find  the  sixth  root<s  of  each  of  the  following  expressions : 

9.  64  a?"  - 192  «»» 4-  240  a!«  - 160  a^  4-  60  a?*  -  12  a?*  4- 1. 
10.  a"  4-  6  a"6  4-  21  a%*  +  50  aW  4-  90  a^b'  4- 126  a^^  4- 141  aW 
4- 126  aV  4-  90  a*6«  4-  50  aV  4-  21  a  V«  4-  6  aft"  4-  ft". 

§6.   ROOTS  OF  ARITHMETICAL  NUMBERS. 

Bqoare  RooU. 

1.  Since  the  squares  of  the  numbers  1,  2,  3,  •••,  9,  10,  are 
1,  4,  9,  •••,  81, 100,  respectively,  the  square  root  of  any  integer 
of  one  or  two  digits  is  a  number  of  one  digit. 

Since  the  squares  of  the  numbers  10,  11,  •••,  100,  are  100, 
121,  •••,  10000,  the  square  root  of  any  integer  of  three  or  four 
digits  is  a  number  of  two  digits. 
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In  general,  the  square  root  of  any  integer  of  2  n  —  1  or  2  n 
digits  is  a  number  of  n  digits. 

Therefore,  to  find  the  number  of  digits  in  the  square  root 
of  a  given  integer,  we  first  mark  off  the  digits  from  right  to 
left  in  groups  of  two.  The  number  of  digits  in  the  square 
root  will  be  equal  to  the  number  of  groups,  counting  any  one 
digit  remaining  on  the  left  as  a  group. 

2.  The  method  of  finding  square  roots  of  numbers  is  then 
derived  from  the  identity 

(a-f6)«  =  a*-f-(2a  +  6)6,    ^  (1) 

wherein  a  denotes  tens,  and  n  denotes  unitSy  if  the  square  root 
be  a  number  of  two  digits. 

Ex.  1.  Find  the  square  root  of  1296. 

We  see  that  the  root  is  a  number  of  two  digits,  since  the 
given  number  divides  into  two  groups.  The  digit  in  the  tena^ 
place  is  3,  the  square  root  of  9,  the  square  next  less  than  12. 
Therefore,  in  the  identity  (1),  a  denotes  3  tens,  or  30. 

The  work  then  proceeds  as  follows : 


12'96 
900 


3  96 
3  96 


a  +  b 

30  -h  6  =  36 


2  a  =  60,         trial  divisor  (1) 

(2a6  +  6^  -!-  2a  =  396  -i-  60  =  6+  (2) 

=  (2a  -h  6)  X  6  =  (60  +  6)  X  6  (3) 


Observe  that  the  first  remainder,  396,  is  equal  to  2  a6  +  6*, 
and  that  we  cannot  separate  it  into  the  sum  of  two  terms,  one 
of  which  is  2  db.  We  cannot,  therefore,  determine  b  by  divid- 
ing 2  a&  by  2  a,  as  in  finding  square  roots  of  algebraic  expres- 
sions. 

Consequently  step  (2)  suggests  the  value  of  b  but  does  not 
definitely  determine  it.  As  a  rule  we  take  the  integral  part 
of  the  quotient,  6  in  the  above  example,  and  test  that  value 
by  step  (3). 

The  preceding  method  may  be  extended  to  find  roots  which 
contain  any  number  of  digits. 
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At  any  stage  of  the  work  a  stands  for  the  part  of  the  root 
already  found,  and  b  for  the  digit  to  be  found. 

Ex.  2.  Find  the  square  root  of  51529. 

The  root  is  a  number  of  three  digits,  since  the  given  number 
divides  into  three  groups.  The  digit  in  the  hundreds^  place  is 
2,  the  square  root  of  4,  the  square  next  less  than  5.  Therefore 
in  the  identity  (1),  a  denotes  2  hundreds,  or  200,  in  the  first 
stage  of  the  work. 

The  work  then  proceeds  as  follows : 


(1) 

(2) 
(3) 
(4) 
(6) 


5' 15' 29 

200  +  20  +  7  =  227 

4  00  00 

1  15  29 

84  00 

2  a  =  400,         trial  divisor 

(2  aft  +  ^6  -*-  2  a  =  11529  -*-  400  =  20 + 

=  (2a  +  ft)  6  =  (400  +  20)  x  20 

31  29 
31  29 

(2  aft +ft2)  -f.  2  a=  3129  -!-  440  =  7+ 
=  (2a  +  ft)ft  =  (440-f  7)x7 

Observe  that  in  the  second  stage  of  the  work,  a  stands  for 
the  part  of  the  root  already  found,  220,  and  ft  for  the  next 
figure  of  the  root. 

In  practice  the  work  may  be  arranged  more  compactly, 
omitting  unnecessary  ciphers,  and  in  each  remainder  writing 
only  the  next  group  of  figures.     Thus : 


6'  15'  29 

4 

1  15 
84 

31  29 
31  29 


227 


ll-*-4  =  2+ 
42 


312 
447 


44  =  7+ 


(2) 
(4) 


Observe  that  the  trial  divisor  at  any  stage  is  twice  the  part  of 
the  root  already  found,  as  in  (2)  and  (4). 

The  abbreviated  work  in  the  last  example  illustrates  the 
following  method: 

After  one  or  more  figures  of  the  root  have  been  found,  obtain 
the  next  figure  of  the  root  by  dividing  the  remainder  ai  that  stage 
(omitting  the  last  figure)  by  the  trial  divisor  at  that  stage. 

See  lines  (2)  and  (4). 


ROOTS  OF  ARITHMETICAL  NUMBERS.  436 

Annex  this  quotient  to  the  part  of  the  root  already  found,  and 
also  to  the  trial  divisor  to  form  the  complete  divisor. 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  product  of  the  complete  divisor  and  the  figure  of  the  root  last 
found, 

3.  Since  the  number  of  decimal  places  in  the  square  of  a 
decimal  fraction  is  twice  the  number  of  decimal  places  in  the 
fraction,  the  number  of  decimal  places  in  the  square  root  of  a 
decimal  fraction  is  one  half  the  number  of  decimal  places  in 
the  fraction. 

Consequently,  in  finding  the  square  root  of  a  decimal  frac- 
tion, the  decimal  places  are  divided  into  groups  of  two  from 
the  decimal  point  to  the  right,  and  the  integral  places  from 
the  decimal  point  to  the  left  as  before. 

Ex. 


14'  46.28'  09 

38.03 

9 

5  46 
5  44 

68 

2.28  09 
2.28  09 

76.03 

Observe  that  in  finding  the  second  figure  of  the  root,  we  hava 
iigi  =  9 ;  but  69  X  9  =  621,  which  is  greater  than  the  number 
546  from  which  it  is  to  be  subtracted.  Hence  we  take  the 
next  less  figure  8. 

Cube  Roots. 

4.  Since  the  cubes  of  the  numbers  1,  2,  3,  •••9, 10  are  1,  8, 
27,  •••729,  1000,  respectively,  the  cube  root  of  any  integer  of 
one,  two,  or  three  digits  is  a  number  of  one  digit.  77ie  cube 
roots  of  such  numbers  can  be  found  only  by  inspection. 

Since  the  cubes  of  10, 11, ...  100  are  1000, 1331,  ..-,970294, 
1000000,  respectively,  the  cube  root  of  any  integer  of  four,  five, 
or  six  digits  is  a  number  of  tu)o  digits. 

In  general,  the  cube  root  of  any  integer  of  3  n  —  2,  3  n  —  1, 
or  3  n  digits  is  a  number  of  n  digits. 

Therefore,  to  find  the  number  of  digits  in  the  cube  root  of 
a  given  integer,  we  first  mark  off  the  digits  from  right  to  left 
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in  groups  of  three.  The  number  of  digits  in  the  cube  root  will 
be  equal  to  the  number  of  groups,  counting  one  or  two  digits 
remaining  on  the  left  as  a  group. 

5.  The  method  of  finding  cube  roots  of  numbers  is  derived 
from  the  identity 

(a  -h  6/  =  a»  4-(3a*  -h  3a6  +  6«)6, 

wherein  a  denotes  tens,  and  b  denotes  unUs,  if  the  cube  root 
is  a  number  of  two  digits. 

Ex.   Find  the  cube  root  of  69319. 

The  digits  in  the  ten^  place  of  the  root  is  3,  the  cube  root 
of  27,  the  cube  next  less  than  59.  Therefore  in  identity  (1), 
a  denotes  3  teiis  or  30. 

The  work  may  then  be  arranged  as  follows : 


69' 319 

27  000 


32  319 


32  319 


a-f  6 
30  +  9 


3a*  =  3(30)«  =  2700  (1) 

(3a•6-f3a6«4-6»)-^3a«  =  32319-^2700  =  9+    (2) 

3a«  =3(30)>    =2700 

3a6  =  3(30)9  =   810 
6»  =  9*  =     81 

=  (3o«-f3a64-y)x&  =  3591  x  9  (3) 


As  in  finding  square  roots  of  numbers,  step  (2)  suggests  the 
value  of  6,  but  does  not  definitely  determine  it.  If  the  value 
of  b  makes  (3  a*  -f  3  a6  -h  6*)  x  6  greater  than  the  number  from 
which  it  is  to  be  subtracted,  we  must  try  the  next  less  number. 

In  practice  the  work  may  be  arranged  more  compactly,  omit- 
ting unnecessary  ciphers,  and  in  each  remainder  writing  only 
the  next  group  of  figures. 

The  work  of  Ex.  1  may  be  arranged  thus : 


69'  319 

39 

27 

32  319 

2700 

810 

81 

32  319 

3691 

(1) 

(2) 
(3) 
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6.  The  preceding  method  may  be  extended  to  find  roots  that 
contain  any  number  of  digits. 

At  any  stage  of  the  work  a  stands  for  the  part  of  the  root 
already  found,  and  b  for  the  digit  to  be  foigid. 

In  general,  the  method  consists  of  a  repetition  of  the  follow- 
ing steps : 

The  trial  divisor  at  any  stage  is  three  times  the  square  of  the 
part  of  the  root  already  found ;  as  27  in  the  preceding  example. 

After  one  or  more  figures  of  the  root  have  been  found  obtain 
the  next  figure  of  the  root  by  dividing  the  remainder  at  that  stage 
{omitting  the  last  two  figures)  by  the  trial  divisor.  In  the  last 
example,  9  +  =  323h-27. 

Annex  this  quotient  to  the  part  of  the  root  already  found. 

Add  to  the  trial  divisor  (with  tw6  ciphers  annexed)  three  times 
the  product  of  the  part  of  the  root  already  found  (with  one  cipher 
annexed)  and  the  figure  of  the  root  just  found,  and  also  the 
square  of  the  figure  of  the  root  just  found.  The  sum  is  called 
the  complete  divisor. 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  product  of  the  complete  divisor  and  the  figure  of  the  root  last 
found. 

Evidently,  in  finding  the  cube  root  of  a  decimal  fraction  the 
decimal  places  are  divided  into  groups  of  three  figures  from 
the  decimal  point  to  the  right,  and  the  integral  places  from  the 
decimal  point  to  the  left  as  before. 

Ex.  Find  the  cube  root  of  11089.567. 
The  work  proceeds  as  follows : 


11'  089.567 


8 
3  089 

1200 

120 

4 

2  648 

1324 

441.567 

1452.00 

19.80 

.09 

441.567 

1471.89 

22.3 
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Find  the  square  root  of  each  of  the  following  numbers : 
1.  196.      2,   841.       3.  1296.  ^     4.  65.61. 
5.  7396.     a  3481.      7.  667489.     a  5.1529. 
9.  170569.   10.  1664.64.    U.  582169.    12.  57198969. 
la  1.737124.  14.  556.0164.   15.  .00099225. 

Find  the  cube  root  of  each  of  the  following  numbers : 
la  2744.     17.  39304.     la  110.592.    19.  148877. 
20.  328509.   21.  2460375.   22.  1.191016.   23.  64481201. 
24.  74088000.      25.  340068392.       2a  426.957777. 
27.  584067.412279.   2a  375601280.468951.   29.  .041063625. 

30.  .000071939391679. 

Find  the  value  of  each  of  the  following  indicated  roots : 

31.  ^279841.      32.  ^9904930.7841.       33.  ^164204746.7776. 
34.  -^3010936384.  35.  .«/42611.309937355041. 


CHAPTER  XVI. 

INEQUALITIES. 

1.  One  number  ig  greater  or  less  than  a  second  number  according  as 
the  remainder  of  subtracting  the  second  number  from  the  first  Is  positive 
or  negative.    Thus, 

a > 6,  when  a  —  bia  positive j    i.e.,  when  a  —  6 >0. 

a<6,  when  a  —  b  is  negcUive^  i.e.,  when  a  — 6<0. 

This  statement  is  in  accordance  with  Ch.  II.,  §  2,  Art.  18. 

2.  An  Inequality  is  a  statement  that  two  numbers  or  expressions  are 
unequal ;  as  a'  +  6*  >  a*. 

The  members  or  sides  of  an  inequality  are  the  numbers  or  expressions 
which  are  connected  by  one  of  the  signs  of  inequality,  >  or  <. 

3.  Two  inequalities  are  of  the  Same  or  Opposite  Species,  or  are  said 
to  subsist  in  the  same  or  opposite  sense,  according  as  they  have  the  same 
or  opposite  sign  of  inequality. 

E.g.,  8>3  and  —  6>  — 7  are  inequalities  of  the  same  species; 
0>—  1  and  0  <  1  are  inequalities  of  opposite  species. 

4.  Observe  that  a  relation  of  inequality  between  two  numbers  can  6e 
stated  in  two  ways ;  as  7  >  3,  or  3  <  7. 

That  is,  if  the  members  of  an  inequality  be  interchanged,  the  sign  of 
ineqncUity  must  be  reversed. 

PxlndpleB  of  Inequalities. 

5.  If  one  number  be  greater  than  a  second,  and  this  second  number- 
be  greater  than  a  third,  then  the  first  number  is  greater  than  the  third; 
that  is, 

If  a  >  6  and  6  >  c,  then  a>e. 

In  like  manner,  if  a  <  6  and  6  <  c,  then  a<c. 

E.g.,  3>2,  2>1,  and  3>1;  -3<-2,  -2<0,  and  -3<0. 

&  Addition  and  Subtraction. — The  following  principles  of  inequali- 
ties involve  the  operations  of  addition  and  subtraction : 

489 
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(i.)  If  the  same  number^  or  equal  numbers,  be  added  to  or  subtracted 
from  both  members  of  an  inequality,  the  resulting  inequality  will  be  oj 
the  same  species;  that  is, 

If  a > 6,  then  a  ±m>b  ±m. 

E.g.,         8>2,  and8  +  l>2  +  l,  and  3-l>2-l. 

(ii.)  ff  the  corresponding  members  of  two  or  more  inequalities  of  the 
same  species  be  added,  the  resulting  inequality  will  be  of  the  same  species  ; 
that  is, 

If  ai>6i,  at>69,  as>68f  •••,  then  ai-f  aj+a8+  •'•>6i+6j+  b%  4-  •••• 
E.g.,  -5>-7,3>2,0>-4,and  ~5+3+0>-7+2-4;  i.e.,  -2>-9. 

(iii.)  If  the  members  of  one  inequality  be  subtracted  from  the  corre- 
sponding members  of  another  inequality  of  the  same  species,  the  resulting 
inequality  will  not  necessarily  be  of  the  same  species  ;  that  is. 

If  Oi  >  6i  and  a%  >  6%,  then  a\  —  as  may  or  may  not  >  6i  —  6s. 

E.g.,  11>6,  4>3,  and  ll-4>6-3;  6>4,  3>1,  but  6-3<4-l. 

(iv. )  ](f  the  members  of  an  inequality  be  added  to  the  corresponding 
members  of  an  equality^  the  resulting  inequality  will  be  of  the  same 
species;  that  is, 

If  a  =  6,  and  c  >  i/,  then  a  +  c  >  6  +  df. 

E.g.,  2x3  =  6,  6>2,  and  2  x  3  +  6>6  +  2. 

(v.)  If  the  members  of  an  inequality  be  subtracted  from  the  corre- 
sponding members  of  an  equality,  the  resulting  inequality  will  be  of  the 
opposite  species;  that  is, 

If  a  =  6,  and  e>d,  then  a  -  c < 6  —  </. 

E.g.,       4  =  4,  3>-2,  and  4-3<4-(-2),  or  1<6. 

The  proofs  of  the  principles  enunciated  in  (i.)  and  (ii.)  follow ;  the 
other  principles  are  easily  proved  in  a  similar  manner. 

(i.)  If  a>b,  then  a  —  6  is  positive ;  and  a  —  b  ±m^mSR  positive. 

Therefore  (a  ±  m)  —  (6  ±  m)  is  positive  ;  and  hence  a±m>b  ±fn. 

(ii.)  If  ai>6i,  as>6t,  ai>6„  ••., 

then  a\  —  6i»  os  —  ^»  os  —  bz,  •••,  are  positive. 

Therefore,  (ai  -  6i)  +  (as  -  b%)  +  (as  ~  6s)  +  •••  is  positive, 
or  (ai  +  as  +  as  +  •••)  - (6i  +  6«  +  fts  +  — )  Ib  positive. 

Consequently,  ai  +  as  +  as  +  •••  >  6i  +  6i  +  6i  +  •••• 

7.  Hnltiplication  and  DiTision.— The  following  principles  of  in&> 
qualities  involve  the  operations  of  multiplication  and  division: 
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(i.)  If  both  memberB  of  an  ineqiMlUy  be  muUipiied  or  divided  by  the 
same  pontive  number,  or  by  equal  positive  numbere,  the  retulHng  ine- 
quality will  be  of  the  same  species ;  that  is,  if 

a>6,  then  an>bn^  and  ->^, 

n    n 

wherein  n  is  a  positive  nomber. 

E.g.,  -  3  >-  6,  and  -  16 >-  26,  and  -  1  >-  f 

(ii.)  If  both  members  of  an  inequality  be  multiplied  or  divided  by  the 
same  negative  number,  or  by  equal  negative  numbers,  the  resulting  ine- 
quality will  be  of  the  opposite  species  ;  that  is,  if 

a>b,  then  a(— /i)<6(— n),  and  -^<-^» 

—  n     —n 

wherein  —  n  is  a  negative  number. 

E.g.^      2>-l,  and  2(- 3)<(- l)(-3),  or   -6<3; 

and  -^< — i,  or-l<-. 
-2-2  2 

(iii.)  Jf  all  the  members  of  two  or  more  inequalities  of  the  same  species 
be  positive,  and  if  the  corresponding  members  be  multiplied  together,  the 
resulting  inequcUity  will  be  of  the  same  species ;  that  is,  if 

«i>6i,  as>6s,  at>68,  then  a\a^t>bib^ 

wherein  ai,  bi,  a%,  b%,  a«,  bt  are  all  positive. 

E.g.,         12>4,  3>2,  and  12x3>4x2,  or  86>8. 

(iv.)  If  all  the  members  of  an  odd  number  of  inequalities  of  the  same 
species  be  negative,  and  if  the  corresponding  members  be  multiplied 
together,  the  resulting  inequality  will  be  of  the  same  species;  that  is,  if 

—  fli  >  —  6i,    —  aa  >  —  62,    —  Oj  >  —  6t, 

then  (-  fli)  (-  a,)  (-  a,)  >  (-  61)  (-  6s)  (-  6,). 

E,g.,  -3<-2,    -5<-4,    -4<-3, 

and  (_8)(-6)(-4)<(-2)(-4)(-3),  or  -e0<-24. 

(v.)  Jff  all  the  members  of  an  wen  number  of  inequalities  of  the  same 
species  be  negative,  and  if  the  corresponding  members  be  multiplied 
together,  the  resulting  inequality  will  be  of  the  opposite  species  ;  that  is,  if 

-ai>-6i,   -a»>-6j,  then  (-ai)(-a8)<(-6i)(-62). 
Eg.,    -2>-8,  -4>-6,  and  (-2)(-4)<r-8)(-.5),  or  8<15. 
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(vi.)  Jf  tht  menxheTB  of  one  inequ<ility  be  divided  by  the  corresponding 
inembers  of  another  inequtility  of  the  same  species^  the  resulting  inequality 
will  not  necessarily  be  of  the  same  species;  that  is,  if 

a>b  and  c > (/,  then  -  may  or  may  not  > -• 

c  d 

E.g.,    9>4  and  3>2,  and  1>1;    9>8  and  3>2,  but  f<f 

(vll.)  ff  the  members  of  an  equation  which  are  both  positive  be  divided 
by  the  corresponding  members  of  an  inequality  which  are  either  both 
positive  or  both  negative,  the  resulting  inequality  will  be  of  the  opposite 
species ;  that  is,  if 

a  =  6  and  ±c>±d,  then   -^<   ^ 


±c     ±d' 
wherein  a  and  b  are  positive. 

E,g.,    8  =  3,  12>6,  and  :^<|;  6  =  6,   -2>-5,  and  -5-<-l. 

12     6  —2 

The  proofs  of  the  principles  enunciated  in  (ii.)  and  (v.)  follow;  the 
other  principles  can  be  easily  proved  in  a  similar  way. 

(ii.)  If  a  >  6,  then  a  —  b\&  positive.    Let  —  m  be  any  negative  num- 
ber.   Then 

-  m(a  -  6),  =- ma -(-m6),  and  i^^^i^,   =-^1 ^ 

—  m  —  m     —  TO 

are  negative.    Therefore 

—  TOa<— to6,  and  — ^<— 5_. 

—  TO        —  TO 

(v.)  Let  —  fli  >  —  bu  and  —  a« >  —  fej. 

Then  (-  a{)  (-  oa)  <  (-  b{)  (-  a,),  by  (ii.). 

Also  (-  6i)  (-  as)  <  (-  6i)  (-  60»  by  (ii.). 

Therefore  (-  ai)  (-  oj)  <  (-  6i)  (-  &0i  by  Art.  6. 

The  principle  can  be  easily  extended  to  include  any  even  number  of 
inequalities. 

8.   Powers  and  Roots.  — The  following  principles  follow  directly  from 
those  of  the  preceding  article : 

(i. )   ^  both  members  of  an  inequality  be  positive,  and  be  raised  to  the 

same  positive  integral  power,  the  resulting  inequality  will  be  of  the  same 

species ;  that  is,  if 

a>6,  then  ii'»>6», 

wherein  a  and  b  are  positive,  and  n  is  a  positive  integer. 

E,g.,  9>4,  and  81>16. 
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(ii)  Jf  hoih  nMmhetz  of  an  inequality  he  negative,  and  be  raised  to 
the  same  positive  odd  power,  the  resulting  inequality  will  be  of  the  same 
species ;  that  is,  if 

-a>-6,  then  (- a)«"+i>(- 6)2»+i. 

E,g.,        -3<-2,  and  (-3)»<(-2)«,  or  -27<-8. 

(iii.)  If  both  members  of  an  inequality  be  negative,  and  be  raised  to  the 

same  positive  even  power,  the  resulting  inequality  will  be  of  the  opposite 

species ;  that  is,  if 

-a>-6,  then  (-«)«»<(- 6)«». 

F,g.,  -2>-6,  and  (-2)«<(-6)«,  or  4 < 25. 

(iv.)  If  the  same  principal  root  of  both  members  of  an  inequality  be 
taken,  the  resulting  inequality  will  be  of  the  same  species;  that  is,  if 

a>b,  ^a>y/b. 

E.g.,         9>4,and3>2;   -27<-8,  and  -  3<-2. 

(v.)  Jf  the  same  negative  even  root  of  both  members  of  an  inequality 
be  taken,  the  resulting  inequcUity  will  be  of  the  opposite  species  ;  that  is,  if 

a>b,  ~Va<-^6. 
E,g.,  9>4,  and  -3<-2. 

9.  Transfomiatioii  of  Inequalities. — The  preceding  principles  enable 
us  to  make  the  following  transformations  of  inequalities : 

(i.)  Any  term  may  be  transferred  from  one  member  of  an  inequality 
to  the  other,  if  its  sign  be  reversed. 

E.g.,  if  a  —  6 > c,  then  a>b'^c, 

(ii.)  If  the  signs  of  both  members  of  an  inequality  be  reversed  from 
+  to  —,  or  from  —  to  -f ,  the  sign  of  inequality  must  be  reversed, 

E.g,,  -3<5,  and  3>-6. 

(iii.)  An  inequality  may  be  cleared  of  fractions  by  multiplying  both 
members  by  the  L,  CD.,  taken  positively. 

E.g.,\t  -^-|<^,  then  -10a-66<5c. 

Notice  that  the  L.  CD.  must  be  positive.  If  it  be  negative,  the 
inequality  must  be  reversed  by  (ii.)* 


444  ALGEBRA. 

Kg,,  if  _2 IL_>_^_, 

^  6-c     6  +  c     fr«-c2' 

then     x(b  +  c) -  y(6  -  c)>  «,  if  6«  -  c«  be  positive,  !.<•.,  if  6  >  c 
while    x(6  +  c) -  y(6  -  c)<  «,  if  6«  -  c«  be  negative,  i.e.,  if  6  <  c. 

(iv.)  Common  positive  factors  can  be  canceled  from  both  members  of 
an  inequality. 

E,g.,  8  >-  12,  and  2  >-  3. 

If  x(a-^  -  6«)<(a  +  by, 

then  x(a  —  6)<(a  +  6),  when  a  +  6  is  positive ; 

but  x(fl  —  6)>(a  +  6),  when  a  +  &  is  negative. 

(v.)  j[f  the  reciprocals  of  the  members  of  an  inequality^  which  are 
either  both  positive  or  both  negative t  be  taken,  the  resulting  inequality 
toill  be  of  the  opposite  species, 

E.g,,  8>2,  and  \<l;  -6<-2,  and  -^>-i 

« 

10.  An  Absolute  Inequality  is  one  which  holds  for  all  values  of  the 
literal  numbers  involved ;  as  a'  +  &>  >  a^. 

Such  inequalities  are  analogous  to  identical  equations. 

A  Conditional  Inequality  is  one  which  holds  only  for  values  of  the 
literal  numbers  lying  between  certain  limits. 

E.g,y  X  +  1  >  2,  only  for  values  of  x  greater  than  1 ;  that  is,  for  values 
of  X  between  1  and  +  oo. 

X'  +  1  >  2,  only  for  values  of  x  greater  than  1  and  less  than  —  1 ;  that 
is,  for  values  of  x  between  1  and  +  oo,  and  between  —  1  and  —  oo. 

Absolute  Ineqtialitias. 

U.   Ex.  1.  Prove  that  if  a  =^  6,  then  a«  +  6»>  2a6. 

We  have  (a  -  6)'  >  0,  (1 ) 

since  the  square  of  any  positive  or  negative  number  is  positive,  and 
therefore  greater  than  0. 

From  (1),  a«-2aft4-6«>0; 

whence  a«  +  6«  >  2  aft,  by  Art.  0  (I.). 

Ex.  2.   The  sum  of  any  positive  fraction  and  its  reciprocal  is  greater 

than  2  ;  that  is,  ?  +  ->  2,  wherein  a^b. 

b     a 
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Dividing  both  members  of  the  inequality 

by  the  positive  number  a&,  we  have 

f  +  ->2- 
b     a 

Ex.  3.   Which  is  greater,  ^"*'f^  or  ^^-+1^,  in  which  a  and  5  are 
.,.     a  a  +  56         0  +  36 

fH>3lttVe  f  -r      V  ^-r      V 

We  can  determine  which  fraction  is  greater  by  finding  their  difference. 

a  +  4&     a  +  26_(o  +  4  5)(a  +  36)-Ca-H2&)Ca-i-6ft) 
a  +  56     a +  36  (a  +  56)(a  +  36) 

126^-106^      _  26* 

(a  +  66)(a  +  36)      (a  +  56)(a  +  36) 

Since  this  remainder  is  positive,  we  have 

o  +  46^g  +  26 
a  +  66     a  +  86' 

Conditioiial  Xneqnalities. 

12i   Ex.  1.  Between  what  limits  must  a;  lie  to  satisfy  the  inequality 

a>5a:-10? 
Transferring  terms,  we  have 

-4a5>-10; 

whence  «  <  f ,  by  Art.  7  (ii.). 

That  is,  the  given  inequality  will  be  satisfied  by  all  values  of  x  between 
)  and  —  CO, 

Ex.  2.   What  values  of  x  satisfy  the  inequality 

From  Art.  8  (iv.),  x>S; 

from  Art.  8  (v.),  a <-  3. 

Therefore  the  given  inequality  is  satisfied  by  all  values  of  x  between  3 
and  +  oo,  and  between  —  3  and  —  oo. 

Ex.  3.   What  values  of  x  satisfy  the  inequality 

jc2  +  5x>-6? 
Transferring  -  6  to  the  first  member,  x«  +  6  a;  +  6  >  0. 

or  (x  +  2)(x  +  3)>0. 
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In  order  that  the  product  (x  +  2)(x  +  3)  may  be  greater  than  0,  i.e., 
positive,  the  two  factors  must  be  either  both  positive  or  both  negative. 
The  factors  x  +  2  and  x  +  3  will  be  both  positive,  when  x >—  2. 

Thus,        if  x  =  -  1,  then  (x +  2)(x  +  3)  =  (-  1  +  2)(  -  1  +  3)  =  2. 

The  factors  will  be  both  negative,  when  x  <—  3. 

Thus        if  X  =  -  4,  then  (x  +  2)(x  +  3)  =  (-  4  +  2)C-  4  +  3)=  l 

Therefore  the  given  inequality  will  be  satisfied  by  all  values  v. 
between  —  2  and  +  ao,  and  between  —  3  and  —  od. 
Ex.  4.   What  values  of  x  satisfy  the  inequality 

X  ^^   ^    ^^^ 

X  —  a     z-\-  a     X*  —  a^' 
wherein  a  is  positive  ? 

Notice  that  we  cannot  clear  this  inequality  of  fractions  at  once,  since 
we  do  not  know  whether,  for  the  value  of  x  which  satisfies  the  inequality, 
x^—a^  will  be  positive  or  negative  ;  that  is,  whether  the  sign  of  inequality 
must  be  kept  the  same  or  reversed. 

Transferring  -^ —  to  the  first  member,  and  adding  fractions, 

X*  —  qx  —  6  g'  ^  ft 
x^-a«       ^^' 

(x  +  2a)(x-3a)     ^ 
x«  -  aa  ^ 

Multiplying  numerator  and  denominator  by  x'  —  a', 

Cx  +  2q)(x-3g)(xg-q«)     ^^ 

Since  the  denominator  (x«  -  a')*  will  be  positive  for  all  values  of  x, 
we  may  now  clear  of  fractions.    We  then  have 

(X  -  3a)(x  -  a)(x  +  a)(x  +  2a)>0. 

This  inequality  will  be  satisfied  when  all  the  factors  of  the  first  mem- 
ber are  positive,  or  all  negative,  or  when  two  of  them  are  positive  and  the 
other  two  are  negative. 

When  X  >  3  a,  the  factors  will  all  be  positive.  Therefore  the  inequal- 
ity is  satisfied  by  all  values  of  x  between  3  a  and  +«>  • 

When  x< 3a  but  >  a,  the  first  factor  is  negative,  and  the  three  other 
factors  are  positive.  Therefore  no  value  of  x  between  3  a  and  a  satisfies 
the  inequality. 

When  X <  a  but  >—  a,  the  first  two  factors  are  negative,  and  the  two 
other  factors  are  positive.  Therefore  the  inequality  is  satisfied  by  all 
values  of  x  between  a  and  —  a. 
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When  ac<—  a  but  >—  2a,  the  first  three  factors  are  negative,  and 
the  last  factor  is  positive.  Therefore  no  value  of  x  between  —  a  and 
—  2  a  satisfies  the  inequality. 

When  2  <  —  2  a,  all  four  factors  are  negative.  Therefore  the  inequal- 
ity is  satisfied  by  all  values  of  x  between  —  2  a  and  —  ao. 

Consequently  the  values  of  x  between  the  following  limits  satisfy  the 
given  inequality, 

+  oo>x>8a;  +a>x>— a;  — 2a>x>— «. 

Ex.  5.  What  values  of  z  satisfy  the  inequalities 

2x  +  l<3x,  (1) 

6(x  +  l)>6x?  (2) 

From  (1),  —  x<— 1,  orx>l. 

From  (2),  —  x>-- 5,  or  x<5. 

Hence  the  values  of  x  lie  between  1  and  5. 

The  only  integral  values  of  x  which  satisfy  the  inequalities  are  2,  3,  4. 

Ex.  6.  What  values  of  x  and  y  satisfy  the  inequality 

6x  +  3y>ll,  (1) 

and  the  equality                    3  x  H-  6  y  =  13  ?  (2) 

MulUplying  (1)  by  3.     16  x  +  9  y  >  33.  (3) 

Multiplying  (2)  by  5,    16  x  +  26  y  =  66.  (4) 

Subtracting  (4)  from  (3),    ~  16  y  >  -  32,  or  y  <  2. 

MulUplying  (1)  by  6,    26  x  +  16  y  >  66.  (6) 

MulUplying  (2)  by  3,     9  x  +  16  y  =  39.  (6) 
Subtracting  (6)  from  (6),        16  x  >  16,  or  x  >  1. 

Notice  that  not  any  value  of  x  greater  than  1  taken  with  any  value  of 
y  less  than  2,  will  satisfy  both  (1)  and  (2).  But  such  values  of  x  and  y 
as  satisfy  (1)  and  (2)  simultaneously,  must  be  greater  than  1  for  x,  and 
less  than  2  for  y.  If  we  assign  to  x  any  value  greater  than  1,  we  can 
determine  from  (2)  the  corresponding  value  of  y,  which  will  always  be 
less  than  2  ;  these  corresponding  values  of  x  and  y  will  then  satisfy  (1). 

E.g.,  let  X  =  } ;  then  from  (2),  y  =  f ,  <  2  ;  these  values  of  x  and  y 
satisfy  (1). 

EXBBCISBS  I. 

Prove  the  following  inequalities,  in  which  the  literal  numbers  are  all 
positive  and  unequal : 

1.  a«  +  6«  +  C*>a6  +  ac  + 6c.     2.  a«6«  + 6«c«  +  a2ca>a6c(a  + 6  +  c). 
3.  ab(a  +  6)  +  f>c(b  +  c)  +  ac(a  +  c)>  6  abc. 
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4.  If  P+m«+n2=l,  and  ii«+mia+ni«=l,  then  Ki+wmi+nni<l. 

5.  a»  +  6«  >  a«6  +  ah\  6.  a*  +  6*  >  a*6  +  a&». 

7.  (a  +  &)(6  +  c)(c  +  a)> 8 ahc.      8.  3(a2  +  68  +  <:^)>{a  +  6  +  c)«. 

9.  a»-6»>3a26-3a6«,  if  a>h\ 
<3a«6-3a6«,  if  a<6. 

10.  (a6  +  JcyXax  +  6y)>  4  aftxy.        11.  3(1  +  a«  +  a*)>(l  +  a  +  a«)«. 

12.  2(a«  +  6«  +  c«)>  a6(a  +  &)  +  ac(a  +  c)  +  6c(6  +  c). 

13.  a"  +  &■  +  c«>3a6c.  14.  a*  +  6*  +  c* >a6c(a  +  6  +  c). 

« 

15.  (a+6+c)»>3(a+6Xa+c)(6+c>     16.  (a+6+0(a*+6Hc*)>9a6c. 

17.  9(a«  +  &•  +  c»)>  (a  +  6  +  c)«. 

18.  ?l  +  ?!  +  ??>8.  19.  ^^^^-^>S. 
a%     a%     ai  o  +  ca  +  ca  +  6 

20.  (n  -  l)(ai«  +  at«  +  at*  +  .-  +  O 

>  2(aia«  +  aias  +  •••  +  osOs  +  0204  +  -.  +  a„-ia«). 

21.  n(ai«  +  a««  +  a««  +  ...  +  a„«)>  (ai  +  a,  +  as  +  -  +  On)*. 
If  9B  be  positive,  which  fraction  is  the  greater : 

22.  ?^   or  5Jl2?  23.   ?-±-^   or  2j±i,  if  aj>6? 
a:  +  3         x  +  1  x-6         «-4 

Determine  the  limits  between  which  the  values  of  x  must  lie  to  satisfy 
each  of  the  following  inequalities : 

24.   a;-8>4.  25.   l-aj<2. 

26.  x  +  2>8-x.  27.    -  3(x  +  10) >  -  20. 

^  (i^)*-(li^7<i5.     a*.  .-.(,-l)<?^. 

ao.   i*^-«<3I^  +  9.  31.   8iE±I _  10 *>  1:^  +  12. 

32.  «  +  *  +  *+i>«.  33.   "<'-»>ail». 

nn*  4a  +  o6  —  a 

34.  X 5L.<i-*:iJ.  35.  -A.-  +  -*-<2a. 

1— a  a  —  1  a+6a-6 

36.  x«-3x  +  2>0.  37.  x«~x-6>0. 

38.   ^i^il>0.  39.   ^'""So. 

X  — 2  X  +  2a 

40.  ^Il|*  +  ?>0.  41.   |^lll*+i<0. 
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Detennine  the  limits  between  which  the  values  of  x  must  lie  to  satisfy 
simultaneously  each  of  the  following  systems  of  inequalities : 

bx  -8<a;, 


f6x  +  l>0, 
'   \25-4x>0. 


44. 


46. 


48. 


17-3x<12x-138, 


J  17-3x<12i 
\l7  +  3x<30. 


ac-7  .  g--4^ft 

.  Jx  +  3>}x  +  4. 
«2  -  12  X  +  82  >  0, 
22  >0. 


J  X2  -  12  X  + 

|x2-13x  + 


43. 


45. 


47. 


49. 


3-x>4x-  17. 

Jx-ix  +  ix>x  +  6, 
Kx  +  2)>-j(x-2). 

9  6' 

X  —  J  X  >  15. 
x«-  3x-4>0, 
x^-x-6>0. 


What  value  of  x  satisfies  each  of  the  following  systems : 


50. 


2x«-6x  +  2  =  0, 


r2x«-6x- 
\x«-l>0. 


51. 


x2  -f  X  -  6  =  0, 
x^  +  3x-4>0. 


Determine  the  limits  between  which  the  values  of  x  and  y  must  lie  to 
satisfy  the  following  systems : 


52. 


2x  +  3y  =  -4, 


f  2x  +  3y  = 
|x-y>2. 


53. 


f  7  X  +  y  =  15, 
3x-2y>14. 


Determine  the  limits  between  which  the  values  of  a  and  5  must  lie  to 
make  each  of  the  following  values  of  x  positive : 


54.  x  = 
57.   x  = 


a 


11  -2a 

35-4 
2 -3a' 


55.   x  = 
58.   x  = 


8- 

3a 

16- 

-4a 

3  a 

-26- 

-8 

56.   x  = 


4a-  1 
9 -2a' 


36-6 


Problems. 

13.  Pr.  1.    Divide  80  into  two  parts,  such  that  the  greater  part  shall 
exceed  twice  the  sum  of  4  and  the  less  part. 

Let  X  stand  for  the  greater  part ;  then  80  —  x  will  stand  for  the  less. 
By  the  given  condition, 

x>2(80-x  +  4),  or3x>168; 
whence  x  >  56. 

Therefore  any  number  greater  than  56  (and  less  than  80)  will  satisfy 
the  condition  of  the  problem. 

E.g,^  if  X  =  60,  the  greater  part,  then  80  -  x  =  20,  the  less  part ;  and 
60>2x24. 
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Pr.  2.  In  moving  a  certain  distance  the  front  wheel  of  a  carriage 
makes  250  revolutions  more  than  the  hind  wheel ;  the  circumference  of 
the  front  wheel  is  5  feet,  and  the  circumference  of  the  hind  wheel  is  be- 
tween 6  and  7  feet.    What  is  the  distance  the  carriage  moves  ? 

Let  X  stand  for  the  number  of  feet  the  carriage  moves. 

Then  -  will  stand  for  the  number  of  revolutions  made  by  front  wheel. 
6 

Also  ->  number  of  revolutions  made  by  hind  wheel,  and  ^<  number 

of  revolutions  made  by  hind  wheel. 

Then,  by  the  given  condition,  -  —  250  is  the  number  of  revolutions 
made  by  hind  wheel. 

Therefore  5  -  260  <  ^,  whence  x  <  7500 ; 

5  6 

and  ^  -  250  >  ^,  whence  x  >  4375. 

6  7 

Any  assumed  distance  between  4375  feet  and  7500  feet  will  make  the 
circumference  of  the  hind  wheel  between  6  and  7  feet. 

S,g'.,  if  x  =  0000,  then  aj^  =  1200,  the  number  of  revolutions  made  by 
front  wheel ;  and  1200  —  250  =  050,  number  of  revolutions  made  by  hind 
wheel. 

Therefore,  ^^  =  6^,  the  number  of  feet  in  circumference  of  hind 
wheel. 

Pr.  3.  A  man  receives  from  an  investment  an  integral  number  of  dol- 
lars a  day.  He  calculates  that  if  he  were  to  receive  $6  more  a  day  his 
investment  would  yield  over  $270  a  week ;  but  that,  if  he  were  to  receive 
$14  less  a  day,  his  investment  would  not  yield  as  much  as  $270  in  two 
weeks.    How  much  does  he  receive  a  day  from  his  investment  ? 

Let  X  stand  for  the  number  of  dollars  which  he  receives  a  day. 

Then,  by  the  first  condition, 

7(x  +  6)>  270 ;  whence  x  >  32f 
And,,  by  the  second  condition, 

14(x  -  14)<  270  ;  whence  x<  33f. 
Therefore  he  receives  $  33  a  day  from  his  investment 

EXERCISES  II. 

1.  What  integers  have  each  the  property  that  one-half  of  the  integer, 
increased  by  5,  is  greater  than  four-thirds  of  it,  diminished  by  3  ? 

2.  What  integers  have  each  the  property  that,  if  one-half  of  the  integer 
be  added  to  itself,  the  sum  will  be  greater  than  one-third  of  the  integer, 
increased  by  2  ? 
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3.  What  integers  have  each  the  property  that,  if  9  be  subtracted  from 
three  times  the  integer,  the  remainder  will  be  less  than  twice  the  integer, 
increased  by  12  ? 

4.  What  fractions  have  each  the  property  that,  if  1  be  subtracted 
from  the  denominator  of  the  fraction,  the  resulting  fraction  will  be  equal 
to  i ;  but  if  20  be  added  to  the  numerator,  the  resulting  fraction  will  lie 
between  2  and  3  ? 

5.  A  has  three  times  as  much  money  as  B.  If  B  gives  A  $10,  then 
A  will  have  more  than  seven  times  as  much  as  B  will  have  left.  What 
are  the  possible  amounts  of  money  which  A  and  B  have  ? 

6.  What  integers  have  each  the  property  that,  the  sum  of  three-tenths 
of  the  integer  and  5  is  less  than  one-half  of  the  integer,  while  five  times 
the  integer  is  less  than  it  double,  increased  by  360  ? 

7.  Find  a  multiple  of  25,  such  that  three-fourths  of  it  is  greater  than 
one-half  of  it,  increased  by  16,  while  five  times  the  number  is  less  than 
three  times  the  number,  increased  by  200. 

8.  What  positive  numbers  have  each  the  property  that,  if  the  number 
be  subtracted  from  a  and  be  added  to  &,  the  product  of  the' resulting 
numbers  will  be  greater  than  the  product  of  the  given  numbers  ? 

9.  In  a  class-room  can  be  placed  6  benches,  but  it  contains  fewer.  If 
6  pupils  be  seated  on  each  bench,  then  4  pupils  will  be  without  seats. 
But  if  6  pupils  be  seated  on  each  bench,  some  seats  will  be  unoccupied. 
How  many  benches  are  in  the  room  ? 

10.  A  traveler  had  covered  more  than  two-thirds  of  his  journey. 
After  traveling  2  miles  further,  he  found  that  he  had  covered  seven-tenths 
of  his  journey.    What  is  the  least  possible  number  of  miles  In  his  journey  ? 

11.  A  man  wishes  to  make  a  purchase  for  $  14,  but  has  not  enough 
money.  If  he  borrows  one-third  as  much  money  as  he  now  has,  he  will 
be  able  not  only  to  make  the  purchase,  but  will  have  left  more  money 
than  he  now  lacks  ?    How  much  money  has  he  ? 

12.  A  man  bought  2  horses  at  the  same  price.  The  amount  paid  for 
both  horses  exceeds  seven-tenths  of  the  price  of  one  horse  by  more  than 
8259;  and  one-half  the  price  of  a  horse  is  less  than  one-fourth  of  the 
price,  increased  by  850.25.  If  the  purchaser  paid  the  amount  in  five- 
dollar  bills,  how  much  did  he  pay  for  each  horse  ? 

13.  The  daily  pay  roll  of  a  contractor,  who  engages  masons  at  $4.40 
a  day  and  carpenters  at  83.60  a  day,  amounts  to  more  than  8104.  If  the 
wages  of  each  man  were  increased  by  a  small  amount,  the  pay  roll  would 
amount  to  8 112.  If  there  are  3  fewer  carpenters  than  masons,  how  many 
carpenters  and  how  many  masons  are  at  work  ? 
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A  Property  of  Fraotions. 

14.    If  the  denominators  of  the  fractions  ^,  ^,  ^, ...  be  allpositive, 

then  the  fraction   '^';[2lTl"'  ^  ^''«««^''  «^*«»  '^^  ^<^^  ««^  less 
than  the  greatest,  of  the  given  fractions. 

Let  5^  be  the  greatest  of  the  given  fractions,  and  let 

^  =  a;,  or  m  z=dix.  (1) 

Tlien  ^<x,  or  n2<d^;  (2) 

^<x,  or  n9<dtx;  (8) 

etc. 
From  the  equation  (1),  and  the  inequalities  (2),  (3),  etc.,  we  have 
wi  +  n,  +  ng  +  ...  <  dioc  +  daSB  +  dsx  +  ... 

Therefore  «i  +  ng  +  n>  +  .- 

<^i  +  dg  +  d»  +  ... 

In  like  manner  it  can  be  proved  that  »i  +  ^«  +  »»  +  —  ig  greater  than 
the  least  of  the  given  fractions.  <ii.+  dg  +  dg  +  — 

Properties  of  Powers. 

15.  The  value  of  a  positive  integral  power  increases  as  its  exponent 
increaseSj  if  its  base  be  greater  than  1 ;  and  decreases  as  its  exponent 
increases,  if  its  base  be  positive  and  less  than  1 ;  i.e.,  if  its  base  be  a  posi- 
tive proper  fraction. 

Thus,  the  powers 

2a  =  4,  2»  =  8,  2<  =  16,  etc., 

and  their  exponents  increase  together ;  while  the  powers 


decrease  as  their  exponents  increase. 


1\'    1    /1V=J-,  etc., 
"  '       16 
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In  general, 


wherein  a,  &,  and  n  are  positive  integers. 


For 


ii)HD'' 


and  ->  ii  when  a  >  6. 

b 

Therefore  /^V"*"^ >(&)"'  ^^  ^'^  "^  ^*-^- 

Also,  ^<1,  whena<6. 

0 

Therefore  f-)""^' <(-)",  by  Art.  7  (i.). 

We  therefore  conclude  that  a  positive  integral  power  whose  base  is 
greater  than  1  increases  without  limit,  i.e.,  becomes  greater  than  any 
assigned  positive  number,  however  great,  when  its  exponent  increases 
without  limit ;  and  that  a  positive  integral  power  whose  base  is  less  than 
1  and  positive  decreases  without  limit,  t.e.,  becomes  less  than  any  assigned 
positive  number,  however  small,  when  its  exponent  increases  without 
limit 

These  conclusions  may  be  stated  symbolically  thus : 

f^j    =  oD,  when  a>6; 
=  0,  when  a<6. 


(I)"- 


16.  The  value  of  a  positive  integral  power  of  a  positive  base  increases 
as  the  base  increases,  the  exponent  remaining  constant. 

E.g.,  2»  =  8,  3»  =  27,  4«  =  64,  and  64 >27 >8. 

.    For,  if  a  >  6,  then  by  Art.  8  (i. )  a»  >  b\ 

17.  If  d  be  a  positive  number  and  n  a  positive  integer,  then 

(1 +  </)»>! +  /!</. 
We  have  a»  -  6»  =(a  -  6) (a*-'  +  a"-*6  +  •••  +  a6*-«  +  ft""*), 
or  a»  =  6»  +  (a  -  b)(a^-^  +  a"  *6  +  •••  +  a6»-«  +  ft"-*)- 
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Let  a>b. 

Then  *  a*-^  >  ft*-* 


•        •        • 


Therefore  a»-i  +  a*-«6  +  ...  +  a6»-«  +  b*-^ >  6*-*  +  6"^i  +  ...  n  terms 

Consequently,  since  a  —  6  is  positive, 

a"  >  6*  +  n(a  -  6)6"-\ 
Xow  let  a  =  1  +  d,  and  5  =  1. 
Then  (1  +  d)*  >  1  +  nd. 


CHAPTER  XVII. 

IBRATIONAIa  NXTMBBRS. 

1.  If  a  be  the  qth  power  of  a  number,  say  &,  then  ^a,  =  {/b^,  has, 
as  we  have  seen  in  Ch.  XV.,  a  definite  value  ;  as  ^16  =  2. 

In  this  chapter  we  shall  consider  roots  of  positive  numbers  which  are 
not  powers  with  exponents  equal  to  or  multiples  of  the  indices  of  the 
required  roots. 

2.  The  qth  root  of  a  positive  fraction^  whose  terms  (either  or  both) 
are  not  qth  powers  of  positive  integers^  cannot  be  expressed  either  as  an 
integer  or  as  a  fraction. 

In  the  above  enunciation  the  words  positive  fraction  are  to  be  under- 
stood as  meaning  also  a  positive  integer,  that  is,  a  fraction  whose 
denominator  is  1. 

The  proof  of  the  general  case  will  be  first  illustrated  by  the  particular 
example  y/2. 

The  y/2  must  be  a  number  whose  square  is  2.  But  since  1^  =  1  and 
2^  =  4,  the  v^  cannot  be  an  integer. 

Let  us  assume  that  y/2  can  be  expressed  as  a  fraction,  ^,  reduced  to 
its  lowest  terms. 

Then  from  V2  =  T  (1) 

a 

we  have  2  =  ^-  (2) 

Since  -  is  in  iU  lowest  terms,  ^  is  in  its  lowest  terms  [Ch.  IX., 

Art.  84  (iii.)].    Consequently,  by  Ch.  IX.,  Art.  34  (v.), 

n«  =  2,  and  d«  =  1.  (3) 

But  since  2  is  not  the  square  of  an  integer,  the  first  of  equations  (3),  and 
therefore  also  (l)f  is  untenable. 

Consequently  y/2  cannot  be  expressed  as  a  fraction. 

In  general,   -I/—,  wherein  N  and  D  (either  or  both)  are  not  gth 

powers  of  positive  integers,  cannot  be  expressed  as  a  fraction  3* 

d 

466 
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Since  the  value  of  a  fraction  is  unchanged  by  dividing  both  of  ita  terms 
by  the  same  number,  we  can  without  loss  of  generality  assume  that  both 

j\r        n 

-—  and  -  are  in  their  lowest  terms. 
D  a 

Let  us  assume  *\K  =  ?.  (\\ 

Then  K^Vl.  f2^ 

D     dt  ^  ^ 

Since  ~  is  in  its  lowest  terms,  ~  is  in  its  lowest  terms  [Ch.  IX., 
a  d? 

Art.  34  (iii.)].     ConsequenUy,  by  Ch.  IX.,  Art.  34  (v.), 

n«  =  N,  and  d«  =  D.  (3) 

But  since,  by  hypothesis,  N  and  D  (either  or  both)  are  not  gth  powers 
of  positive  integers,  equations  (3)  (one  or  both),  and  therefore  also  (1), 

are  untenable.     Consequently,  i/—  cannot  be  expressed  as  a  fraction. 

Observe  that,  if  d  be  assumed  equal  to  1,  the  preceding  proof  shows 

that  ^      cannot  be  expressed  as  a  positive  integer ;  also,  if  Z)  be  assumed 

equal  to  1,  that  the  ^N  cannot  be  expressed  as  a  positive  Integer,  or  as 
a  positive  fraction. 

3.   We  have  now  proved  that  y/2,  and  in  general,  ^— ,  wherein  N 

and  D  (either  or  both)  are  not  gth  powers  of  positive  integers,  cannot 
be  expressed  in  terms  of  the  numbers  as  yet  comprised  in  our  number 
system. 

It  is  therefore  necessary  to  exclude  such  roots  from  our  consideration 
or  to  enlarge  our  idea  of  number.  The  latter  alternative  is  in  accordance 
with  the  generalizing  spirit  of  Algebra. 

We  therefore  assume  that  y/2,  and  in  general^  A/n '  **  ^  wi/m6er,  and 
incliide  it  in  our  number  system. 

The  properties  of  these  new  numbers  must  be  consistent  with  the 
definition  of  a  root ;  that  is,  with  the  relations, 


(V2)«  =  2,  and  (^'2)'=f- 


4.  Before  operating  with  or  upon  the  numbers  thus  introduced  into 
the  number  system,  we  must  prove  that  they  obey  the  fundamental  laws 
of  Algebra,  which  were  proved  in  Chs.  II.  and  III.  only  for  integers  and 

fractions. 

The  following  property  will  lead  to  another  definition  of  the  v^,  and 

in  general  of  the  i/— ,  which  is  consistent  with  that  given  in  Art.  3,  and 

from  which  the  fundamental  laws  can  be  easily  deduced. 
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N 
Jf  -—  he  a  fraction  whose  terms  (^either  or  both)  are  not  qth  powers 

of  positive  integers,  numbers  can  always  be  found,  both  greater  and  less 

than  -I/— I  which  differ  from  il ^  by  as  little  as  we  please;  that  is,  by 

less  than  any  assigned  number,  hou)ever  small. 

The  proof  of  the  general  case  will  first  be  illustrated  by  the  particular 
example  y/2. 

Since  2  lies  between  1^  and  2^,  the  y^  lies  between  1  and  2,  i.e., 
1<V2<2. 

The  interval  between  1  and  2  we  now  divide  into  ten  equal  parts,  and 
form  the  series  of  powers 

V,  1.1«,  1.2«,  1.3«,  1.4«,  1.6«,  ...,  1.02,  2«. 

Then  2,  which  lies  between  1'  and  2*,  must  lie  between  two  consecutive 
powers  of  this  series,  or  between  two  consecutive  numbers  of  the  equiv- 
alent series 

1,  1.21,  1.44,  1.60,  1.06,  2.25,  ...,  3.61,  4. 

Since  2  lies  between  1.06  and  2.25  (that  is,  between  1.4^  and  1.5<), 
the  y/2  must  lie  between  1.4  and  1.5,  i,e.,  1.4  < ^^2  <  1.5. 

The  interval  between  1.4  and  1.5,  =  .1,  we  next  divide  Into  ten  equal 
parts,  and  form  the  series  of  powers 

1.4«,  1.41«,  1.422,  ...^  1.492^  1.52. 

Then  2,  which  lies  between  1.4^  and  1.5^,  must  lie  between  two  con- 
secutive powers  of  this  series,  or  between  two  consecutive  numbers  of 
the  equivalent  series 

1.0600,  1.0881,  2.0164,  ..*,  2.2201,  2.2500. 

Since  2  lies  between  1.0881  and  2.0164  (that  is,  between  1.41>  and 
1.423),  the  v^  lies  between  1.41  and  1.42,  i.e.,  1.41  <  V^  <  1.42. 

This  method  of  procedure  can  be  continued  indefinitely.  These  results 
may  be  summarized  as  follows : 

(a)  W 

1<V2<2  and  2-1  =1 

1.4<V2<1.5  and  1.5-1.4  =.1 

1.41  <V2<  1.42  and  1.42-1.41  =.01 

1.414  <V2<  1.415  and  1.415-1.414  =.001 

1.4142  <v/2<  1.4148  and  1.4143  -  1.4142  =  .0001 

etc.  etc. 

It  follows  from  tables  (a)  and  (b)  that  there  can  be  found  two  num- 
bers, one  greater  and  the  other  less  than  y/2,  which  differ  from  each  other 
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by  as  little  as  we  please,  and  which  therefore  differ  from  y^,  which  lies 
between  them,  by  as  little  as  we  please. 

Observe  that  the  numbers  of  the  one  series,  which  are  always  less  than 
v^,  continually  incre<U€  toward  v^,  while  the  numbers  of  the  other 
series,  which  are  always  greater  than  ^,  continually  decrease  toward  y/2. 

Either  of  these  two  values  is  an  approximation  to  ^^'2. 

F.g.,  1.41  is  an  approximation  to  y^,  and  the  error  is  less  than  .01 ; 
1.4142  is  a  closer  approximation  to  y^,  since  the  error  is  less  than  .0001. 

In  the  proof  of  the  general  case,  which  now  follows,  it  is  necessary  to 
represent  the  two  values  between  which  the  required  root  lies  at  any  stage 
of  the  work  in  terms  of  common  fractions  instead  of  decimal  fractions. 

Thus,  1 .4142  <y/2<  1.4148 

could  have  been  written 


10     100      1000      10000     ^        10     100     1000     10000' 

or  14     J_  .  ^  .  _1^  /2<-li  +  J-4.  J.  + J- 

10      10»      10«      10*^^    ^10      10*     10«     10*' 

AT 

Let  —  be  a  fraction,  in  which  JV  and  D  (either  or  both)  are  not  gth 
powers  of  positive  integers.    By  Ch.  XVI.,  Art.  16,  the  powers 

«•  {&  (foT'  (0  ••■■  &  - 

increase  without  limit.    Therefore,  whatever  positive  value  ^  may  have, 
there  will  always  be  two  consecutive  powers  of  the  above  series  between 

which  •=-  lies. 
D 

Let  /^  V  and  /^'  +  ^V  ^e  the  two  powers  between  which  —  is  found 
\loy  V    10     /  D 

to  lie,  wherein  A;i  is  0  or  any  po^ive  integer. 

Then  since  ^  lies  between  ^^J  and  (^^y»  the  ^^  lies  between 

10  10     '  .r     ,        , 

i0^\2>^     10    •  ^^'^ 


Compare  the  corresponding  step  in  the  example  y^,  whereby  we  found 
that  y/2  lies  between  1.4  and  1.5 ;  i.e.,  between  jj  and  fj.  In  this  case 
ki  =  14  and  ibi  +  1  =  16. 
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The  interval  between  ^^  and  ^»  =  rri  we  now  divide  Into  ten 
equal  x>art8,  and  form  the  series  of  powers 

•  (?.)•■  (fe-^)'  (?.-*)••  ■•■■  {^*wj-  (*^)' 

Then  — ,  which  lies  between  ^^V  and  ^^l^J-V,  must  Ue  between 

two  consecutive  powers  of  this  series. 

Let  (^  +  -^Y and  f ^  +  ^"t^V,  wherein  la  is  one  of  the  numbers, 
\10     10«/  \10        10«   /  j^ 

0,  1,  2,  •••,  8,  9,  be  the  two  powers  between  which  --  is  foimd  to  lie. 
Then  ^^UeB  between  ^  +  ^  »nd  |  +  ^ ;  U., 

The  method  can  evidently  be  carried  on  indefinitely ;  that  is,  we  can 
find  two  powers 

\io    io»         io»/        \io    io»  ic  y 

AT 

between  which  ~  lies.    We  therefore  have 

D 

*i  +  A  +  ...+ *t<  •/:^<*i+A  +  ... +  *t±l,       (in.) 

10^10«         ^IC^AD     lO^lOa^      ^    IC    '  ^    ^ 

wherein  p  is  any  positive  integer  from  1  to  +  <». 

The  two  numbers  between  which  ^--  is  found  to  lie  at  any  stage  of 

1 
the  work  evidently  differ  by  — • 

As  p  increases  without  limit,  lO'  also  increases  without  limit  (Ch. 

XVI.,  Art.  15),  and  hence  -ij  decreases  without  limit  (Ch.  III.,  §  4, 

Art  20).    Since,  therefore,  these  two  numbers  can  be  made  to  differ 
from  each  other  by  less  than  any  assigned  number,  however  small,  the 

i/— ,  which  lies  between  them,  will  differ  from  either  of  them  by  less  than 

any  assigned  number,  however  small. 

Either  of  these  numbers  is  an  approximate  value  of  il^' 

S.  It  is  important  to  keep  clearly  in  mind  that,  although  approximate 
values  have  been  obtained  for  y/2^  and  in  general  for  J/^,  these  numbers 
have  as  exact  values  as  have  integers  and  fractions. 
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Consider  the  following  examples : 

It  is  proved  in  Geometry  that  the  hypothenuse  of 
a  right  triangle  is  equal  to  the  square  root  of  the 
sum  of  the  squares  of  its  sides.  If,  therefore,  the 
sides  of  a  right  triangle  be  equal,  and  each  be  1  inch 
say,  the  hypothenuse  will  be  yft  inches  (Fig.  12). 
Now  the  length  of  the  hypothenuse  is  just  as  exact 
and  definite  as  the  length  of  either  side,  and  yet  it 
can  be  expressed  only  by  y^  (1  inch  being  taken  as 
Fig.  \2,  ^*^®  '^^^  ®^  length).    Therefore  yft  is  just  as  definite 

and  exact  as  is  1. 
Again,  y^  x  v^  =  2,  by  the  definition  of  a  root.  Now  no  approximate 
value  of  Y^  multiplied  by  itself  will  give  exactly  2.  Therefore  the  num- 
ber which  multiplied  by  itself  gives  2  must  have  an  exact  value.  This 
exact  value,  to  be  sure,  cannot  be  expressed  in  terms  of  integers  and 
fractions.  But  when  fractions  were  introduced  it  was  equally  impossible 
to  express  their  values  in  terms  of  numbers  previously  comprised  in  the 
number  system  ;  that  is,  in  terms  of  integers.  Yet  they  were  added  to 
the  number  system. 


numbers : 


6.   In  Art  4  we  found  that  the  X\=^  lies  between  the  two  series  of 

(1) 
(2) 


kx     kx 
10'    10 

^10=*'       '    10^102 

10"' 

*:i  +  1     kx 
10    '10 

*«  +  ! 
lOa    ' 

'"'   10     10« 

^    IC  ' 

wherein  p  =  1,  2,  3,  ...,  < 

30. 

These  two  series  have  the  following  properties : 

(i.)   The  numbers 

10     102  ^ 

^10"' 

loherein  p  =  1,  2, 

3,  •••,  CO, 

of  the  first  series  increase  as  p  increases,  hut  remain  always  less  than  the 
numbers 

*!+*«.+  ...  +  *£_±i,  wherein  p  =  1,  2,  3,  -.  oo, 
10     102  lOJ' 

of  the  second  series;  and  the  numbers  of  the  second  series  decrease  as 
p  increases,  but  remain  always  greater  than  the  numbers  of  the  first 
series.  That  w,  the  numbers  of  the  one  series  more  and  more  nearly 
approach  the  numbers  of  the  other  series,  but  never  meet  them. 

(il.)  The  difference  between  a  number  of  the  one  series  and  the  corre- 
sponding number  of  the  other  series  can  be  made  less  than  any  assigned 
number,  however  small,  by  taking  p  sufficiently  great. 
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7.  Two  series  of  numbers  which  possess  the  properties  (i.)  and  (ii.), 
Art  0,  are  said  to  have  a  common  limit,  which  lies  between  them.  Two 
such  series  therefore  define  the  number  which  is  their  common  limit. 
This  number  is  approached  by  both  series  and  not  reached  by  either. 

&  From  the  nature  of  the  process  by  which  the  series  (1)  and  (2), 
Art  6,  were  derived,  it  follows  that  1  —  is  their  common  limit.  These 
two  series  can  therefore  be  used  to  define  4/— i  ftnd  the  relation 

*i+A  +  ...4.*iL<;/^<*i+_k  +  ...  +  *£±I 

10     W  lOP     \Z>^10     102  ^    iQp 

is  in  subsequent  theory  to  be  understood  as  expressing  this  definition. 

The  two  numbers  between  which  the  J/~  lies  can  be  reduced  to 

a  common  denominator  lOi*.    Let  us  designate  lOr  by  n.    Then  since 

11  m 

these  two  numbers  differ  by  --— ,  =  -,  they  may  be  represented  by  — 
and respectively. 

In  the  theory  which  follows,  we  shall  let 

10      102  lOP     n  ^  J 

*i  +  *«  +  ...  _^A;p  +  l^m  +  l.  ,2) 

10     lOa  lOP  n  ^  ^ 

The  above  definition  may  now  be  expressed  thus : 


^<^n±l.  (I.) 


n 


Irratioiial  Numbers. 

9.  An  Irrational  Nmnber  is  a  number  which  cannot  be  expressed 
either  as  an  integer  or  as  a  fraction,  but  which  can  be  inclosed  between 
two  series  of  fractions  ultimately  differing  from  each  other,  and  therefore 
from  the  inclosed  number,  by  less  than  any  assigned  number  however 

small. 

An  irrational  number,  /,  is  therefore  defined  by  the  relation 


n  n 


wherein  —  and  "*         have  the  properties  (i.)  and  (ii.),  Art.  6. 
n  n 

^•^M  -\/3f  y/h  V^^  wherein  a  is  a  positive  integer  which  is  not  the 
gth  power  of  an  integer. 
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The  exiBtence  of  such  a  number  is  tMwed  upon  the  knowledge  of  how 

fA  fit  *4'  X 

the  fractions  —  and  — -^-—  are  obtained;  that  is,  upon  knowing  the 

»               »                               m          f»  +  1 
yalaesof  the  k's  in  the  ezpreasions  for  which  —  and stand. 

lOl   Whateyer  yaloe  p  and  therefore  —  and ,  may  have,  there 

will  always  be  numbers,  integers   or  fractions,  lying  between  any  two 

numbers'  of  the  series  —  and .    But  no  such  number  can  be 

It  n 

selected  which  will  not  be  passed  by  numbers  of  one  or  the  other  series, 
if  p  be  sufficiently  increased.  Therefore  there  is  no  number  in  the  sys- 
tem defined  so  as  to  include  only  integers  and  fractions,  which  is  greater 
than  every  number  of  the  series  (1.)  and  less  than  every  number  of  the 
series  (2. ) ;  that  is,  which  is  approached  by  both  series  and  not  reached 
by  either.  Since,  however,  these  series  cannot  meet,  we  conclude  that 
there  was  a  gap  between  them  which  could  not  be  filled  by  any  integer  or 
fraction. 

Consequently  by  including  irrational  numbers  in  the  number  system, 
continuity  has  been  introduced  where  before  it  was  lacking. 


Negative  Irratioiial  Numben. 

11.  If  the  fractions  of  the  series  which  define  an  irrational  number 
be  negative,  the  number  thus  defined  is  called  a  NegatiTe  Irrational 
Number. 

Therefore  a  negative  irrational  number  is  defined  by  the  relation 

m     +      1       ^  y^  TO 

<;  —  i  ^ 1 

n  n 

wherein  the  two  series  of  fractions, and ,  have  the  properties 

n  n 

(I.)  and  (ii.),  Art.  6. 

12.  If  /  be  a  positive  irrational  number  defined  by  the  relation 

n  n 

the  negative  irrational  number  defined  by  the  relation 

n  n 

i8  called  its  equal  and  opposite. 

The  absolute  value  of  an  irrational  number  is  its  value  without  regard 
to  quality. 
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The  Fundamental  Operations  with  Irrational  Nombem. 

13.  Addition. — Let  /i  and  7|  be  two  positive  irrational  numbers 
defined  by  the  relations 

5l</,<I?L±i,  (1) 

!?!</,  <!?»±i.  (2) 

If  the  corresi>onding  rational  numbers  of  the  series  which  define  /i  and 
J%  be  added,  we  obtain  the  two  series  of  rational  numbers 

^  +  !?!  and  !?l±i  +  ???±i. 
Hi      n%  »i  lis 

The  numbers  of  these  series  have  the  properties  (i.)  and  (U.),  Art.  6. 

For,  since  -^  increases  as  iii  increases,  and  — ^  increases  as  n«  in- 

creases,  therefore  •— ^  H increases  as  ni  and  n^  increase.    For  a  similar 

fti         fls 

reason,  — ^ 1 decreases  as  tii  and  ns  increase.    And  since 

mi^WMj^  and  gg<^  +  \ 
fii         fii  tii         nt 

therefore  — ^+— ^<  + 


The  difference 


ni      tis         ni  9ts 


/mi  +  1  ^  wia+  1\     /mi  ^  ma\      _.jL^i. 
\     ni  111     /     Vm      nj/         ni     m' 

can  be  made  less  than  any  assigned  number,  however  small.    For  -=-  can 

1  *** 

be  made  less  than  any  assigned  number,  say  4  d ;  and  —  can  be  made  less 

ni 
than  any  assigned  number,  say  }  d.    Therefore,  — | —  can  be  made  less 
than  Jd  +  id,  =  d.  mm 

Therefore,  the  two  series  of  numbers 

Vll^Vh  and  ?*i  ii.  4- 2iiii. 
fix      iH  ^1  nt 

define  a  positive  number  which  lies  between  them.     This  number  is 
defined  as  the  sum  /i  +  Js.    That  is, 

til      n%  m  v^ 

Exactly  similar  reasoning  will  apply  if  either  or  both  of  the  irrational 
numbers  be  negative. 
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Let  /i  be  a  positive  irrational  number  defined  by  the  relation 

ni  ni 

and  —  /s  be  a  negative  irrational  number  defined  by  the  relation 

It  can  be  shown  as  above  that  the  rational  numbers  of  the  series 

mi^/     t>i2  +  n   ^^^  mi  +  1^/     mg\ 
ni      V         nj     /  ni         \     ntJ 

have  the  properties  (i.)  and  (ii.),  Art  6. 

They,  therefore,  define  a  positive  or  negative  number  which  lies 
between  them.    This  number  is  defined  as  the  sum  /i  +  (  —  /t)-    That  is, 

!»i  +  f_!?»L±i)</,+(-/,)<2»L±l  +  (-^V 
ni      \         nj     /  ni         \     nj/ 

The  method  can  evidently  be  extended  to  the  sum  of  three  or  more 
irrational  numbers. 

Similar  reasoning  will  apply  if  one  or  more  of  the  numbers  to  be  added 
be  rational. 

14.  Subtraction.  —  The  following  definition  of  Subtraction  of  irra- 
tional numbers  is  a  natural  extension  of  the  principle  of  subtraction  for 
rational  numbers. 

To  subtract  an  irrational  number  from  a  reUional  or  irrational  number 
is  equivalent  to  adding  an  equal  and  opposite  irrational  number. 


The    AasociatiTe    and    Commutative   Laws  lor  Addition  and 

Subtraction  of  Irrational  Numbers. 

15.   These  fundamental  laws  hold  also  for  irrational  numbers ;  that  is, 

/i  +  /a  =  /«  +  lu 

/iH- /«  +  /»,    =/i+(/a  +  /«)=/iH-(i»H-/»)=etc. 
For,  by  the  definition  of  /i  +  7s, 

Yti      ns  ni  Yif 

and,  by  the  definition  of  /s  +  /i, 

n%     fii  n%  fti 
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ButBince  wj^wi^mi^w,^ 

Ha      111      Hi      Ui 

and  w>2  +  ^  I  ^1  +  1  _  Wi  +  ^  _j.  wt,  +  1 

9t2  111  ni  fif 

therefore  /i  +  /«  =  /j  +  /i. 

The  Associative  Law  can  be  proved  in  a  similar  manner. 

16.   Multiplication.  —  Let  /i  and  7,  be  two  positive  irrational  numbers 

defined  by  the  relations 

!?Li</,<!5L±i,  (1) 

«i  ni 

5><^<5*2_±i.  (2) 

If  the  corresponding  rational  numbers  of  the  series  which  define  /i  and 
I^  be  multiplied,  we  obtain  the  two  series  of  rational  numbers, 

2l .  5h  and  ?!L±i  .  «!l±J:. 

The  numbers  of  these  series  have  the  properties  (i.)  and  (ii.),  Art  6. 

For,  since  — ^  increases  as  ni  increases,  and  —  increases  as  ns  in- 
Wi  -y.  Ha 

creases,  therefore  —  •  — ^  increases  as  n\  and  fit  increase.    For  a  similar 

ni     na 

reafion  *'**"*"     .  *"*  "^     decreases  sa  ni  and  na  Increase.    And  since 
ni  na 

!^<!»L±i  and  g^<^^^ 
ni  Hi  na  na 

mi    r»a^i»i  +  l     ma  +  1 
therefore  —  •  --< 


The  difference 


ni     na         ni  na 


tui+l    ma  +  1     wi  ma    _  mi  -f  1  ^  ma-f  1  _  mi-H    m^     mi  +  1    m^ 

ni  ni         ni  na'   ""      »i  ««  ni        na  ni         na 

mi  mami  +  l/ma-fl     ma\     m^/mi  + 1     mA 

"  ni  na  ~      ni     \     na         na  /      na  \     ni  ni  / 

can  be  made  less  than  any  assigned  number,  however  small. 

For,  since  ^^  "*"     decreases,  it  \b  always  less  than  some  positive  finite 

rational  number,  say  B ;  and  since  ^  <— ^ ,  it  is  also  less  than  some 

positive  finite  rational    number,   say  Hi,     Moreover,  — — -  and 

^        .  na  na 

?iL±i  _  ^  can  each  be  made  less  than  any  assigned  number,  say  d. 
m         ni 
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Therefore  the  given  difference  can  be  made  leas  than  dB-i-dB^ 
=  d(Ii  +  Ri). 

But  d(i2  +  ^i)  can  be  made  less  than  any  assigned  number,  say  d,  by 

taking  d  less  than 


Therefore  the  two  series 

«M    wis       ,  till  -f  1  ^  w>8  -I- 1 
Hi     n^  111  Tis 

define  a  positive  namber  which  lies  between  them.     This  number  is 
defined  as  the  product  /i  •  /s.    That  is, 

wii    wij^y     y^»»i  +  l    i»2+l 

—  •  —  <.  ii  •  ^a  <. • • 

Hi     7ia  til  »> 

The  following  definition  of  multiplication  of  irrational  numbers  is  con- 
sistent with  the  preceding  result. 

Jlie  product  of  two  irrational  numbers  is  the  product  of  their  absolute 
values,  loith  a  sign  determined  by  the  laws  of  signs  for  the  product  of  two 
rational  numbers. 

The  preceding  method  can  evidently  be  extended  to  the  product  of 
three  or  more  irrational  numbers. 

Similar  reasoning  will  apply  if  one  or  more  of  the  numbers  to  be  multi- 
plied be  rational. 

The  Asflooiative,  Commiitative,  and  Distributive  Z«aws  for 
Multiplication  of  Irrational  Numbers. 

17.   These  fimdamental  laws  hold  also  for  irrational  numbers.    That 

is, 

/,/,  =  /,/, ; 

/,/,/,  =  /j( V,)  =  /,(/,/,)  =  etc. ; 

(/,  ±  I,)I,  =  1,1,  ±  /,/,. 

For,  by  definition  of  /i/,, 

and  by  definition  of  J,/,, 

m,    w»,^|.j.^m,-|-l    m,  +  1 
fly     n,  91)  Ui 

But  smce  — ^  — =  =  — i  — I,  and  —^ •  — ? =  —^ —  — —^ — 

Til     Tij      n^     9i|  Hi  n^  n^  iti 

therefore  /,/,  =  /,/p 

The  other  laws  can  be  proved  in  a  similar  manner. 
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!&  Reciprocal  of  an  Irrational  Number.— The  reciprocal  of  the 
nainbers'of  the  Beries  which  define  /  haVe  the  properties  (i.)  and  (ii.), 
Art.  6. 

For,  since,  as  n  increases,  ~  increases  and  ^        decreases,  therefore 

n  ft  ' 

—  decreases  and increases. 

m  TO  +  1 

n  n 

And  since  —  < ,  therefore r<— . 

n  n  m  -f- 1     to 

n         n 

The  difference 

TO  -H  1       TO 

11  n         n 


TO       TO  +  1  TO     TO  -f  1 

n  n  n         n 

can  be  made  less  than  any  assigned  number,  however  small,  by  taking  n 
sufficiently  great. 

For,  since  —  increases,  it  is  always  greater  than  some  positive  finite 

rational  number,  say  B.    And  since  VldiJ.  >  fH^  VLltJ.  is  always  greater 

n         n        n 
than  the  same  positive  finite  rational  number. 

Therefore,  the  difference 


TO 

+  1 

TO       TO+  I 

TO 

n 

«    ^ 

n 
B^ 

n 

TO 

TO 

+  1"^ 

n 

n 

Moreover,      "*"     —  —  can  be  made  less  than  any  assigned  number, 
n         n  ^ 

say  d.    Therefore  the  given  difference  can  be  made  less  than  ~    But 

d 
•^  can  be  made  less  than  any  assigned  number,  say  d,  by  taking  d  less 

B* 
than  B*8. 

Therefore  the  two  series  of  numbers,  — —=■  and  — ,  define  a  positive 

TO  +  i  5* 

n  n 

number  which  lies  between  them.    This  number  is  defined  as  the  recipro- 
cal of /.    Thatis,  — l-7<^<i. 

TO  -I-  1        /       TO 

n  n 
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19.  Diyiflion.  —  Division  by  an  irrational  number  may  be  defined  as 
follows : 

To  divide  any  number  by  an  irrational  number,  not  0,  is  equivalent  to 
miUtiplying  by  the  reciprocal  of  the  irrational  number. 

From  this  definition  it  follows  that  the  fundamental  laws  hold  also  for 
division  of  irrational  numbers. 

20.  It  follows  from  the  preceding  theory  that  the  laws  governing  the 
fundamental  operations  with  irrational  numbers  are  the  same  as  those 
governing  these  operations  with  rational  numbers. 

E.g.,  V2  -(  V3  -  x/S)  =  \/2  -  V3  +  v/fi  ; 

V2  -i-  (  v/3  -*•  y/b)  =  y/2+y/Sxy/b; 

(V2v3)»=(x/2)»(V3)»; 

(V2)»(V2)*=(V2r;  etc. 


CHAPTER  XVIII. 

SURDS. 

1.  In  Ch.  XV.  we  considered  only  roots  whose  radicands  are 
powers  with  exponents  equal  to  or  multiples  of  the  indices  of 
the  roots. 

In  Ch.  XVII.  we  assumed  the  existence  of  roots  of  numbers 
which  are  not  powers  with  exponents  equal  to  or  multiples  of 
the  indices  of  the  required  roots,  and  proved  that  such  roots 
obey  the  fundamental  laws  of  Algebra ;  as  V2  x  ^3=  y/3  x  V^, 
etc. 

Such  roots  were  called  Irrational  Ntunbers ;  as  ■y/2,  ^5. 

Z  A  Radical  is  an  indicated  root  of  a  number  or  expression ; 

as  y/7,  V9>  \^(«  +  &)• 

A  Radical  Expression  is  an  expression  which  contains  radi- 
cals ;  as  2^7,  V»  +  Vy»  V(«  +  V^)- 

A  Surd  is  an  irrational  root  of  a  rational  number ;  as  -y/l,  y/a. 

Observe  that  ^(1  -f  -y/T)  is  not  a  surd,  since  1  -f  'y/7  is  not  a 
rational  number. 

It  is  important  to  notice  the  difference  between  arithmetical 
and  algebraical  irrationality.  Thus,  -y/a  is  algebraically  irra- 
tional; but  if  a  =  4,  then  y/a,  =^4,  =2  is  arithmetically 
rational. 

ClaMiiication  of  Surds. 

3.  A  Quadratic  Surd,  or  a  Surd  of  the  Second  Order,  is  one  with 
index  2 ;  as  ^3,  -y/a, 

A  Cubic  Surd,  or  a  Surd  of  the  Third  Order,  is  one  with  index  3 ; 
as  ^(a  -f  6),  ^7. 

A  Biquadratic  Surd,  or  a  Surd  of  the  Fourth  Order,  is  one  with 
index  4 ;  as  -i/iab),  y/5. 
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A  Simple  Moooiiiial  Surd  Hamber  is  a  single  sard  nambery  or  a 
rational  multiple  of  a  single  surd  number;  as  -y/Sy  2^5. 

A  Simple  Binomial  Surd  Humber  is  the  sum  of  two  simple 
surd  numbers,  or  of  a  rational  number  and  a  simple  surd 
number;  as  ^2  +^3,  3  +  V^- 

4  The  principles  enunciated  in  Ch.  XV.,  and  their  proofs, 
are  such  that  they  hold  also  for  irrational  roots.  £ach  prin- 
ciple will  be  restated  as  occasion  for  its  use  arises  in  this 

chapter. 

As  in  Ch.  XV.,  wtf  shall  limit  the  radicands  to  positive 
values,  and  the  roots  to  principal  roots. 

Bednctioa  of  SurdB. 

5u  A  surd  is  in  its  simplest  form  when  the  radicand  is  in- 
tegral, and  does  not  contain  a  factor  with  an  exponent  equal  to 
or  a  multiple  of  the  index  of  the  root;  as  ^/2,  </(a'&),  ^a- 

A  surd  can  be  reduced  to  its  simplest  form  by  applying  one 
or  more  of  the  following  principles : 

(i )  */a*^  =  a  *  =  fl^        (Ch.  XV.,  §  1,  Art  14.) 

(ii.)  V(«*)=  V^  ^  "v^*     (^^-  ^^-^  §  ^^  ^^'  ^^0 

(^"•)  a/*  "  ^  ^^^'  ^^^  ^  ^'  ^^'  ^^'^ 

(iv.)  In  a  root  of  a  power  (or  a  power  of  a  root)  the  index  of 
the  root  and  the  exponent  of  the  power  may  both  be  muUiplied  or 
divided  by  me  and  the  same  number;  or,  stated  symbolically, 

J^f/»  =  *-^fl*^  and  ^fl''  =  -^0*. 

Let  B  =  ^a'. 

Then  B'  =  (  *^a')'i  by  Ch.  HI. ,  §  3,  Art  6, 

=  o',  by  definition  of  a  root. 
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Therefore  22*»  =  a^,  by  Ch.  III.,  §  3,  Art  6. 

Whence  R  =  ^a^,  by  Ch.  XV.,  §  1,  Art.  12. 

Substituting  ^a'  for  R  in  the  last  equation,  we  have  ^a'  =  ^a^. 
In  a  similar  manner  the  second  part  of  the  principle  can  be  proved. 

The  following  examples  will  illustrate  the  methods  of  re- 
ducing surds  to  their  simplest  forms: 

Ex.  1.   ■y/(a'^b^=:y/(a*b*)Xy/a  =  an^/a. 
Ex.  2.   ^lS=^9x-y/2z=3^y2. 

Ex.  a   ^(a"+^6«"'»-'^  =  -y(a"6"*)xV(«&*)=a^'V(<^&')- 

Observe  that  the  radicand  is  separated  into  two  factors,  one 
of  which  is  a  power  with  the  highest  exponent  which  is  equal 
to  or  a  multiple  of  the  index  of  the  required  root.  The  result 
is  then  obtained  by  multiplying  the  rational  root  of  this  factor 
by  the  irrational  root  of  the  second  factor. 


Ex.  4      /3a'^  V(3a')^  yg^x  ^^a^3 
'   \46«      y(46^         y(46^  2b  ' 


V(4  b^        V(4  b") 

When  the  required  root  of  the  denominator  of  a  fraction 
cannot  be  expressed  rationally,  multiply  both  terms  of  the 
fraction  by  the  expression  of  lowest  degree  which  will  make 
the  denominator  a  power  with  an  exponent  equal  to  the  index 
of  the  root. 


\6*      \    6-  b 

By  (iv.),  a  given  surd  can  frequently  be  reduced  to  an 
equivalent  surd  of  a  lower  order. 

Ex.  a   </(27  a»6«) = ^6«  x  ^(3  a)»  =  6  y/(3  a). 
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BXBBCISB8  I. 

Reduce  each  of  the  following  surds  to  its  simplest  form : 

1.  V32.  a.   ^5.  a  V108.  4;   V^- 

5.   y/(pn).       6.   y/{cfV^,       7.   V(4aV*).       a   y/(bOaa?f), 

12.  V(«***  +  «*0-  13.  -y/idb^c^  -  Vif). 

14.  V(6  -  c)(6»  -  (f).  15.  V(a«  -  1)(1  4-  a). 

la  V(9«"-18a«  +  9a?).  17.  V(4a'^ -8aV  +  4a&»). 

la  ^192.       19.  ^(-lOJ).  aa  </(-a'^.     2L  ^(aV). 

22.  ^(16 aW).         2a  -^(a'ftV).                   24.   ^{-a^'V). 

25.  ^(32a-+^).        2a  </(-54a^-»^V)-        ^'  Vif^"^^- 

2a  V(«*'^"-0-  29.  </729. 

30.  ^(4a«aj8).  31.   ^(a'+"6^+>). 

32.  -^{a}V).  3a   ^(a^-'ft^'^+^c**). 

34.  ^(-a«»6*^).  35.  VCa*""'^)- 

3a  -5/(a"«-^*6*'c»).  37.   V(3  «*"^*''*^*)- 

3a  •^'(a'*-*'+V-*).  39.  -C/(a"+'6- -  a"6-+*).     •'' 

4a  ^(aV  +  a»*.  41.   <^[(-«)T-(-^^aj'. 

«Vi-o-    "VI-     «>S-     ->/¥• 

«N^T  "•>rii^  -VI0-  «vf- 
«^-   -vi-    »V2f6  ~nS-^- 

"nC-^)     •^VCp-^-    •^V'-I^- 
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67.   ^(81  a'),     ea   ^a».  69.   IJ/(4a").      70.  ^^. 

74.   ^(8a»6").  75.   ^(64aV«).  7a  "^(a^-ft"). 

77.  *V(81  «*&*•).  7a  VC^**""""'^")-  79.  ?^(a»-2cuc+aj*)». 

Addition  and  Subtraction  of  Burda. 

6.  Similar  or  Like  Surds  are  rational  multiples  of  one  and 
the  same  simple  monomial  surd,  as  V^^'  =  ^V^'  ^^^  5-^/3. 

7.  The  addition  and  subtraction  of  unlike  surds  can  only  be 
indicated,  as  V^  +  v^5,  V^  -  2^7. 

But  Z2A:6  surds,  or  such  surds  as  can  be  reduced  to  like  surds> 
can  be  united  by  algebraic  addition  into  a  single  like  surd. 

Ex.  1.   V12+2V27-9V48=2V34-6V3-36V3=-28V3, 
Ex.  2.  8</40  +  3</136  -  2^625  =  16^6  +  9</5  -  10^6. 

Ex.  a   V2-Vi+V-02=v2-iV2  +  AV2  =  fV2. 

Ex.  4.   V(<»'^)+2V(a'&0  +  \/(«**) 

=  a  V(a&)  +  2  oft  V(a^)  +  2»  V  W = («  +  ^)  V  W- 


BXBBCI8B8  H. 

Simplify  each  of  the  following  expressions : 
1.   y/24  -  ^6 -{- ^150.  2.  2V8  +  5V72-7V18. 

a   V^  +  2  V24  -  9  V96.  4.  5V3~2V48  +  5V108. 

5.  3  V75  +  4i  V192  -  2f  V12.      a   v2A+V«H-VI- 

7.  4VI-IVA-2V27.  a  2vt+V60-Vls  +  Vf 

9.   v2A  +  V5A-VVt-      10.   VlJ+3V^i~2V8i+3Vl6l. 
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U.  8^48  +  3^162-2^384.       12.  5^54  +  9^250-^686. 
la  21^500  +  1^256  -  3^</32  -  i</108. 

14.  H^J^H  +  3^135  -  2^625  -  </5  +  8^40. 

15.  1.6^1t-2j^l2.8-3f</5f +  4.6^43.2. 

16.  ^40  -  5-^^  +  4-^(-  .625)  -  |^16f 

17.  2v3-Vl2+</9.  la  ^24  +  3^9-6^192. 

19.  V(4a')+V(9a*)  +  V(26a»)-V(81a»). 

20.  V(12a%)  +  V(75a*6)-V(27a«6). 

21.  ^(64aW)+-^(125aV)-^(a«6«). 

22.  ay/(a'^b')  +  V^(€fV^  -  2  aVy/(cPV)  +  V(a"0- 

2a  5 a; V(12 a»)- 2 a V(27 oaj*)- 2 a? V(76a»)+ 00:^(48 a) 

+  4  a  V(108  (j?7F). 

24.  3  2^(260  a^af*)- 5  a?^(128a»^+ 3  a»^(16a»«). 

25.  5a6</(243a%)+3</(72a'^6<)-26</(1125a*6). 
2a  3  a%</(32  a%)  +  5</(108  a*6*)  -  oft ^(500  cfh). 
27.   </(9  a%«)  +  V(27  a»6)  +  5</(729  a^V). 

2a  2^(3ajV)-</(9a^+</(125a?*y)-^(ajy). 

29.  V(9<*  +  27)+8V(4a  +  12). 

30.  V(4<»'  +  4«'^)+V'(4«**  +  4^- 

ai.  7  a? V(26  a  +  75)  -  6  V(9  aj«a  +  27  a?). 

32.  2V(2a:^-V(8«)--V(2a^-4a:«  +  2aj). 

33.  </(a»6*  +  3  6«)+a</(32a»  +  966)-^(a«  +  3a»6). 

34.  V(a«  -  6«)(a  +  6)  +  V(a  -  6)». 


35.   Va»  -  a«6  -  VaJt^-V  -  V(a  +  6)(a*  -  6«). 

aa  3aJ5Lz£-3;rJ?Lll^-2aJ5Lllf +  4a.Jill^. 
\a  +  a  \a  +  a5  \a  +  a;  \a  +  » 
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Redaotton  of  Surds  of  Different  Orders  to  Equiyalent  Surds  of 

the  Same  Order. 

&  Surds  of  different  orders  with  unequal  indices  can  be 
reduced  to  equivalent  surds  of  the  same  order  with  equal 
indices  by  the  principle 

^a^  =*^fl*'y  [Art.  5  (iv.) J 

Ex.   Reduce  -y/Z,  y/2  a,  and  ^5  b  to  equivalent  surds  of  the 
same  order. 
We  have  y/3  =  ^(3)«  =  ^729 ; 

Observe  that  the  L.C.M.  of  the  given  indices  is  taken  as  the 
common  index  of  the  equivalent  surds,  and  that  each  radicand 
is  raised  to  a  power  whose  exponent  is  equal  to  the  quotient  of 
this  L.C.M.  divided  by  the  index  of  the  given  root 

9.  Any  rational  number  can  be  expressed  in  the  form  of  a 
surd  by  writing  under  the  radical  sign  a  power  of  the  number 
whose  exponent  is  equal  to  the  index. 

E.g.,  2  =  V4  =</8  =  ...  =  ^2». 

10.  Two  surds,  or  a  surd  and  a  rational  number,  can  be  com- 
pared by  first  reducing  them  to  equivalent  surds  of  the  same 
order,  and  then  comparing  the  resulting  radicands. 

Ex.  Which  is  greater,  ^2  or  ^3  ? 

We  have  ^2  =  -(/S,  and  ^3  =  ^. 

Since  9  >  8,  therefore  ^9  >  ^8,  or  ^3  >  y/2. 

BXBBCISBS  III. 

Reduce  to  equivalent  surds  of  the  same  order: 

1.   </2,  ^5.  2.   V3,  </6.  3.  </7,  ^0. 

♦•  Vh  ^h  «•  5,  ^10.  6.  6,  ^/4. 

7.   ^2,  </3.  a   ^15,  ^10.  9.  ^(3  aO,  b\ 
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la  </2,  3,  ^5.    14.  v^S  ^>  </c*.  15.  ^a»,  X^6^  •;j/c». 

16,    </(a  +  6),  </(a  -  6).  17.   </(a;  -  y»),  ^(a^  -  y). 

Which  is  the  greater, 

la  2v3  or  3V2?    19.   V^  o^^  ^^^^     ^0.  |^25  or  iV^l? 
21.   ^a*  or  ^a,  when  a  <  1  ?    22.   ^a?*  or  ^af*,  when  a?  >  1  ? 

Which  is  the  greatest, 
23.   y/S,  </5,  or  ^10  ?  24.   ^i,  ^f ,  or  ^ J  ? 

Multiplication  of  Surds. 

11.  Multiplication  of  Monomial  Surds.  — The  product  of  two 
or  more  monomial  surds  is  found  by  applying  the  principle 

^ax^b=  -?/(a6). 

Ex.  1.  6</4  X  2^6  =  10</24  =  20^3. 

Ex.  2.  </(2a*)  X  ^(5a»6«)  x  ^(7a6«)=</(70a«y)=a&^(70a«). 

If  the  surds  are  of  different  orders,  they  should  first  be  re- 
duced to  equivalent  surds  of  the  same  order. 

Ex.  a  V«  X  V^^  =^«'  X  </a*  =  ^/a^  =  a^a, 
Ex.4. 

=  :SJ/(a«6")  =  a'6^(a58). 

Ex.  5.  2^5  x3^20x  Vl0  =  6</5  x</(2«  x  6)x  V(2  x  5) 

=  6^5*  X  ^(2«  X  6»)  X  ^(2«  X  5«) 
=  6^(6^«  X  2'^  =  60^5. 

When  the  radicands  contain  numerical  factors  it  is  fre- 
quently advisable  to  express  them  as  powers  of  the  smallest 
possible  bases,  as  in  Ex.  5.  In  all  cases  the  results  should  be 
reduced  to  equivalent  surds  in  their  simplest  forms. 

It  is  frequently  desirable  to  introduce  the  coefficient  of  a 
surd  under  the  radical  sign. 
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Ex.6.  2V3=V4xV3=Vl2. 

Ex.  7.  3  a^(2  ab) = ^(27  a')  x  </(2  aft) = ^(54  a*6). 

12.  Multiplication  of  Moltinomial  Surd  Numbers.  — The  work 
may  be  arranged  as  in  multiplication  of  rational  multinomials. 

Ex.   Multiply  2  -  3  V^  +  5^6  by  V^  -  V^- 

We  have  2  -  3  V^  +  5  V6 

V2-V3 

2  V2  -6-1-  10V3 
-15V2        -   2V3  +  3V6 

~13V2-6+   8V3  4-3V6 

Observe  that  the  terms  of  each  partial  product  are  simplified, 
and  that  similar  surds  are  then  written  in  the  same  column. 

13.  Conjugate  Surds.  —  Two  binomial  quadratic  surds  which 
differ  only  in  the  sign  of  a  surd  term  are  called  Conjugate  Surds. 

E.g,,  v3  -f  V2  and  ~y3  +  V^;  1  -  V^  and  1  +  V^- 

Either  of  two  conjugate  surds  is  called  the  conjugate  of  the 
other. 

Tfie  product  of  two  conjugate  surds  is  a  rational  number. 

For,    ( Va  +  V^)  ( V«  -V*)  =  ( V«)'  -  ( V^)'  =  a  -  6. 

14.  Type-Forms.  —  Many  products  are  more  easily  obtained 
by  using  the  type-forms  given  in  Ch.  VI.,  §  1. 

Ex.         ( V2  +  V3)'  =  (-y/2y  +  2  V2  X  V3  4-  (V3)" 

=  2 -I-2V6 -f  3  =  5  +  2V6. 

BXBBCISBS  IV. 

Simplify  each  of  the  following  expressions : 
1.  V3  X  V^-  2.  ^27  X  3V18.        a   -2V46  x  4V15. 

4.  4Vf  X  5Vf        5.  V?  X  Vrh'         «•  iVA  x  3 VV- 
7.   </4x^2.  a  2^4x3^16.        9.  2^ff  xi^f 

la   </(a%)  X -^(aft").  11.  ^8x^10. 

2Z  9^54  X  (-3^24).  la   ^(2a'x)x^(4ax)x^(Sa^a^. 
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14.   V2x2^4.  15.  y/^X'^12.  la  ^54x^486. 

17.  vHx^H-       ^  </12x^6.        la  ^f  x^if. 

20.    </Hx^H-  21.    ^^X^H.  22.    </2x^iX^3. 

2a  </54  X  3v6  X  5^2.  24.   v^  x  ^3  x  </6  x  ^/If 

25.   VIO  X  ^1^0  X  \^5^-  26.   ^12x^108x^486. 

27.  </3x^ix^ix^l2.  2a  12^14  X  V2|  X .J/^. 

29.  lJVixi^2x4V6x2V3.       30.  a^^(3af)x3a?^(2ix?), 

SL  3aV(a-2)x2a«^(a  +  2). 

32.  a«%^^"=^  X  a}^</c^(x  -  a)". 
33.   V(«*  +  «)  X  V(a«  +  «>    34.   V(12aJ»-12ir)xV(3«'-3). 
35.  V(^-»)xV(^  +  ^-    36.   V(«^  +  «)  X  V(^  +  ^)- 

37.  v(a*-^x^^J.      aa  v(6«'-6)x^|f^. 

-_    a  —  2x    la*  — 2 ax  o*  — Pas'         lax  — 23? 

a  +  Sxyax  —  Sa?     a»  —  4  aa;  +  4  as*  \  a*  —  3  oas* 

4a  6^(86»-126V  +  663^-»»)x</(46»-46«y  +  6y»)- 

^^  a^  — 88* 3?       I  a» 

V(a^  +  2  a!%  +  4  a»»)     x-2z\a?  +  2iai  +  47?' 

a* - 25 m»  ,/4a'-12am  +  9m'      «/4a»-12ow  +  9TO« 
■  4a»-9m'\o»  +  10om  +  26m»     \         a«  +  5om 

a*-4ay+iy'   jcf+3a*y+9ai/'     a-3y    /o«y+3ay*+9y» 
(^-27j/»     \       ay-2y»  o-2y\       a»-2oy 

44.  (V2-V3  +  V18)V2.         45.  (2Vi  -  2Vi  +  5Vli)  V3- 

46.  (4^9  -  2|^36  +  61^226)  X  2^30. 

47.  (V2+</2+</2)^f  4a  ^^? +^/^y (oa,,). 

49.  (3+V6)(2-V5).  sa  (9  -  7 V13)(6  -  6 V13). 

51.  (13-V6)(7+3V6)-    sa-  (4+V6+V22)(3+2V6-V33). 

53.  (V3i+V2  +  liV3)(V2  +  Vli-4Vi)- 

54,  (5+^4-2^5)(V6+V5)-      M-  (2v3+</2)(2V3-^4). 
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5«.  (V8-6^6)«/9»-2V27). 

57.  (i^  +  </4  -  2 V2)(2^4  - 10 V2). 

sa  (^  -  1  +  i</32  - 1-5/4  +  i V2  -  i</2)(^32  +  4/4). 

Find  the  value  of  each  of  the  following  powers : 

59.  (V7)*.  6a  (2V3)*.  SL  (v*)*. 

62.   (\^)».  63.   (6-^4)».  64.  (v^)'. 

65.  (J\/6a6)»,  66.  (2a-^3b)*.  67.  (^/^/. 

6a  (</3^)«.  69.  0  X  </a!)*.  7a  r^^T 

r^(aOT  /  4/3a£+3^      ',/      n      V 

Find  the  value  of  each  of  the  following  expressions,  without 
performing  the  actual  multiplication: 

73.  ( V5  -  ^lOy.  74.  (i  +  2  V2)^ 

75.  (^8-</2)l  7a  (v6-</40)^ 

77.  ( V3  -  V^)'-  ^  (3  V2  +  4  V3)*. 

79.  ( V6  -  2^2)».  ea  (1  4-  V2  -  V3)'. 

ai-  (i  V3  +  i  V^  -  V10)».      82.  ( V2  +  V3  + 1)'. 

ea  </(6H-2V6)  X  V(3- V^)-  ^4.  (8  -  3V7)  (8  +  3v7). 
85.  ^(2+V12)^(2-Vl2).    86.  </(V23-V7)</(V23+V7). 
87.  (V3-V^+V3-fV5)'.    8a  ( V8  -\-  V39  -  V8  -  V39)'. 
L  (V2a6 -h V3a6)'.  90.  (n  -Vl-w^- 


91.  (VoT^  +  Va -  xy.  92.  {■\/2 a*  +^2 a)». 


93.  (a?  +  2V^^n)«.  94.  (2^W-3VaV)» 

95.   (aVoi -1-2 a V2aa)^ 

97.   (a»  +  a?" -f  flcVa*  -  aj*)(a*  +  «•  -  a? Va«  -  iB»).  • 

9a   [W(a  -I-  b)  -h V(a  -  6)~Vv(a  +  6)-y(^:r6)]«. 

99.   ^a:+f +Vf^)(^  +  |--Al?^} 
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In  each  of  the  following  expressions  introduce  the  coefficient 
under  the  radical  sign : 

100.  7V3.      101.  iV2-  102.  i^4.  103.  |</J/. 

104.  2aVa.  105.  5a?^{3xyy  106.  abJ—-       107.  4a*6^(2a). 

108.  a ^a.     109.  a*6"-^(a6).  110.  a-^V^**"'-  m-  i^y^ipTy''). 
i(V6  - 1) V(6  +  2 V5).  ua  (a  +  i)^^-^^. 

Division  of  Surds. 

15.  Division  of  Monomial  Surds.  —  The  quotient  of  one 
monomial  surd  divided  by  another  is  obtained  by  applying 
the  principle 

If  the  surds  be  of  different  orders,  they  should  first  be 
reduced  to  equivalent  surds  of  the  same  order. 

Ex.  2.  :^  =  ty?=xf-?^  =  i^(432  a). 
^(3  a)      ^(27  a»)      \  27       '^^         ^ 

16.  Division  of  Multinomial  Surd  Numbers. — It  is  better 
to  write  the  quotient  of  one  multinomial  surd  number  by 
another  as  a  fraction,  and  then  to  simplify  this  fraction  by 
the  method  to  be  given  in  Art.  25.  But  if  the  divisor  is  a 
monomial,  the  work  proceeds  as  follows : 

(V72+V32-4)-h2V2  =  ^  +  ^--?^. 

=  3  +  2-V2  =  5-V2- 

17.  Type-Forms.  — Many  quotients  are  more  easily  obtained 
by  using  the  type-forms  given  in  Ch.  VI.,  §  2. 

Ex.  «/a«-4/6«)+(^a-^6)  =  [(^a)»-(^6)*]+(^a-</6) 
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BXBBCIBBS  V. 

Simplify  each  of  the  following  expressions : 
1.  3  V2  -f-  2  V3.  2.  ^eO  +  y/5.  3.  ^99  -*-  V22. 

4.  vi5-*-Vf  5.  vi-*-Vi^-  av2l-*-Vf 

7.  V3^-*-Vf  ^  5-*-V^.  9.  6-i-V3. 

10.  8  -#.  V2-  n.  20  ^  3V10.  12.  18  ^  7V6. 

13.  10-^  </5.  14.  16  -4-^3.  15.  9</7  -4-  2^21. 

16.  2^6  -4-  ^2.  17.  6  V2  -^  </9.  la  ^20  -4-  3^16. 

19.  (4  +  V^  -  ^ V14)  +  2 V2.     20.  (3 VIO  -  4 V15  +  6)-^  V^- 
21.  ( V2  -  3</4)  -«-  ^2.  22.  (^3  -  3^6)  -s-  ^3. 

23.  VoJ-s-^aJ.  24.  ^7? -^-^7?,  25.  -^Jx-i-^x. 

26.  ^a^-8-</ar».  27.  -y/(a^x)^^x.        2a  ^ic«^-nV«. 

29.  V(14a^)-*-v^(28a*y).  30.  ^(15  fl5*y) -s- </(25  ajy^. 

31.  2  a^^n  -7-  6^(4  n).  32.  x  ^-^af-^  -s-  n^af-*. 

33.  (a--y/ab)-^^/a,  34.  (5vyaH-3a?V«)-^«V(15a). 

Simplify  each  of  the  following  expressions,  without  per- 
forming the  actual  division : 

35.  (1  — aj)^-(l— V^)-  ^  (oa?  —  5a;) ■*•  ( V« - V^)- 

39.  (1  -  a? V«)  -s-  (1  -  V^);  *<^-  (« V«  +  ^V^)  "^  ( V«  +  V^)- 

41.  (x^x^y^y)-i'{^x^^yy   42.  (aj^a?+y-^y)-!-(^a?+^y). 

Surd  Factors. 

IS.  The  principles  of  factoring  given  in  Ch.  VIII.  can  be 
applied  to  obtain  irrational  factors. 

Ex.  1.  a  +  V«  =  V^( V^  +  !)• 

Ex.  2.  a  -  6  =  ( V«)'-  ( V^)'=  ( V«  +  V^)  ( V«  -  V^)- 

Ex.  a   </a  -  </6  =  (^a)«-  (^5)>=  (^a  +  ^6)  (^a  -  ^6). 
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Ex.4    a-6=(-^a)»-(^6/ 

In  general,  the  difference  between  any  two  numbers  can  be 
expressed  as  the  difference  of  two  squares,  or  of  two  cubes,  or 
of  two  fourth  powers,  etc.,  and  be  factored  accordingly. 

Ex.5.  «*+ 1  =  a^  + 2a; ■fl-2x 

= (a;+l)«- ( V2^)»=  (x+1  +  V2^)(x+1  -  V2^). 

19.  An  expression  of  the  second  degree  in  a  letter  of 
arrangement,  say  x,  can  be  transformed  into  the  difference 
of  two  squares,  and  hence  be  factored.  This  transformation 
is  effected  by  means  of  the  principle  which  follows : 

From  the  identity 

(mx  -h  n)*  =  mV  -f-  2  mnx  +  w* 
we  infer: 

If  a  trinomial,  arranged  to  descending  powers  of  a  letter,  say 
X,  be  the  square  of  a  binomial,  the  third  term  is  equal  to  the 
square  of  the  quotient  obtained  by  dividing  the  coefficient  of  x  by 
twice  the  square  root  of  the  coefficient  of  t?  ;  that  is. 


\2m) 
Consequently,  if  to  any  binomial  of  the  form  mV  +  2  mnx 

the  term  f--^],  =  n',  be  added,  the  resulting  trinomial  will 
\2m  J 

be  the  square  of  a  binomial. 

This  step  is  called  completing  the  square. 

E.g,,  if  to  9  0?  +  5  X  we  add 

/    5    Y     =?5 
\2xSj'       36' 

we  have  9aj»  +  6x-f||,  =('^^  +  i)' 
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Ex.    Factor  25  «» -f  13  a;  +  1. 

To  transform  26  sc^  +  13  x  + 1   into  the  difference  of  two 
squares,  we  first  complete  25  o^  + 13  a;  to  the  square  of  a 

binomial  by  adding  (J^J,  =1|;  and,  in  order  that  the 

value  of  the  giyen  expression  may  remain  unchanged,  we  also 

169 
subtract  -—  from  it.    We  then  have 

100 
26x«  +  13»4-l  =  25a^  +  13aj  +  ^-i^  +  l 


=(»*+M+BiV«»)(''*+i5-i5^) 


If  the  coefficient  of  a?  in  the  expression  to  be  factored  he  1,  the 
term  to  be  added  to  complete  the  square  is  evidently  the  square  of 
half  the  coefficient  ofx, 

Ex.  1.  Factor  aj*  —  5  a:  —  1. 

We  have        aj«-5a;- 1  =  a^-6a;+(4)«-(|)«-l 

Ex.  2.  Factor  — 3x"  +  4a:yH-2y". 

Since  the  coefficient  of  a^  is  not  the  square  of  a  rational 
number,  the  work  is  simplified  by  first  taking  out  the  factor 
—  3.    We  then  have 

-3««  +  4«y  +  2y»  =  -3(aj«-|ajy-|y»). 

Completing  o^  —  |  a^  to  the  square  of  a  binomial  by  adding 
(I  yy,  =  ^  2^,  to  the  expression  within  the  parentheses^  and  also 
subtracting  ^  y^  from  it,  we  obtain 

-3aj»4-4ajy4-2y«  =  -3(a:»-|a?y  +  |y*--V^3^ 
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This  method  can  of  course  be  applied  when  the  factors  are 
rational,  but  the  methods  given  in  Ch.  VIII.,  §  1,  Arts.  10-14, 
are,  as  a  rule,  to  be  preferred. 

BXBB0ISB8  VI. 

Factor  each  of  the  following  expressions : 

3.  Uy/x  +  Xy/n.  4.  aw  —  y/(an^. 

7.   ^cf-y/V.  a  ay/a-\-by/b. 

a  flcA'ay-ie.  la  a^-\-x^a^, 

11.  a  +  h-2y/(ab).  12.  a+VCcwO  +  j' 

la  a?-2y/(a3?)+a.  14  a' +  a(6  —  l)V^-"&'*- 

15.  4aj«  +  9.  la  26aV  +  l.  17.  36aV-H26aY. 

Besolve  x  —  1  into  two  factors,  one  of  which  is 
la  -y/x  +  l.        19.  -^x^l.        2a  ^a?  +  l.        21.  ^«-l. 

Resolve  ab-\-c  into  two  factors,  one  of  which  is 
22.  -^(ab)A"^c.  23.  </(a6)+</c. 

Factor  each  of  the  following  expressions : 

24.  a^-2aj-ll.  25.  166  +  6  a  -  aj". 

2a  aj»  +  14a;  +  29.  27.  4aj*-4a^-17  3^. 

2a  6aj*-llicy-43/*.  29.  3  +  2aj-llaj*. 

3a  aj»-2ma;-l.  3L  as*  -  2  oa?  +  a*  -  6*. 

32.  aa?  +  bxy  +  cy".  3a  m  V  —  4  wub  +  4  —  nm\ 

Rationalisatloii. 

20.  To  rationalize  a  surd  expression  is  to  free  it  from  irra- 
tional numbers. 

Thus,  ^4  is  rationalized  by  multiplying  it  by  -^2,  since 
^4x{/2=^8  =  2. 
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A  Rationalizing  Factor  for  an  irrational  expression  is  an 
expression  which,  multiplying  the  irrational  expression,  gives 
a  rational  product. 

E.g,,  -^2  is  a  rationalizing  factor  for  -^4,  and  vice  versa, 

21.  A  rationalizing  factor  for  a  monomial  surd  number  is 
easily  determined  by  inspection. 

Ex.  1.  A  rationalizing  factor  for  ^o^  is  ^a*"',  and  vice  versa. 

Ex.  2.  A  rationalizing  factor  for  -y/(a'6)  is  ^(aV),  and  vice 
versa, 

22.  A  rationalizing  factor  for  a  binomial  quadratic  surd  is 
its  conjugate  (Art.  13). 

Ex.1.  (V2-V3)(V2+V3)=2-3  =  -l. 

Either  of  the  given  binomial  surds  is  a  rationalizing  factor 
for  the  other. 

23.  A  rationalizing  factor  for  any  irrational  binomial  can  be  found 
by  reference  to  the  following  identities : 

(jr  -/)(jr«"*  +  jr"-*/  +  ...  +  jiy*»-*  +/'""*)  =  Jr™  -/"»,  (i.) 

for  all  positive  integral  values  of  m ; 

(x  +/)(jr'"~*  -  jr"-*/  + jr/"-l  +/«-«)=jr«  +/",  (ii.) 

for  odd  positive  valaes  of  m ; 

(jr  +/)(Jr"^*  -  Jr*""*/  +  •••  +  ly^-*  -/"-«)=  jr«  -/«         (iii.) 
for  even  positive  valaes  of  m. 
Ex.    Rationalize  ^  +  2^. 

Let  {/2  +  2^  =  X  +  y>  in  (ill.).    Then  we  are  to  find  a  factor  of  the 

form 

(^)-»  -(^)-«(2^)+  ...,  (2) 

such  that  its  prodnct  by  ^  +  2{/3  shall  be  rational ;  that  is,  such  that 
( {/2)«»  -  (2^3)">  shall  be  rational.  Therefore  m  must  be  20,  the  L.C.M. 
of  the  two  indices  6  and  4. 

Notice  that  type-form  (iii.)  is  used  instead  of  (ii.),  since  m,  in  order 
to  be  divisible  by  4,  must  be  even. 
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Snbetitating  20  for  m  in  (2),  we  obtain  the  rationalizing  factor 

(^)W-(^)W(2^3)+.... 
The  product  of  this  factor  by  {/2  +  2  ^3  is 

(^)«>  -(2^)«>  =  2*  -  2«>  X  3». 

24.  Rationalizing  factors  for  a  trinomial  quadratic  surd  can 
be  found  by  reference  to  the  following  identity : 

( Vfl  -  V*  -  V«)  =  «*  +  **  +  <^  -  2  a6  -  2  flc  -  2  6c. 

The  rationalizing  factors  for  any  one  of  the  four  factors  on 
the  left  are  the  other  three. 

E,g.y  V^  ""  V^  +  V^  ^^  *^®  rationalizing  factors 

(V3  +  VS  +  V7)(V3  +  V5-V7)(V3-V5-V7). 

In  rationalizing  numerical  examples,  the  work  is  simplified 
if,  after  multiplying  by  one  of  the  three  rationalizing  factors, 
the  product,  which  is  a  binomial,  be  multiplied  by  its  conju- 
gate.    Thus, 

=  1  -  2  V15. 
Therefore  the  second  rationalizing  factor  is  1  +  2yl5. 

EXBRCISBS  VU. 

Find  the  expressions  which  will  rationalize  the  following : 
1.  v3.        2.  ^4.  3.  ^7.  4.  ^12.  5.  </16. 

6.  y/a,        7.  ^(a6«).    a  ■^(aS'x).    9.  ^(a»6*).    10.  ^(a'6-«). 
11.  — V(a*6").  12.  3H-V2.  13.  2vl4-V3- 

14.  Jy'S-lv^.       15.  1-V3+2V6.        16.  y6  +  V3-V2- 
17.  y(a»-l)-V(a«  +  l).  la  V(«"  +  2^-V(2iPi^). 

19.   ^-^6.  20.  2|/9  +  ^.  21.  V2-^. 

22.  V3  +  {/6.  23.  {/2-^6.  24.    ^  -  y7. 
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Redaction  of  a  Fractloii  with  an  Irrational  Denominator  to  an 
Equivalent  Fraction  with  a  Rational  Denominator. 

25.   Multiply  both  numerator  and  denominator  of  the  given 
fraction  by  the  rationalizing  factor  for  the  denominator. 

Ex.1.  ^2  =  ^x3^  =  3^. 

V3     V3     V3      3 

Ex  3  3^3        ..^S*  +  ^8x-i/5  +  -i/5* 

'    '       2-^6     -^S - -^5     i/S*  +  ^6  X ^5  +  ^5* 

_  3^64  4-  3^40  +  3^25 
(^8)«-(^6)» 

^12  +  6i^|+3^^4^2^5^^26. 

Ex.4. 

V(l4-a;)-fV(l-g)^V(l-fa?)  +  V(l-g)     V(l-t-g)  +  V(l~g) 

V(l+«)-V(l-«)    V(l+«)-V(l-»)    V(H-a:)-i-v(l-«) 

^H-a?4-2V(l-a^+l-a;^l  +  V(l-a^^ 

(1+0?)— (1— a?)  X 

Ex.5. 

3V2-1       ^       3V2-1  2V2~V3-V6 

2V2-V3  +  V^     2V2-V3+V6     2V2-V3-V6 

_  12  -  2 V6  -  5V3  -  2V2     6  -t-  4^6 
6-4V6  5  +  4V6 

^  12  +  38  V6  -  41 V3  -  70^2 
"^  -71 

BXEBCISBB  VIII. 

Change  each  of  the  following  fractions  into  an  equivalent 
fraction  with  a  rational  denominator : 

1.x.  2.x.  a    12  .20 


V2  ^/S  6v'3  3V10 
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.6  ^8  ^10  ^14 


</3  3^4  3</25  2^16 


& 

8 
3</4 

la 

X 

1A 

12 

V*  v'a!*  2v'(2«)  V« 

la        ^      .     14.  -^2_.     ^   V(2m)  +  3n      ^s.  1±^ 
2-y'3  6-V21  V(2»»)-3n  2-V2 

j^  3vg-2V2         ^  oyft  +  ft  Vo         j9  3  g'  -  2  a^iaV) 
■  2-^/5 -Vl8  V«  +  V*  3a  +  2V(aft)' 

„  1 _  12 

20. — rr-  21. 


(VlO-VS-V^)  V6-V10+2 

2-V3  33        3  +  4V3 

1+V2+V3  '  V6+V2-V5 

V(ig'  +  a;)+V(x'-a;)  («'  +  &)- a  VK  +  ft) 

"**•  V(=«'  +  '«')-V(a^-«)  a+V(a'  +  ft) 

(n  +  l)+V(n*-l)  a  +  V(a«-4a) 

^  (n  +  l)-V(n*-iy  o-2  +  V(«'-'*a)" 

^        yg  +  V(a  4-  g)  jg^        jB'  +  pg  +  qr 


Vg  +  V«  +  V(«  +  *) 


«+ 


WF^) 


30.  ^^li^.  31.  -l±i^.  32.  Jli^^. 

^4  +  2  ^6-^  ^a+{/6 

33.    ^(^-^?.  34.    /-^^    .  35.      ^-^ 


Propertias  of  Qtiadratlo  Surds. 

26.  The  product  and  the  quotient  of  two  like  quadratic  surds 
are  rational. 

For   m V*  X  ^^V*  =  mn^a?  =  mnx,  and  ^v^  =  — • 

n-y/x      n 

B.<^.,  3V2  X  6V2  =  15 V4  =  30 ;  5^= 2. 
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27.  If  tJie  product,  or  the  quotient,  of  two  quadratic  surds  be 
rational,  they  must  he  like  surds. 

Let  V^ V^  =  E,2i  rational  number. 

Then  «/«  =  — =  -Vy- 

Since  -y/x  is  a  rational  multiple  of  -y/y,  therefore  -y/x  and  -y/y 
must  be  like  surds. 
In  like  manner  the  principle  can  be  proved  for  the  quotient. 

28.  The  product  and  the  quotient  of  two  unlike  quadnUic 
surds  is  irraiioncU. 

For,  by  Art  27,  whenever  the  product  of  two  quadratic  surds 
is  rational,  they  must  be  like  surds. 


E,g.,  V2V3=V6;    ^=^- 


V3 

29.  A  quadratic  surd  cannot  be  equal  to  the  sum  of  a  rational 
number  and  another  quadratic  surd;  or 

wherein  -^a  and  -y/c  are  surds,  and  b  is  rational. 
For  if  -y/a  =  b'\'^c,  then  a  =  &•  +  c  +  2 b^c. 
Solving  the  last  equation  for  -y/c,  we  obtain 


Vc  = 


2b 


This  equation  asserts  that  -y/c,  an  irrational  number,  is  equal 

I  s 

to  ^  ""     ~  ^,  a  rational  number.    But  that  is  a  contradiction 
2b      ' 

of  terms,  and  therefore  the  hypothesis  -y/a^b  -\-^c  is  un- 
tenable. 

30.  //  fl+V*='+V/»  (1) 

wherein  ^b  and  -y/y  are  surds,  and  a  and  x  are  rational,  then 
a  =  X  and  h  =/. 

For  if  a  ^  0?,  let  a  =  a:  +  m,  wherein  m^O. 

Then  (1)  becomes  a;-|- wi+  ^b^x+  -y/y,  or  m-f-  V^=  V^-    (2) 
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But  by  the  preceding  article  (2)  is  untenable,  unless  m  =  0. 
Therefore  a  =  x,  and  hence  V^— Vy>  ^^  ^  =  y« 

31.  If  v(fl  4- V*)= V'  +  V/>  tlien  V(«  -  V*)=  V'  -  V/- 
From  V(«  +  V^) = V«^  +  Vy» 

we  obtain  a  -f  ^6  =  a;  +  y  +  2^{xy). 

Whence,  by  Art  30,  a  =  a:  -|-  y,  (1) 

and  V^  =  2  V(«y)-  (2) 

Subtracting  (2)  from  (1), 

a-v^  =  «  +  y-2v(ajy).  (3) 

Therefore  y/(a  —  -^5)  =  -y^x  —  ^y. 

Bvolntioii  of  Surd  Bxpressioiift. 

32.  A  root  of  a  monomial  surd  number  is  found  by  applying 
the  principle 

^^a  =  V«-    (Ch.  XV.,  §  1,  Art  17.) 

Ex.1.  </</5=^5. 

It  is  important  to  notice  that  -^-^a  =  W*- 

Ex.  2.  ^^(8aO  =  <^v^(8«^=\/(2aj). 


Simplify  each  of  the  following  expressions : 

1.  ^^a?.  2.   ^</a».  3.  ^^(-aj»). 

4.  ^</(a»aj«).  5.   •^^(a"b'^,  6.  -^(2a^a«). 

7.  -^(aVa).  8.   V^a-  9.  ^/^/(H  «*^*c»)- 

la  2V{2V[2V(2V2)]}.  17.  aVaVJaV[aV(aVa)]l- 

la  2v^7  +  3v-^V7-3^-^7-^VV7- 

19.  VV<^><VV«'><\/V<*'xV\/<*- 
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Square  Roots  of  Simple  Ww^twi^i  Sorcbi. 

33.  Ex.  1.   Find  a  square  root  of  3  4-  2  V^. 

Let  V(3  4-  2  V2) = V«  +  V^-  (1) 

Then,  by  Art.  31,  V(3  -  2  V2) = V»  -  y/V-  (?) 

Multiplying  (1)  by  (2),  V(9  -  8)=  a;  -  y, 
or  a  —  y  =  1.  (3) 

Squaring  (1),   3  +  2  V2  =  «  +  y  4-  2  V(a7) ; 
whence,  by  Art.  30,  as  4-  y  =  3.  (4) 

Solving  (4)  and  (6),  we  have  a;  =  2,  y  =  1. 

Therefore   V(3  +  2 V2) = V^  +  V^  =  V2  4-  L 

This  example  could  have  been  solved  by  inspection.  We 
change  3  4-  2^2  into  the  form 

m  4-  2^(mw)4-  n  =(^m  4- V^)'- 
We  then  have 

V(3  4-  2V2)= V(2  4-  2V2  + 1)  =  V(V2+ 1)'  =  V^  + 1. 
Ex.  2.  Solve,  by  inspection,  V(21  —  3^24). 

We  have         V(21  -  3  V24)  =  V(21  -  2  V64) 

=:V(18-2V64  4-3) 

=  V(V18-V3)' 

=  V18  -  V3  =  3V2  -  V3. 

In  solving  by  inspection^  first  wrUe  the  surd  term  of  the  given 
binomial  surd  in  the  form  2^mn,  as  3-^/24  =  2-y/54. 

Thenfijid  by  inspection  two  numbers  whose  sum  is  equal  to  the 
rational  term  of  the  given  binomial  surd,  and  whose  product  is 
equal  to  mn, 

BXBBOI8B8  X. 

Find  a  square  root  of  each  of  the  following  expressions: 
1.  7  4-V^-  2.  6-V24-  3-  2  4-V3- 

4.  Ii4-V2-  *•  S-y/5.  6.  6  4-Vll- 
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7.  9+V32. 
la  7-f  2V10. 
la  114-4V7. 


a  8-V28. 
14.  30-10V5. 

17.  H-tVio. 


9.  6  +  4V2. 
12.  11-6V2. 
15.  ^4-|V21. 


19.  4a  +  2V(4a«-6*). 

2L  l  +  2aV(l-a*). 

2a  10n*  +  l-6nV(»*+l). 


2a  n-2V(n-l). 

22.  2  a  -  2  V(2  an  -  n«). 

24.  a  — X  — 2y(a  — aj  — 1). 


Roots  of  Multinomial  Surds. 

34.  The  square  and  cube  roots  of  multinomial  surds  can  be 
found  by  the  methods  given  in  Ch.  XV. 

Ex.  1.  Find  the  square  root  of 

(5  -4y5)a«  +  10a*  -  2vl0a  +  10  V2a«+ 2. 

Arranging  the  given  expression  to  descending  powers  of  a^ 
we  have 


10a*-fl0V2a?+(5-4V5)a«-2vl0a+2 
10  a* 

10V2a» 

10V2a»+6a' 


-4V6  a» 

-4  V5  a'-2  yiO  a+2 


ylO  a'-h  V5  g-  ^/2 


2vl0a« 
2vl0a«+V6a 


2Vl0a»+2V5a~V2 


If  the  required  root  be  a  binomial,  it  can  be  found  by 
inspection. 

Ex.  a  Find  the  cube  root  of 

8a  +  150^(aaj^-  60</(a^)- 126«. 
We  have 

^8  a  -  60^(a»aj)  -f  160^(aaj^ - 125  x 

=  ■v^(2</a)«-  3  (2^a)*(5^a?)  +  3  (2^'a)  (^^xy--  (5^xy 
=  ^/(2^a  -  B^xy  =  2</a  -  6^x. 


SURDS. 
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Approadmata  Values  of  Surd  N mnbera. 

3&  The  method  for  finding  an  approximate  value  of  a  surd 
number  given  in  Ch.  XVII.  would  be  too  laborious  for  practi- 
cal use,  and  was  given  for  theoretical  purposes. 

An  approximate  value  of  a  surd  number  can,  however,  be 
found  to  any  degree  of  accuracy  by  the  methods  given  in 
Ch.  XV. 

Ex.  1.  Find  an  approximate  value  of  ^2  correct  to  three 
decimal  places. 
The  work  proceeds  as  follows : 

2.00'00'00'00 
1 


24 


100 

96 

400 

281 

11900 

11296 

604  00 


1.4142 


281 


2824 


2828 


The  work  is  simplified  by  neglecting  the  decimal  point, 
writing  it  only  in  the  result.  Observe  that  it  is  necessary 
to  find  the  root  to  four  decimal  places  in  order  to  determine 
whether  to  take  the  figure  found  in  the  third  place  or  the 
next  greater  figure,  according  to  the  well-known  principle  of 
Arithmetic. 

Ex.  2.  Find  the  value  of  ^(1  —  a;)  to  three  terms. 
The  work  proceeds  as  follows :    * 


1-aj 
1 

—05 


l-ioj-Ja^ 


3xl»=3 

3xl»+3xlx(-ia?)+(-ia?)«=3-aj+ta? 


An  approximate  value  of  a  fractional  surd  is  obtained  most 
simply  by  rationalizing   its   denominator,  then   finding  the 
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required  root  of  the  numerator  of  the  resulting  fraction,  and 
dividing  this  value  by  the  denominator. 

Ex.  3.  Find  an  approximate  value  of  y/^,  correct  to  three 
decimal  places. 

We  have  Vi  =  W^f  and  y/2  =  1.4142 +  .... 

Therefore  y/^  =  .707,  correct  to  three  places  of  decimals. 

BXBBOISB8  XI. 

Find  by  inspection  the  square  root  of  each  of  the  following 
expressions : 

1.  a«-i-2av&4-ft.  2.  4a4-9aj- 12V(a«). 

a  9  4-  6^3  +^9.  4.  ^5  +  2^2  -f  2^80. 

5.  aj"  — 4a;v'a  +  2a?+4a  — 4v'a4-l. 

6.  a''2ay/x-^x  +  2y/(ax)—2xy/a-\'ax. 

Find  by  inspection  the  cube  root  of  each  of  the  following 
expressions : 

7.  Xy/x-^Sy/xSx-l,    a  8aH-150^(aaj»)-60^(a'a?)-125a?. 

9.  144  Va  - 108  a  4-  27  a^a  -  64. 
10.  4  n -h  1271^71*  4- 12  n^n  4- 4  n«. 

U.  8aj»4-66a;*  +  33a?-36aj»V«-63ajVaJ-9V«  +  l- 

Find  an  approximate  value  of  each  of  the  following  expres- 
sions, correct  to  four  figures : 

12.  V8.  la  i^y2.5,  14.  y/2.  15.  ivi-2^- 

16.  V345.06.  17.  Vl^862.321.  la  V^^.OOOl. 

19.  -4 .  aa  X.  21^  -     ^ 


y/5  V^  2V4  V75 

aa  1±^.  24.  1±2^.  as.       V^^     . 

Find  an  approximate  value  of  each  of  the  following  expres- 
sions, to  include  four  terms : 

26,  V(l-«)-  27.  V(a*H-^-        2B,  -^(x^-xy  +  f). 

29.  ^(l4-a5^.  30.  ^(a»-6»).        SL  ^{a^^a^y-^-xy'-k-j/^. 


V 
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CHAPTER   XIX. 

IMAaiNARY  AND  COMPLEX  NX7MBER8. 

1.  Since  even  powers  of  both  positive  and  negative  num- 
bers are  positivey  even  roots  of  negative  numbers  cannot  be 
expressed  in  terms  of  numbers  as  yet  comprised  in  the  num- 
ber system. 

E.g.y  since  (±  4)*=  16,  the  ^—16  cannot  be  expressed  as  a 
positive  or  as  a  negative  number. 

It  is  therefore  necessary  either  to  exclude  such  roots  from 
our  consideration  or  to  again  enlarge  our  ideas  of  number. 
The  latter  alternative  is  in  accordance  with  the  generalizing 
spirit  of  Algebra. 

We  therefore  assume  that  V~  ^  ^^^  *^  general  ^—a,  are 
numbers,  and  include  them  in  the  number  system, 

2.  These  new  numbers  are  defined  by  the  relations 

{■y/—  1)*  =  —  1,  and  in  general  (V—  ^)**  =  —  a. 

•    Imaginary  Nnmbera. 

3.  The  square  root  of  a  negative  number  is  called  an  Imagi- 
nary Number ;  as  V""  ^>  V""  ^' 

*The  study  of  these  numbers  is  simplified  by  first  considering 
the  properties  of  V"~^>  which  is  taken  as  the  Imaginary  Unit.* 
This  new  unit  is  commonly  designated  by  the  letter  i,  and  its 
opposite  by  —  i. 

*  The  designation,  imaginary^  is  unfortunate,  since,  as  will  be  shown 
in  Pait  II.,  sach  numbers  are  no  more  imaginary  (in  the  ordinary  mean- 
ing of  the  word)  than  common  fractions  or  negative  numbers.  Dr. 
George  Bruce  Halsted,  Professor  of  Mathematics  in  the  University  of 
Texa^,  has  suggested  Neomon  for  the  imaginary  unit,  and  Neomonic  for 
imaginary. 
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We  then  have  by  definition 

(±f)»=-i. 

For  the  sake  of  distinction  all  numbers,  rational  and  irra- 
tionaly  which  have  been  used  hitherto  in  this  book  are  called 
Real  Numbers. 

4.  Multiples  and  Fractional  Parts  of  the  Imaginary  Unit.  — 

Just  as  multiples  and  fractional  parts  of  the  real  units  1  and 
—  1  are  numbers,  so  we  assume  that  multiples  and  fractional 
parts  of  the  new  unit  i,  and  of  its  opposite  —  i,  are  numbers. 

E,g,,  just  as  3  =  1-1-1  +  1, 

so      3V-l=V"l+V-l4-V-l>  or  3t  =  i4-t  +  *; 
just  as  — 3  =  —  1  —  1  —  1, 

80  _3V-1=-V-1-V-1-V-1>  0^  -3»=-t-»-i; 
justas  |  =  ^  +  J, 

BoiV-l=^  +  ^,orit=|  +  l 

&  Two  or  more  multiples  or  fractions  of  the  imaginary 
unit  can  be  united  by  addition  or  subtraction  into  a  single 
multiple  or  fraction  of  that  unit. 

E.g.,  3V-1+2V-1  =  5V-1»  or  3*-|-2t  =  5t; 

6V-1-8V-1  =  -2V-1,  or  6i-8t  =  -2i; 
iV-H-|V-l  =  HV-l.  or  ii  +  f  i  =  lii; 
a^-l  +  b^'-l=(a-{-b)^-l,  or  ai-f  W=(a-|-6)i. 

6.  Multiplication  by  /.  — It  is  necessary  to  extend  the  meaning 
of  multiplication  to  include  the  case  in  which  the  multiplfer 
is  the  imaginary  unit.  We  therefore  define  multiplication, 
when  the  multiplier  is  the  imaginary  unit,  by  assuming  that 
the  Commutative  Law  holds,  that  is,  by  the  relation 

V—  1  X  a  =  aV""  h  or  ia  =  a/. 

E.g.,  i2  =  2t  =  i-|-i. 

That  is,  t  is  used  like  a  real  factor. 

Observe  that  the  multiplier  is  here  written  on  the  left  of 
the  multiplicand. 
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7.  The  following  particular  cases  of  Art.  6  deserve  special 
mention : 

t  •!  =  1  -i  =  t; 

1.0  =  0.1  =  0. 

8.  It  follows  directly  from  Arts.  5  and  6  that  the  Distribu- 
tive and  Associative  Laws  hold  when  the  imaginary  unit  is  a 
factor  of  the  product. 

E.g,y        (a  ±  h)i  =  ai  ±  hi ;  aibi  =  abii  =  abf. 

9.  Diyision  by  /.  —  It  follows  from  the  definition  of  division 


But  a  X  I  =  ai. 


that  -7-  is  a  number  which  multiplied  by  %  gives  ai. 


Therefore  ^  =  ff. 

/ 

Observe  again  that  i  is  used  like  a  real  factor. 

10.  We  now  have,  in  addition  to  the  double  series  of  real 
numbers,  the  double  series  of  imaginary  numbers : 

••• — 3 1,  — 2  ij  — if  0,  ij  2  iy  3t,  •••. 

Between  any  two  consecutive  numbers  of  this  series  there  are 
fractional  and  irrational  multiples  of  i.  Thus,  between  t  and 
2 1  lie  f  t,  V2  h  etc. 

IL  Powers  of  /.  —  The  following  values  of  the  positive 
integral  powers  of  -y/—  1  or  i  follow  directly  from  the  defini- 
tion of  i  and  Art.  8 : 

V— 1=V"~^>  or  i  =», 

(V-i)*=-i,  t^  —  1, 

(V-  !)•= (V-  mv- 1)  =  - V- 1,    i' = f" 

(V-  i)'=(V-  i)XV- 1)  = + V- 1,     »"  =  *^ 

(V-  1/=(V-  i)\V- 1)*=  +  1,  i»  =  i* 


-«-••«-»  =-{, 


f» — 1, 


etc.  etc 
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The  preceding  results  give  the  following  properties  of 
powers  of  t: 

(a)  AH  even  poioers  of  i  are  real. 

(1)  If  the  exponent  of  the  power  of  i  he  exactly  divisible  by  A, 
the  power  is  equal  to  +1. 

(2)  If  the  exponent  of  the  power  of  i  be  exactly  divisible  by  2 
only,  and  not  by  4,  the  power  is  equal  to  —  1. 

(6)   All  odd  powers  of  i  are  imaginary. 

0)  If  the  exponent  of  the  power  be  one  greater  than  a  muUipile 
of  4,  the  power  is  equal  to  +  i. 

(2)  If  the  exponent  of  the  power  be  one  less  than  a  multiple 
of  4,  tlie  power  is  equal  to  —  i. 

That  is,  if  n  be  any  positive  integer, 

♦^  =  +  1,  ***+•  =  -.  1,  i«*+»  =  +  f,  i^-i  =  -i. 

12.  Since 

(V-a)*  =  -a,  and  (V^  XV-1)*= (V«)'(V- !)"  =  -«> 
we  have  (V—  «)*  =  (V^  x  V~  !)"• 

Whence  •y/—a=-y/ax^—l. 

E.g.y  V-  9  =  V^  X  V- 1  =  3V- 1- 

13.  Addition  of  Imaginary  Numbers,  —  Imaginary  numbers 
are  united  by  addition  and  subtraction  just  as  real  numbers  are 
united. 

Ex.  1.  V-^+V-l^  =  3V-l  +  ^V-l  =  7V-l  =  7f. 

Ex.  2.  4V-5-10V-5  +  3V-5  =  -3V-6 

=  -  3  V6  V- 1  =  3  V5  »• 

Ex.  a  V(-l-2a-a^-V-^=(H-«)V-l-«V-l 
Ex.  4.  t"-|-t"  =  i-h(-i)==^- 

14.  Multiplication  of  Imaginary  Numbers. — The  following 
principles  enable  us  to  simplify  a  product  of  imaginary 
factors: 

V-  «  X  V* = V(«*)  X  V  - 1  =  V(-  «*); 
V-«xv-4  =  -  V(«*)- 
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Fop  V—  a  X  V*  =  V« V"  ^ V^  =  V^ V^V—  ^ 
and   V-  «  X  V-  ^  =  V«V- 1  X  V^V- 1  =  V«V^(v  - 1)' 

— vw- 

Ex.1.   V-9xVl6  =  3V-l  x4  =  12V-l  =  12i. 
Ex.  i   y-2xV-S  =  -Vi6  =  -'*- 

Ex.  a  v-6xV-l0xV-l5=V^xVl0xVl5x(V-l)' 

1&  Division  of  Imaginary  Kombers. — The  following  princi- 
ples enable  us  to  simplify  quotients  which  involve  imaginary 
numbers : 

y-6    yftxy-i    y6x(y-i)»      \b    ^      ' 

and  y-g^yay-l^:y^       /g. 

y-6    yfty-i    y6    \6 
Ex.  1.      3^=^xy-i  =  2y-i  =  2<. 

^-^    yri=(^=^=-v-i=-'-- 


I. 

Simplify  each  of  the  following  expressions : 

1.  2V-9-3V-25.  a.  7 V- 81  +  5 V- 144. 

a  -  6V- 4 -h  5 V- 36.  4.  2V-12-3V-27. 

5.  8V-76+V-147.  e.   -.5V-8-3V-32. 

7.  5V-20-3V-45-}-2V-180. 
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10.  2V-a*  +  5V(-9a')-3V(-16a«). 

12.   y(-aV)H-V(-a'-&'-2a6).       13.   y'-(a;-y)«+y'-y». 

!*•  v[-(n-«^)V]+v[-a-«^)V]-v-(^-y)'-v(-42^) 

15.  V3V-3-        1^  V^'V-l^-       ^^-  v-l^-V2- 
la  V32-V-2.       19.  v-^-V-2.    2a  v-^v-^- 

21.    V— ^'V— 1^-     22.    V— '^•V— i^- 

2a    ^^-2.  V-6.  V-24.         24.   ^-3.  V-27.  V-18. 

25.   ^_5.V-20.V8.  26.   V^-V-12.V-3. 

27.  v-l^-Vl^-V2-  2a  v-7- v-i^- V-^2. 

29.  v~"^*V"~^*   ^-  V~"^'V""y**    ^^  v~'^'V'~^- 
32.  v-<*  •  V(--<»^)-  3a  v(3  «*)  •  V-  3. 

34.  v(-  ^  «)  •  V(«^)- 

35.  v(-  «'^)  •  V(-  «^  •  V(-  oft")- 

37.    V(-  ^*^')  •  V(—  '^^')  •  V(--  '^^^^  •  y/(—lvihi). 

3a  (v-3  +  v-2)(V-3+v-5). 

39.   (V-3+V-8)(V-6-V-l)- 
*0.   (V-7  +  2V-9)(V-7-2V-9). 

CL  (3V-5H-4V-6)(2V-5-3V-6). 
42.  (y'-a  +  V-^XV-a-V-^)- 

4a  [v-(a  +  6)-i-v-&][V-(«  +  «>)-V-^]- 

44.  [V(-  a»60  + V(-  a'*')][V(-  a'&O- V(-"  a'^")]- 

45.  v-^-      *^  (V-«^)*-       *^-  V-^*'      *®-  (V-«)*- 
49.  v(i  -  «)  •  V(*  -  !)•     *^  V(«  -  ^)  •  V(^  -  «)•     *^  **• 

5a   i*'.  5a   i«.  54.   »'«*.  55.   i*-ht". 

5a  i«-i«.      57.  »«-t«.      5a  (V-«r-    ^^-  (V-^y""- 

60.   (-aV-ar.      a-    V~27-!-V-3.    62.    y-8-t-V-2. 
ea   ^-6-«.V-3.    64.  5V-35H-2V7.    65.  6V-18-S-3V9. 
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69.  v«'-*-V-«-  ^-  (V-6+V-S)-*-V-2. 

71.   (^-.12-Vl8)  +  V-3. 
72.   i-  7a   i.  74.    -•  75.   4' 


76.   — i-;-  77.    --:^.  7a   — ^. 

Complez  Nnmbars. 

16.  A  Complex  Number  is  the  algebraic  sum  of  a  real  and  an 
imaginary  number ;  as,  3  ±  2  i. 

The  general  form  of  a  complex  number  is  evidently  a  +  biy 
wherein  a  and  b  are  real  numbers. 
When  6  =  0,  we  have  any  real  number. 
When  a  =  0,  we  have  any  imaginary  number. 

17.  Two  complex  numbers  which  differ  only  in  the  sign  of 
their  imaginary  terms  are  called  Conjugate  Complex  Numbers ; 
as,2-3iand2  +  3t. 

18.  Two  complex  numbers  are  said  to  be  equal  when  the  real 
term  of  one  is  equal  to  the  reed  term  of  the  other,  and  the  imagi- 
nary term  of  one  is  equal  to  the  imaginary  term  of  the  other; 
as,  2  +  3  I  =  2  +  3 1. 

That  is,  if  a  +  W  =  c  -|-  dt, 

then  a  =  c,  and  bi  =  di,  or  b  =  d. 

Observe  that  the  preceding  statement  is  a  definition  of  the 
meaning  of  the  sign  of  equality  between  two  complex  numbers. 

19.  From  the  preceding  article  it  follows  that,  ifa  +  bi=:0 
=  0  +  Oi,  then  a  =  0,  5  =  0. 

20.  Addition  and  Subtraction  of  Complex  Numbers.  — The  fol- 
lowing definition  of  Addition  and  Subtraction  of  Complex 
Numbers  is  a  natural  extension  of  the  definition  of  these 
operations  for  real  numbers : 
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7}u}0  complex  numbers  are  added  or  subtra-cted  by  adding  or 
subtracting  the  real  parts  by  themselves  and  the  imaginary  parts 
by  themselves, 

E,g,,      (2  4-3t)-h(-6-i-6i)=(2-5)+(3i  +  6t) 

=  -3  +  9t. 

In  general     (a  -f  bi)±  (c  +  dt)  =  (a  ±  c)  -f(6  ±  d)t. 


The  Commutatiye  and  Associative  Laws  hold  for  alge- 
braic addition  of  complex  numbers. 

This  principle  follows  immediately  from  the  definition  of 
addition  and  subtraction. 

That  is,    (a  +  bi)  +  (c  4-  ^0  =  (c  4-  dt)  +  (a  +  6t); 

(a  +  60  +  (c  +  di)  +  (e4-^)  =  (a  +  &i)  +  [(e+>f)  +  (<54-di)] 

=  etc. 

22.  The  sum  or  difference  of  two  complex  numbers  is,  in 
general,  a  complex  number. 

^.^.,  (2  +  3i)-h(-4  +  2i)==(2-4)  +  (3  +  2)t 

=  -2+5*. 

But  the  sum  of  two  conjugate  complex  numbers  is  real. 

E,g.y       (2  H-  3 1)  +  (2  -  3i)  =  4 

23.  Multiplication  of  Complex  Numbers. — We  define  multi- 
plication by  a  complex  number  by  assuming  that  the  Distribu- 
tive Law  holds ;  that  is,  by  the  relation 

(a  +  bi)  (C'\-d%)=zaC'\-  bci  H-  adi  +  bd? 

=  (oc  —  6(i)  -f  (pc  -f  od)i. 

24.  The  Commutative,  Associative,  and  Distributive  Laws 
hold  for  multiplication  of  complex  numbers. 

This  principle  follows  immediately  from  the  definition  of 
multiplication. 

That  is,        (a  +  bi)(c  +  di)  =  (c  +  di)(a  +  W); 

(a  +  bi)(c  +  di){e  -h^  ==  (a  +  &»)[(« +^  («  +  *)]  =  «*<5- 

2&  The  product  of  two  complex  numbers  is,  in  general,  a 
complex  number. 
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E.g.y      (2  +  3»)(-4  4-2i)  =  -8-h4t-12»-6 

=  -.14-8*. 

But  the  product  of  two  conjugate  complex  numbers  is  real 
and  positive. 

^.Sr.,  (-2  +  3t)(-2-3i)  =  (-2)«-(3i)» 

=  4  +  9  =  13. 

In  general,  (a  -h  b%)  (a  —  bi)  =  a'  —  (6t)' 

26.  The  square  of  a  complex  number  is  a  complex  number. 
E,g.,  (2  +  3V- 1)"  =  4  +  12V- 1  +  (3V- 1)* 

=  4  + 12V- 1-9 

=  - 5  +  12V- 1  =  -  5  +  12i. 

But  the  cube  of  a  complex  number  is  sometimes  real. 

^.^.,  (-i±iV-3)«  =  -i±|V-3  +  fTfV-3 

=  1. 

From  these  results  we  see  that  ^1  has  three  values, 

i>-i  +  W~3, -i-w-3. 

27.  If  the  sum  of  the  squares  of  two  real  nwmJbers  he  0,  eodi 
of  the  numbers  is  0 ;  that  is,  if  a*  +  6*  =  0,  then  a  =  0,  6  =  0, 
wherein  a  and  b  are  real  numbers. 

For,  from  a*  +  6*  =  0, 

we  have  a*  =  —  V, 

or  a  =  6  V"~  1- 

But  by  hypothesis  a  is  real,  and  therefore  cannot  be  equal 
to  the  imaginary  number  6V~"  1>  sinless  a  and  b  be  both  0. 

28i  A  product  of  two  complex  numbers  is  0  when,  and  only 
wheuy  a  factor  is  0. 

From  (a  +  b%)  (c  +  di)  =  0, 

we  have  (ac  —  6d)  +  (6c  +  ad)  *  =  0  =  0  +  0  *. 

Therefore,  by  Art.  19, 

ac  —  6d  =  0,  and  6c  -f  ad  =  0. 
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Whence  (ac  —  bd)*  -f  (ftc  +  adf  =  0, 

or  (a*  +  &*)(c"  +  cP)  =  0. 

Consequently,  by  Ch.  III.,  §  3,  Art.  20,  either 

a*+&«  =  0,  orc«-|-cP  =  0. 

But  if  a*  +  6*  =  0,  then  by  the  preceding  article  a  =  0, 6  =  0, 
and  therefore  a  -f  W  =  0.  And  if  c*  4-  cP  =  0,  then  c  =  0,  d  =  0, 
and  hence  c  +  dt  =  0. 

29.  Diyision  of  Complex  Nttmbers.  —  The  quotient  of  one 
complex  number  by  another  is  a  complex  number. 

For  a  +  bi^(a-^bt)(c-di) 

c  -f  di     (c  +  d%)(c  —  di) 

^(ac  +  M)4-(fec  — a(f)i 

_  ac  +  hd  ,  be  — ad  ^  . 
""  c*  +  (P       c'  +  eP  '  • 

3CX  It  follows  from  the  preceding  article  that  a  fraction 
whose  denominator  is  a  complex  number  can  be  expressed  as 
a  complex  number  by  multiplying  both  nimierator  and  denom- 
inator by  the  conjugate  of  the  denominator. 

Ex.  1. 

l4,^-,2^(l4-V-2)(-2V-3)^-2V-3-h2V6 
2V-3         (2V-3)(-2v~3)  12 

Notice  that  it  was  necessary  in  the  last  example  to  multiply 
numerator  and  denominator  only  by  —  V~  3. 

l+^-2_(l+V-2)(-V-3)_-V-3+V6 
2V-3         (2V-3)(-V-3)  6 

=  iV6~iV-3. 
Ex.  2. 


2-V- 


2+V-3     (2+V-3)(2-V-3) 


i^=?=Vr:2=,-tV-3. 
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Ex  3     2-V^5   ^   (2-V-5)(V24-V-3) 
•  ^2-V-3     (V2-V-3)(v2+V-3) 

^2V2+Vl5-V-10  +  2V~-3 

2  +  3 

_2V2  4-V15  J  -~V10  4-2V3    ,     ^^ 
5  5 

Complex  Factors. 

31.  Any  quadratic  expression  which  is  the  product  of  two 
complex  factors  can  be  resolved  into  these  factors  by  the 
method  used  to  resolve  a  quadratic  expression  into  irrational 
factors. 

Ex.    Factor  a*  —  2  a?  +  3. 

Completing  ^  —  2  a;  to  the  square  of  a  binomial  in  x,  we  have 

«"-2aj-f3  =  iB*-2ajH-l-l  +  3 
=(aj-l)«-(V-2)> 
=(aj  -  1  +  V-  2)(a?  -  1  -  V-2). 

Square  Root  of  a  Complex  Number. 

32.  If  ^/(a  +  bi)=^x  +  i^y, 
then  'y/(a  —  bi)  =  -y/x  —  i^y. 

For,  from        V(^  +  ^0  =  V^  +  *Vy> 
we  have  a  -h  6i  =  a?  —  y  +  2^(xy)  •  i. 

Therefore,  by  Art.  18,  a  =  a5  —  y, 
and  b  =  2^  (try). 

Consequently,      a  —  6i  =  a?  —  y  —  2'^(xy)  •  i 

^i-y/x-i^yy. 

Whence  -y^(a  —  bi)  =  -y/x  —  i  v^y. 

33.  The  square  root  of  a  complex  number  can  be  expressed 
as  a  complex  number. 

Assuming      V(13  -  20V-  3)= V»  -  WVy  (1) 

we  have  ^(IS  +  20V-  3) = V«  +  WV-  (2) 
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47.  — ^ •  4a 4a  — 

1+V~2  2-V-3  3  +  2^6'i 

50.  -^5~.  «L ^ sa       ^V^ 

2  +  3i  3-5V-1  3-5V-8 

53.   |±|:^.*  54.   ;  +  tV-f  55.    V^-V-^ 

2-3V-1  4-3V-6  ^+3^-6 

2  +  iV6-»  (1  +  tr  i»-y 

59.  ? Ga       ^Q+V~g 

V2  -  V-  2  -  2  V- 1  1  -  V-  3  +  V-  ^ 

Factor  each  of  the  following  expressions : 
eL  a-^h.  ez  a^  +  y'.  6aaj  +  l. 

64.  aj"-6a?  +  29.         65.  iB« -f  4 a;  +  67.  66.  a5*-14a?+61. 

67.  aj"  +  10a?-f-97.       6a  3  »" -h  5  a:  +  28.       69.  6  aj*  —  6  a: -f- 2. 
70.  4iB*  +  4a?y  +  3y*.   71.  16a^-Sxy -{-5f. 

Find  the  square  root  of  each  of  the  following  expressions : 
7a  l+v-3.  7a  6— v-11-  74.  3  +  4t. 

75.    -3  +  4*.  7a   8-V-17.  77.    -2  +  4V-6. 

7a   -15+3 V-11-     7a  2a-\-a^/-5.        80  3n-nV-7. 

Make  the  indicated  substitution  in  each  of  the  following 
expressions,  and  simplify  the  results : 

8L  In  a^-6aj  + 14,  letx^S+^—B. 

02.  Inaj"-16a?  +  92,  let  a?  =  8  -  2 V— 7. 

8a  In3aj"-5aj  +  7,  let  a?  =  2  -  Sy- 2. 

84.  In5a?  +  2aj"-3aj-l,  leta  =  l-2t. 

85.  In -V(4a^  +  4«  +  9),  let  a?  =  - 1(1  ±  4 V- 5). 


Showthat8aj»  +  12»»  +  18aj  +  27  =  [|(-2±V-6)?, 
when  a;  =  — J(1±4V— 6). 
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Simplify  each  of  the  following  expressions : 

87  6 3  V-2  V-t 

•  4_y'_i4     2-V-14  6+V-6     3-V-t 


l  +  »'     4-2»     1-f  o-6»     a  +  W 

o  +  6»'     o  —  W 
«  [>/^-A^]x[v(-»'-6a.-9.^*'-±|i} 


CHAPTER  XX. 

QUADRATIC  EQUATIONS. 

1.  A  Quadratic  Squatioii  is  an  equation  of  the  second  degree 
in  the  unknown  number  or  numbers. 

E.g.,         a*  =  25,  aj*-5a?-|-6=0,  a^  +  2iBy  =  7. 

A  Complete  Quadratic  Equation,  in  one  unknown  number,  is 
one  which  contains  a  term  (or  terms)  in  a:',  a  term  (or  terms) 
in  a?,  and  a  term  (or  terms)  free  from  a?,  as  iB*— 2aa;-t-6=cx— d. 

A  Pure  Quadratic  Equation  is  an  incomplete  quadratic  equa- 
tion which  has  no  term  in  a;,  as  a^  —  9  =  0. 

In  this  chapter  we  shall  consider  quadratic  equations  in 
only  one  unknown  number. 

2.  The  following  example  illustrates  a  principle  of  the 
equivalence  of  a  quadratic  equation  to  two  derived  linear 
equations. 

The  equation  »"  +  6  aj  -h  9  =  16,  (1) 

or  (x  +  3)*  =  16,  (2) 

is  equivalent  to  the  two  equations 

«  +  3  =  4,  (3) 

aj  +  3  =  -4,  (4) 

obtained  by  equating  the  positive  square  root  of  the  first  mem- 
ber in  turn  to  the  positive  and  to  the  negative  square  root  of 
the  second  member. 
For  (1),  or  its  equivalent  (2),  is  equivalent  to 

(a- -f.  3)»  - 16  =  0.  (6) 

610 
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• 
This  equation  is  equivalent  to 

aj  +  3-4  =  0  an(iaj-h3  +  4  =  0 

jointly.    But  the  latter  equations  are  equivalent  to 

«  +  3  =  4,  (3) 

oj  +  3  =  -  4.  (4) 

Equations  (3)  and  (4)  are  usually  written 

«  +  3  =  ±  4. 

In  general,  if  the  positive  square  root  of  the  first  member  of 
an  equation  he  equated  in  turn  to  the  positive  and  to  the  negative 
square  root  of  the  second  member j  these  two  derived  equations 
are  jointly  equivalent  to  the  given  equation. 

For,  the  equation  M=  N  (1) 

is  equivalent  to  M--  N=0;  (2) 

that  ia,  to  (  y/At  +  ^iV)  (  y/M  -  y/N)  =  0.  (3) 

The  last  equation  is  equivalent  to 

y/M-'y/N=0    md     y/M+  ^^  =  ^  C^) 

jointly ;  that  is,  to  y/M  =  ±  y/H,  (6) 

Pure  Quadratlo  Squattonji. 

3.  Any  pure  quadratic  equation  can  be  reduced  to  the  form 
aj*  =  m.    From  this  equation  we  obtain  a?  =  ±  y/m,  by  Art  2. 

Ex.   Solve  the  equation  (2  «  —  5)(2  a?  -f  6)  =  11. 
Simplifying,  aj*  =  9 ; 

whence  a;  =  ^  3. 

BXBB0I8B8  I. 

Solve  each  of  the  following  equations : 

1.  aj*  =  289.  2.aj«  =  2809.  a  a?"  =  3.61. 

4.  aj«  =  63.29.  5.  I  aj«  =  1636.  6.  | «« =  1479.2. 

7.  9a?-36  =  6aj*.  a  7aj«-8  =  9a^  - 10. 

9.  (3a?-4)(3a;  +  4)=66.        la  (7  +  «)* -f  (7 - «)» =  130. 

11.  (3aJ-6)«  +  (3aj  +  6)«  =  122. 
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12.  (2  a:  -  3)(3  x  -  4) -(«  -  13)(aj  -  4)= 40. 

13.  (5x-7)(3aj  +  8)-(«-10)(9-«)=1634. 

14.    f±  -j_  ^\(5i  —  *\/'9  _  ^\  —  /«  -i_  9\/'/i.  _L.  5l\/'«  _-  it\  -^ 

15. 
16. 

la  aa*+6  =  5aj»-f 

Bolution  by  Factoring. 

4.  The  principle  on  which  the  solution  of  an  equation  by 
factoring  depends  was  proved  in  Ch.  VIII.,  §  4,  Art.  1.  The 
methods  given  in  Ch.  VIII.,  §  1,  Arts.  10-14,  Ch.  XVIIL, 
Art.  19,  and  Ch.  XIX.,  Art.  31,  enable  us  to  factor  any 
quadratic  expression.  The  roots  of  the  given  quadratic  equa- 
tion are  the  roots  of  the  equations  obtained  by  equating  to 
0  each  of  its  factors. 

Ex.  1.  Solve  the  equation  4  (a?  -  f )•  =  6  oj  +  20. 

Eeducing  the  first  member, 

4aj«-12a:  +  9  =  6a:  +  20. 
Transferring  and  uniting  terms, 

4a:»- 18  a:- 11=0. 
Factoring  first  member, 

4(a^-*  +  fV5)(^-f-fV^=0. 
Equating  each  factor  to  0,      a:  —  f  -f  f  ^6  =  0, 

a?  _  J  -  J^5  =  0. 
Whence        a?  =  |  -  \^b,  and  a  =  }  -f-  f  V^- 

Ex.  2.   Solve  the  equation  4  mV  -f-  4  mhi  +  1=4  mx. 
Transferring  terms,  4  mV  —  4  mx  -f  1  +  4  mhi  =  0, 
or  (2  ma;  -  1)«  -(2  my/-  n)"  =  0. 

Equating  to  0  the  factors  of  the  first  member, 

2maj— .l  +  2mV— n  =  0, 

2  mx  —  1  —  2  m^/—  n  =  0. 

Whence  xss- V"""*  *^^  *  =  s — HV^** 
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Solve  each  of  the  following  equations : 
1.  a?-7iB  =  4a?.  2.  aj"- 2aj-17  =  0. 

3.  ic*-6a?-f8  =  0.  4.  aj«-4a;  +  8  =  0. 

5.  x^-4aj-71  =  0.  6.  aj»  +  10a;  +  ^  =  0. 

7.  13aj-6-6a?  =  0.  a  (a;  +  10)«  =  28. 

9.  6a?-a^  =  18.  la  7aj»-3a5  =  160. 

11.   (2a;-l)«  =  2.  12.  aj(5aj-2)=- 6. 

13.  aj«-2V2a;-l  =  0.  14.  36 a?- 36 V^ a? +  17  =  0. 

15.   (aj  +  8)(aj  +  3)=aj-6.        16.  (a:  +  7) (a - 7)  =  2 (a  +  60). 
17.   (2ajH-l)(a?4-2)=3x^-4.      la   (a?- l)(2a;  +  3)=4a:«-22. 
19.  a^-3  =  i(aj-3).  20.  a? (a? +  6)  =6 (40 -a?) +  27. 

21.  7a?(aj-l)=7-4(a;-l).     22.   (2aj  +  l)«=aj(aj  +  2). 
2a  (aj-2)»=(l+aj)(4-a?)-8.    24.  7  +  a?  (6  a? +  8)=  10  (a? +  1). 
25.  (3aj  +  2)(2a;-l)+4(aj  +  2)=-(5«  +  2)(2aj-2). 
2a  (3a?-5)(2a?-6)=(aj  +  3)(ar-l). 
27.   (aj  +  l)(2aj  +  3)=(aj  +  l)(5aj-3). 
2a  ^aj(aj  +  l)-|(2»«  +  aj-l)=^(aj  +  l). 
29.  aj»-2aa?  +  a*  =  6».  30.  a^-2ma?-l  =  0. 

31.  aj*-2aa?  +  a»  +  6*  =  0.        32.  a:*-46*  =  a(2a;-5a). 
33.  n*aj*  +  2mnaj  +  2m'  =  0.      34.  aj*  — (a  +  6)a:  +  a6  =  0. 
35.   (a*+6*)aj  — a6«*— a5  =  0.     36.  ai»  + 2maj  +  m*  =  n. 
37.  a«  +  2a  +  l  =  2(a?-a).      3a  aW-2a«  +  l  =  al 
39.  4«*-12aaj  +  9a*=46».      40.  (x  +  a)«  =  5  aa?  -  (a?  -  a)l 
4X.  jB«-4(a  +  6)+l  =  2a:.       42.  »»=  2(a  + &)aj  +  2(a«  +  6*). 

43.  (m«-l)a^-2(m*  +  l)a?  +  m*-l  =  0. 

44.  a\a^  +  b'^ix^+b(l)^-a?x)=ahs. 

45.  mn«"-(m  +  n)(mn  +  l)a?+(m«  +  l)(n*  +  l)=0. 

47.  (m - n)\m  +  n)aj*  +  2(m - n)(m  +  n)«a;  +  6m«n  +  2n«=  0. 
4a  (m"-  n«)W+  2  (m  -  n)  (m  +  n)«a;  +  2  (m«+  n«)«+  8  mV=  0. 
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Bolution  by  Completiiig  the  Square. 

5.  The  following  examples  illustrate  the  solution  of  a  quad- 
ratic equation  by  the  method  commonly  called  Completing  the 
Square. 

Ex.  1.  Solve  the  equation  »■  —  6«-|-6  =  0. 

Transferring  6,  a^  —  5  a:  =  —  6. 

To  complete  the  square  in  the  first  member,  we  add  (—  f)', 
=  ^,  to  this  member,  and  therefore  also  to  the  second.  We 
then  have 

Equating  square  roots,  as  —  |  =  ±  J^,  by  Art.  2. 
Whence  a?  =  f  ±  ^. 

Therefore  the  required  roots  are  3  and  2. 

Ex.  2.  Solve  the  equation 

7aj»  +  6aj-fl  =  0. 
Transferring  1,        7sB*4-6aj  =  —  1. 
Dividing  by  7,  aj^  +  ^  a?  =  —  |. 

26      •  .  5     .   26       26      1     -3 


KAA'      /    5    V     26      .^  6    ^   26       26      1 


196 


Equating  square  roots^  ap  +  -—  =  ± 


A=^.^ 


14  14 

Whence  «  =  -A±-^^Tr- 

14  14 

Therefore  the  required  roots  are 

-A-Ht^V-3  and  _^-iV-3. 

Ex.  3l  Solve  the  equation 

(a»  -  6")  a^  -  2  a^x  H-  a*  =  0. 
Transferring  a*,        (o^  —  6*)  «*  —  2  a'a?  =  —  c?. 

Diyidingby«F-6«,  a^_|^=^. 
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^^'"^  ("i^T^J'  =(a>!.'y)«^  ^  both  membeM, 


Equating  square  roots,        05 /*      =  ± 


Whence  oj  = 


a*±a6 


a«-6« 


Therefore  the  required  roots  are  — 5L-  and      * 


The  preceding  examples  illustrate  the  following  method 
of  procedure : 

Bring  the  terms  in  x  and  a?  to  the  fir^  member,  and  the  terms 
free  from  x  to  the  second  member,  uniting  like  terms. 

If  the  resvUing  coefficient  of  a?  be  not  -\- 1,  divide  both  members 
by  this  coefficient. 

Complete  the  square  by  adding  to  both  members  the  square  of 
half  the  coefficient  of  x. 

EqucUe  the  positive  square  root  of  the  first  member  to  the  posi- 
tive and  negative  square  roots  of  the  second  member. 

Solve  the  resulting  equations. 

6.  Equal  Roots.  —  From  the  equation 

aj«-6aj  +  9  =  0  (1) 

we  obtain,  by  factoring  the  first  member, 

(a;--3)(aj-3)=0.  (2) 

The  roots  of  (1)  are  therefore  the  roots  of  the  linear  equa- 
tions 

a?  -  3  =  0, 

a;  -  3  =  0. 

Consequently  (1)  has  the  root  3  twice. 
From  the  same  equation,  we  obtain,  by  transferring  9  and 
completing  the  square, 

a"-6aj-f9=-9  +  9  =  0, 

or  (a:-3)«  =  0. 
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Whence  a  —  3  =  ±  0, 

or  a;  =  3  +  0  =  3,  aiida;=:3~0  =  3. 

In  general,  if  the  first  member  of  an  equation  whose  second 
member  is  zero  be  the  square  of  a  linear  expression  in  Xf  the 
two  roots  of  the  equation  are  equal. 

BXBBCI8B8  UL 

Solve  each  of  the  following  equations  : 

1.  ic*-4a:  +  3  =  0.  2.  aj«-6aj  =  -4. 

a  aj*-|-2aj-M  =  0.  4.  2ic*-7a?-f.3=:0. 

5.  3aj»-63aj  +  34  =  0.  6.  14aj- 49aj*- 1  =0. 

7.  «»-4»-|-7  =  0.  a  (2a?-l)(a?-2)=(aj-hl)'. 

9.  a^  — 2a?  +  6  =  0.  10.  aj*- 1  4- «(«-!)=  a;". 

U,   (3a?-2)(aj-l)  =  14.  12.  110a^-21a?  +  l  =0. 

la  780aj*  -  73aj  + 1  =  0.  14.  (2  a?  -  3)«  =  8  x. 

15.  (3a:-2)(aj-l)=14.  16.  (6x- 3/- 7  =  40a?-47. 

17.  (2aj+l)(aj  +  2)=3aj*-4.    la  (ajH-l)(2aj  +  3)=4aj«-22. 
19.  (aj  -  7) (a?  -4)+(2 a?  -  3) (a?  -  5)=  103. 
aa  10(2a;  +  3)(a;  -  3)+(7a;  4-  3)«  =  20(a;  +  3)(aj- 1). 

21.  (aj-l)(aj-3)+(aj-3)(aj-5)=32. 

22.  (aj-l)(»~2)+(aJ-3)(a;-4)=(aj-l)«-2. 

2a  4a5*-46aj-a«H-y  =  0.      24.  (ax  —  b){bx  —  a)^if. 
25.  (m  — n)a^  — (m  +  n)a?-f  2n  =  0. 
2a  4a^-4(3a-|-26)ajH-24a6=:0. 

27.  (a  +  6)V  +  2a6aj  =  ---i^. 

(a  -h  by 

2a  a?-2(a4-&)a?+(a  +  6  +  c)(a  +  6-c)=0. 

29.  a?— (a  — l)a?  +  a  =  0.        3a  «•— 2ca?-|-a<;-|-&c  — o6  =  0. 

31.  (a«-6«)a?-2(a«  +  6*)a  +  a«-6'  =  0. 

32.  a^  -  4  mna;  =  (m«  -  n»)«.      3a  d«aj*-4aMaj+4a*6«-9c*=0. 

34.  aftca:»-(aV-hc*)aj-t-a5c  =  0. 

35.  a:«V^~(V2+V^)«  +  l  =  ^- 
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(x^4.a)(x  +  2b-2)  _ 
^''  (a  +  6-l)(a-6  +  l)"" 

aa  as^         __6  +  c  — g         (6-|-c)g* 

a*  +  a6  +  ac     a  -|-  6  +  c     a*  -f  a*6  -f  a*c 

General  Bolntlon. 

7.  The  most  general  form  of  the  quadratic  equation  in  one 
unknown  number  is  evidently 

005*  +  to  4-  c  =s  0, 

in  which  oaf  is  the  algebraic  sum  of  all  the  terms  in  a?,  bx  is 
the  algebraic  sum  of  all  the  terms  in  x,  and  c  is  the  algebraic 
sum  of  all  the  terms  free  from  x. 

The  coefficient  a  is  assumed  to  be  positive  and  not  0,  but  b 
and  c  may  either  or  both  be  positive  or  negative,  or  0. 

0) 

(2) 


Dividing  by  a, 

a       a 

Transferring  -, 

a 

-«.  +  *»  =  -«. 
a          a 

Adding  f\) ,  = 

■4a'' 

a       4  a'     4  a' 

_  c 
a 

4a» 


(3) 


Equating  square  roots,  a?  +  A  =  ±  V(^  -  ^  ^<^).  (4) 

^  a  jj  (X 

Equation  (4)  is  equivalent  to 

From  (5)  and  (6)  we  obtain 

2o^         2o        ' 

and  »^--L-V(^-4ao). 

2a  2a 
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8.  The  roots  of  any  quadratic  equation  can  be  obtained  by 
substituting  in  the  general  solution  the  particular  ralues  of 
the  coefficients  a,  6;  and  c. 

Ex.  1.  Solve  the  equation  3  «•  -h  7  a?  —  10  =  0. 

We  have  o  =  3,  6  =  7,  c  =  -  10. 

Substituting  these  values  in  the  general  solution,  we  obtain 

7     v[49^4x3(-10)]_ 


and  X 


^     7     ^[49-4x3(--10)]^     10 


BXBBOI8B8  IV. 

Solve  each  of  the  following  equations : 

1.  2»"  =  3aj  +  2.  2.  6aj«-6aj  +  l  =  0. 

a  9a?(«  +  l)=28.  4.  a^-6*  =  2a»-o* 

S.  ix?  +  6ax  +  l==0.  6.  iB*  +  l  =  2Ja;. 

7.  (a?  -  6/ +  (a? -10)"  =37.  a  2aj(3n  -  4aj)=  n«. 

9.  n"(a«  +  l)=a'  +  2n"aj.  10.  oj*  +  (a?  +  a)' =  a*. 

Fractional  Bqnattons  ^rbich  lead  to  Qnadratio  Bqaationfl. 

9.  The  principles  given  in  Gh.  X.  for  solving  fractional 
equations  which  lead  to  linear  equations  hold  also  for  frac- 
tional equations  which  lead  to  quadratic  equations. 

Ex.  1.  Solve  the  equation        -i—  =  -^^  -h  2.  (1) 

X  —  1     ar  —  1 

Multiplying  by  aj"  - 1,       4  (a?  + 1)  =  3  a?  +  2  (a^  - 1),        (2) 

Transferring  and  uniting  terms,    2  x"  —  x  =  6.  (3) 

Dividing  by  2,  «"-.|««S.  (4) 

The  roots  of  equation  (4)  are  2,  ^f-  Since  neither  it  a 
root  of  the  L.C.D.  (equated  to  0)  of  the  fractions  in  the  given 
equation,  i.e.,  of  x^—  1  =  0,  they  are  the  roots  of  that  equation. 
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Ex.  a.  Solve  the  equation 


'      +-^T=o-^-4^-  (1) 


1— a?     x  +  1     2iB  — 1     x  +  2 
Uniting  fractions  in  each  member, 

2  6 


(2) 


l_aJ     (2aj-l)(a?  +  2) 
Clearing  of  fractions, 

2(2 a? -  l)(x  +  2)=  6  -  5««.  (3) 

Performing  indicated  operations,  transferring  and  uniting 

terms,  9  aj» -f- 6  a?  =  9.  (4) 

The  roots  of  this  equation  are  "^"t^^  and  ""^T^^- 

Since  neither  is  a  root  of  the  L.C.D.  equated  to  0,  that  is,  of 

(1  -  aj«)(2  aj  -  l)(aj  4- 2)  =  0, 
they  are  the  roots  of  the  given  equation. 

Ex.  3.  Solve  the  equation 

1  1        a?-2n-n« 


Uniting  the  fractions  in  the  first  member, 

-2a?      a?«-2n-n« 


(1) 


(2) 


n'  —  OB*  a^  —  n* 

Clearing  of  fractions, 

2a:  =  a?-2n-n».  (3) 

Transferring  and  uniting  terms, 

aj«-2aj  =  n*  +  2n.  (4) 

Completing  the  square, 

a5"-2aj4-l=n«  +  2n  +  l.  (5) 

Equating  square  roots, 

a?  —  1  =s  ±  (n  -f  1). 
Therefore  the  roots  of  (5)  are 

l+(n+l)  =  2  +  n, 
and  1  —  (n  4- 1)  =  —  n. 
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The  number  2  +  n  is  not  a  root  of  the  L.C.D.  equated  to  0, 
that  is,  of  aj*  —  n*  =  0. 

Therefore  2  +  n  is  a  root  of  the  given  equation. 

But  —  n  is  a  root  of  aj*  —  n*  =  0,  or  of  (05  —  n)(x  +  n)  =  0, 
and  is  therefore  not  a  root  of  the  given  equation.  It  can  easily 
be  seen  that  this  root  was  introduced  by  multiplying  the  given 
equation  by  the  factor  x-^-n  which  was  not  necessary  to  clear 
it  of  fractions. 

For,  transferring  and  uniting  the  fractions  in  equation  (2), 

we  obtain  a^-2^-2n-n« ^ ^ 

Factoring  the  numerator, 

(x  H-  n)(x  —  n  -  2)  _  Q 

Eeducing  to  lowest  terms, 

x  —  n 

The  numerator  equated  to  0  gives  a?  —  n  —  2  =  0,  whence 
x  =  2  -\-n,aA  above. 

10.  The  work  of  solving  an  equation  can  sometimes  be  sim- 
plified by  a  simple  substitution. 

Ex.   Solve  the  equation    ?^il|-5±-?  =  ^- 

^  aj  +  2     x-\-5     2 

li  we  let     "^    =  y,  the  given  equation  becomes 

The  roots  of  this  equation  are  2,  —  |. 
We  now  have  to  solve  the  two  equations 

^-i-5  =  2,  whence  a?  =  1 ; 

X'\-2       \ 

and  ^  =  —  ii  whence  as  =  —  4. 

a;H-2  *' 

This  method  can  be  used  when  the  fractional  equation  con- 
tains only  two  expressions  in  the  unknown  number,  one  of 
which  is  the  reciprocal  of  the  other. 
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BXBBCISB8  V. 

Solve  each  of  the  following  equations : 

1.  15a?-f-?  =  ll.  X  aj4-i  =  i  +  3. 

X  ^  3     X 

3.aj-f--  =  7+-'  4,  a»— .--  =  _>  —  — 

X  7  6     3     a? 

-a;-63  ^         x  14 


a!  +  30iB-6  «  + 120     3a!- 10 

7.-^  +  1  =  -^  a-4-  +  -A_  =  8. 

05  —  6            aj-f4  1 -f  a;     l  —  x 

X         x  —  1  oj  —  4aj-f43 

11.  Z__15__     _6_^^  ^  _3_  ^U_l_. 

aj     a;  +  2     a?-8  a^-1     4     2-2a; 

,^    a*-40     3,Q        V  -^    K     a4-605     605-a:     K 

13.   —  =  -  (8  —  aj).  14.  6 -i-r —  = r o. 

aj  +  8       5^         "^  a?              7? 

15.   _? 1_  =  1.  16.   ^±i  +  ^±^  =  ll. 

2(x»-l)     4(a;  +  l)     8  aj-l^a;-3      2 

17       ^         2(a?-l)  ^     5  ^      1      ^      1           1     ^Q 

aj— 1        a;-|-l        «*— 1  »— 1     a?— 2     a?— 3 

19     9a?4-l  ^      a?         a?-f-3  ^o    a?4-3  .  a?  — 3_2a?  — 3 

'  9a;-3aj«    21-7a?     21a?'  'aj-f2     aj-2       aj-l' 

21.   a?-2  .  a?-f2^2(a;  +  3),  ^2.  L^Jzl  +  I^Jzl2?  =  - 1 

a;  +  2     aj-2        a?-3'  a;-f3        8aj*-72          8* 

23.     4a?+67    I         a:       _2  ^4.    ^  +  24  _a?-7_       1      . 


40«»-36    30a^-27    3  ba^-6     aj  +  1     2aj-2 

25    i£±i=,^±i}l  26    2a;-2^a^-l 

6a5  — 5       »*-f-l  '  5aj4-5     aj*  +  l 

g»  +  3a^  +  3a;H-1^9  ^^^  3a?- 16  .  2a;-^12^5 

*   aj»  +  2a?»4-2«  +  l     7  2a;-12     3aj-16     2 

3a?-15      5a?-9  ^10 
*    5a?-9      3a;-15      3 

30.   l+2a;[l  +  a;(l  +  a?)]  +  ^.^""^=g-l- 

1  —  a? 
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31.    »-5  =  »_l  32.    '"('"-/)  =  x  +  l. 
0     a     X  x—1 

33.   £zil  =  _A_  34.   £zi«=*Zli?. 
a        »+l  »+o     b+x 

35.   -^ ?^-  =  m..  3&  -^  +  -^ 2. 

05  —  1     05-1-1  x  —  b     x  —  a 

37.    (a4-g)(a-a^).^,^4,  3^       ^^     -     ^^      =2. 
(a  -f  1)  (a?  —  1)  a?  +  4  n     a?  —  4  n 

o<.  3  2  „  1  4x 

39.   a?  =  - — z r*  4a 


(a-byx     a-b  (a*-a:)»  .  4a?»  +  5a« 

^,       aj*-|-l  1  a;  ^«1  1        aj»-2n-n* 

41.  ^ =-.  42. = — • 

n'a;  — 2n     2  —  nx     n  n-\-x    n— op         sr—nr 

a-2b    ^      1  1  ^    -^        ^<^   ^       g'  +  y 

8a?»-2  6«     2aj-H6     2  a  a?-a     a»  +  a*-2aaj' 


43. 


45. 


a 


«IlL__=l    46.   l^±i=— 1. 


na;— a    «"— 2  no'-f-nW  n*— 4aj'    n— 2oj    71-^-2  x 

47.   — ! 1 =  -- 4a  '-—  = ; 

n  —  x     n-^x     fir  ^  or  x-^-a  —  b     a-f-o-f-aJ 

«.  -^=..    1-".        .    sa  f^y+l .  ^+3=0. 

aaj-l-1     a'ar— a— a'a;4-aa5  \a—xj     2    a—a? 

„    11a  — a     121a*  — aj*  .«    05-I-I  ,  a— 6    aj— 1  ,  a4-6 

3a  — a?        9a'  — 0^  a?— 1    a-|-6    aj+l    a— 6 

-^  X _TO-f2     1  »yia;+a    ma?- a_ma?H-3 a 

(n4-l)(n— 1)'    n'— 1    »  '  7710;— a    mx-\-a      mx+a 

n-p+l_      1       ,  n-j>       _^  1         _1  .  1  .  1 

nx+px     {n-\-py       or  a  +  b-^-x     a     b     x 

^    a?4-a  I  a?4-&_a  |  b 
x—a     x—b     b     a 

sa   (a4-&)'aJ--[a-(a  +  6)a;]=sa(a-|-6). 

(a-aj)»+(aj-6)« 

6a   (a-xy^(x-bY^af-br 
(a-xy-^-ix-by     a^+ft' 
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(a-^b-2xy        (a  +  by 

^^    as"  —  2na;  +  2aa;  —  »',      x-\-2n 
bz. f- 


«*  —  a®  7?-\-ax-\-a*     x  —  a 

63.   .^ri_3(a'  +  l)-|^JL_ri-2«-(a*  +  l)]^0. 

^  ft      ' 6      '  ^  2&(a;+l) 

oaj*— oaj*— 6x+6    ftaj*— fta5*+aaj— a    ofta?*— ft*a?*-|-a*a5*— od 

Theory  of  Quadratic  Bqoatloiis. 

11.  A  quadratic  equation  has  tioo^  and  only  twoy  root*. 
For,  by  Art.  7,  the  equations 

2a  2a  ^^ 

and  tg  +  A=-V(&'-^*<^)  (2) 

2a  2a  ^  ^ 

are  jointly  equivalent  to  the  equation 

ax«  +  6x  +  c  =  0.  (8) 

But  equations  (1)  and  (2)  have  each  one,  and  only  one,  root.    Therefore 
ax^  +  &x  +  c  has  two,  and  only  two,  roots. 

12.  Relations  between  the  roots  of  a  qnadzfttic  equation  and  the 
coefficients  of  its  terms.  —  If  the  roots  of  the  quadratic  equation 

aa;«  +  6a;  +  c  =  0,  or  x»  +  -a5  +  -  =  0 

a       a 
be  designated  by  ri  and  r^,  we  have 

2a  2a 

^  _       6       V(&«  -4ac) 
'         2a  2a 

The  sum  of  the  roots  is  ri  +  fi  = (1) 

a 

The  product  of  the  roots  is 

^^^.^r      h      v^(&«-4ac)1     r      b      V(6i-4acn 
L    2a  2a        J     L    2a  2a        J 


L     2aJ      L         2a         J      4a»"'     4a« 

c 

a 


(2) 
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The  relations  (1)  and  (2)  may  be  expressed  thus : 

(i.)  The  sum  of  the  roots  of  a  quadratic  equation  is  equal  to  the 
quotient  obtained  by  dividing  the  coefficient  of  the  first  power  of  t?ie  un- 
knoion  number ^  with  sign  reversed,  by  the  coefficient  of  the  second  power 
of  the  unknown  number. 

In  particular,  if  the  coefficient  of  the  second  power  of  the  unknoxon 
number  be  \,ihe  sum  of  the  roots  is  equal  to  the  coefficient  of  the  first 
power  of  the  unknown  number,  with  sign  reversed, 

(ii.)  The  product  of  the  roots  of  a  quadratic  equation  is  equal  to  the 
quotient  obtained  by  dividing  the  term  free  from  the  unknown  number  by 
the  coefficient  of  the  second  power  of  the  unknown  number. 

In  particular,  if  the  coefficient  of  the  second  ptfwer  of  the  unknown 
number  be  \,  the  product  of  the  roots  is  equal  to  the  term  free  from  the 
unknown  number. 

E  g.,  the  roots  of  the  equation  6  as*  —  x  —  2  =  0  are  }  and  —  \ ;  their 
sum  LB  \  (the  coefficient  of  x^  with  sign  reversed,  divided  by  the  co- 
efficient of  z'^),  and  their  product  is  —  |  (the  term  free  from  x  divided  by 
the  coefficient  of  x'^). 

The  roots  of  the  equation  x^  —  6x  +  6=:0  are  2  and  3 ;  their  sum  is  6 
(the  coefficient  of  x,  with  sign  reversed),  and  their  product  is  6  (the  term 
free  from  x). 

13.  FormAtion  of  an  Equation  from  its  Roots. — The  relations  of 
the  last  article  enable  us  to  form  an  equation  if  its  roots  be  given.  We 
may  always  assume  that  the  coefficient  of  the  second  power  of  the  un- 
known number  is  1. 

Ex.  1.  Form  the  equation  whose  roots  are  —  1,  2. 

We  have  ri  +  r2  =  —  1  +  2  =  1,  the  coefficient  of  x,  with  sign  reversed ; 
and  rirj  =— 1x2  =  —  2,  the  term  free  from  x. 

Therefore  the  required  equation  is 

x2  -  X  -  2  =  0. 

Ex.  2.  Form  the  equation  whose  roots  are  1  +  2^^,  1  —  2^^. 
We  have        n  +  rj  =(1  +  2v3)  +  (l  -  2v3)=  2  ; 
and  nr,  =(1  +  2v3)(l  -  2^3)=  1  -  12  =-  11. 

Therefore  the  required  equation  is 

x«-2x-ll=0. 

Ex.  3.  Form  the  equation  whose  roots  are  2  +  5^—  3,  2  —  6v^—  8. 
We  have    n  +  r,  =  (2  +  5^-  3)  +  (2  -  6^-  8)  =  4 ; 
and  nr,  =(2  +  5^-  8)(2  -  6^-  3)  =  4  +  75  =  70. 

Therefore  the  required  equation  is  x^-  4x  +  79  =  0L 
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14.  The  roots  of  a  quadratic  equation,  all  of  whose  terms  are  in  the 
first  member,  are  the  roots  of  the  two  linear  factors  into  which  this  mem- 
ber  can  be  resolved.  Consequently  a  quadratic  equation  whose  roots  are 
given  can  be  formed  by  multiplying  together  the  two  linear  factors  which 
(equated  to  0)  have  as  roots  the  given  roots. 

Ex.  1.   Form  the  equation  whose  roots  are  —  1,  2. 

Since  —  1  is  the  root  of  x  +  1  =  0, 

and  2  is  the  root  of  x  —  2  =  0, 

the  required  quadratic  is  (x  +  l)(x  —  2)  =  0, 
or  x^  -  X  -  2  =  0. 

Ex.  2.  Form  the  equation  whose  roots  are  1  +  2y^3,  1  —  2^, 

Since  1 +  2^3  is  the  root  of  x -(1  + 2v^)  =  0,  orx-1  -2^8  =  0, 
and  1  -.  2v3  is  the  root  of  x  -(1  -  2^8)  =  0,  or  x  -  1  +  2y/S  =  0, 

the  required  quadratic  is 

(X  -  1  -  2  v/3)  (x  -  1  +  2  V3)  =  0, 
or  x^  -  2  X  -  11  =  0. 

When  the  roots  are  irrational  or  imaginary,  the  method  of  the  pre- 
ceding article  is  to  be  preferred. 

15.  When  one  root  of  a  given  quadratic  equation  is  known,  the  other 
root  can  be  found  without  solving  the  equation. 

Ex.  1.   One  root  of  the  equation 

x«-6x  +  6  =  0 
is  3 ;  what  is  the  other  root  ? 

m 

Since  5  is  the  sum  of  the  roots,  the  required  root  is  5  —  8,  =2. 
Or,  since  x^  —  6  x  +  6  is  the  product  of  two  linear  factors,  one  of  which 
is  X  —  3,  the  other  factor  is 

"^    ,  =x  — 2. 

X  — 3 

The  required  root  is  therefore  the  root  of 

X  —  2  =  0,  or  X  =  2. 

Ex.  2.  One  root  of  the  equation 

a^  +  2x-l  =0 

is  —  1  +  Y^ ;  what  is  the  other  root  ? 

The  required  root  Is  -2-(-l  +v^),  =-1  ~V2. 

16.  The  value  of  an  expression  which  is  symmetrical  in  the  roots  of 
a  given  quadratic  equation  can  be  found  without  solving  the  equation. 
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Ex.  1.  If  ri  and  rs  be  the  roots  of  2*  +  px  +  9  =  0,  find  the  Tiloe  ef 
Wehave  n^  +  r|«  =  (n  +  ri)« -  2 rin 

17.  We  can  sometimes  form  an  equation  whose  roots  haye  definite 
relations  to  the  roots  of  a  given  quadratic  equation  without  solving  the 
latter. 

Ex.  1.  Form  an  equation  whose  roots  are  the  reciprocals  of  the  roots 

of  the  equation 

aj«  -  8  X  +  15  =  0. 

Let  ri  and  r%  be  the  roots  of  the  given  equation. 

Then  —  and  —  are  the  roots  of  the  required  equation, 
ri  fa 

We  have  — I-  -  =  — =  tt»  the  coefficient  of  x  (with  sign  reversed) 

in  the  required  equation  ;  and  —  x  —  =  —  =  =^,  the  term  free  from  x  in 
the  required  equation. 

Consequently  the  required  equation  is 

or  15x«-8x+l=0. 


Nature  of  the  Roots  of  a  Quadratlo  Bquation. 

18.  In  many  applications  it  is  important  to  know,  without  having  to 
solve  an  equation,  the  nature  of  its  roots;  f.«.,  whether  they  are  both 
real  and  unequal,  whether  they  are  both  real  and  equal,  whether  they 
are  imaginaryj  etc. 

In  the  general  solution 

2a  2a 

2a  2a 

of  the  equation  ox^  +  6x  +  c  =  0, 

a,  &,  and  c  are  limited  to  real,  rational  values. 

(i.)  The  two  roots  are  real  and  uneqwH  when  b*  —  iacis  positive ; 
i.e.,  when  6*  — 4ac>0. 

E,g,,  in  x«  +  4x-12  =  0, 

a  =  l,  6  =  4,  c=-12;  and  since  6*  -  4  oc,  =16  +  48, 

is  positive,  the  roots  of  this  equation  are  real  and  unequal. 
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(li.)    The  tioo  roots  are  real  and  equal  wfien  6^  —  4 ac  if  equal  t&^O  ; 
i.e.,  wJien  62  =  4ac. 

E,g.y  in  a^-4a;  +  4  =  0, 

ass  I,  6  =  —  4,  c  =  4;  and  since  5^  =  4  oc, 

the  roots  of  this  equation  are  real  and  equal. 

(iii.)    The  two  roots  are  conjugate  complex  numbers  when  b^  —  ^ac 
is  negative;  i.e.,  when  6^  —  4  ac<0. 

E.g.,  in  a^-2x  +  3  =  0 

a  =  l,  6  =  —  2,  c  =  3,  and  since  6*  —  4 ac,  =4  —  12,  =  —  8, 

is  negative,  the  roots  of  this  equation  are  imaginary. 

(iv.)  The  two  roots  are  real  and  rational  when  6'  —  4ac  is  positive 
and  the  square  of  a  rational  number. 

E.g.,  in  «*  —  6a5  +  4  =  0 

a  =  1,  6  r=  —  6,  c  =  4,  and  since  6*  —  4  oc,  =  25  —  16,  =  9, 

is  the  square  of  a  rational  number,  the  roots  of  this  equation  are  real  and 
rational. 

(v.)  The  two  roots  are  real,  but  conjugate  irrationals,  when  b^—iac  is 
positive  and  not  the  square  of  a  rational  number. 

E.g.,  in  x*-6a;  +  2  =0 

a  =  1,  6  =  —  6,  c  =  2,  and  since  6^  —  4  ac,  =26  —  8,  =  17, 

is  positive  and  not  the  square  of  a  rational  number,  the  roots  of  this  equa- 
tion are  conjugate  irrational  numbers. 

(vi.)  The  two  roots  are  equal  and  opposite  when  5  =  0. 

We  then  have  n  =  ^/{-^^^)^  and  rj  =  -  VC-'^gg). 

2a  2a 

Notice  that  in  this  case  the  roots  are  real  or  imaginary  according  as  ac 
is  negative  or  positive. 

E.g.,  from  2ai»  +  6  =  0  we  have  x  =  y/-  J  =  ±  JV-  1^« 
(vii.)  One  root  is  zero  when  c  =  0. 

Wethenhave  n  =  - A  + ai^  =  _  A  + A  =  0; 

2a      2a  2a     2a 

^ b       v/6«^       b        b  ^     b 

'         2a      2a  2a2a         a' 

E.g.,  from  2x*-8a;  =  0  we  havex(2x-8)  =  0; 

whence  x  =  0,  and  x  =  |. 
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(viii.)  Botfi  roots  are  zero  toAen  6  =  0  and  c  =  0. 
We  then  have  n  =  0  +  0,  rj  =  0  -  0. 

E,g.^  from  Zz^  =  0  we  obtain  x  =  0  and  2  =  0. 

19.  As  long  as  a  is  not  equal  to  0,  however  near  its  value  may  be  to 
0,'the  values  of  ri  and  rt  given  above  constitute  the  solution  of  the  equa- 
tion. If,  then,  we  assume  that  these  values  still  give  the  roots  when 
a  =  0,  we  must  determine  the  nature  of  the  roots  under  this  assumption. 

(i.)  One  root  is  ir^nite  and  the  other  —  ^,  when  a  =  0,  6  :^  0,  c  ^  0. 

0 

Wethenhave        n  =-5  +  :^'  =  ^A±Ji  =  0 

0        0  0  0 

This  indeterminate  result  can  be  evaluated. 

_-&+V(6g-4(ic)_[-&+V(&^-4ac)][-6-V(6g-4ac)] 
*"  2a  ~  2a[-6-V(&*-4ac)] 

_         fta-(5«-,4gc)  2c 

2a[-6-VC^-4ac)]      -b -y/ib^ -Aac)' 

2c 
If  in  — ; ^ — : we  let  a  =  0,  we  obtain 

-6-V(&a-4ac)  ' 

_      2c      _     c 
^      -  6  -  6        b 

Also,  &,^6«^-_26^^ 

0  0 

In  this  case  we  are  apparently  dealing  with  the  linear  equation 

te  +  c  =  0, 

and  not  with  a  quadratic.  But  in  applications  of  Algebra  it  is  frequently 
necessary  to  consider  the  coefficient  of  x^  as  growing  smaller  and  smaller 
without  limit,  i.e.,  as  approaching  0. 

The  meaning  of  the  results  given  above  are  that  as  a  grows  smaller 
and  smaller  without  limit,  one  root  grows  larger  and  larger  without  limit, 

and  the  other  root  becomes  more  and  more  nearly  equal  to  —  ^* 

b 

Kg.,  the  equation  0-x^+2x  +  3  =  0  has  one  root  x  and  one  root  —  }. 

(ii.)  Both  roots  are  infinite  when  a  =  0,  &  =  0,  c  :?&  0. 

Wehave  ^^  ^  ~  &  +  V(&'- 4ac)  ^ b^^{b^-4ac) 

2a  2a[-6-V(*'*-4ac)] 

2c 

-6-V(*«-4ac)' 
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And  -6-VC6>-4ac)^  62_(ft2.,4ac) 

2c 


-  &  +  V(^  -  4  oc) 

If  in  the  expressions  thus  obtained  for  the  roots  we  let  a  =  0,  6  =  0^ 

c  :^  0,  we  obtain 

2c  ,2c 

ri  =  — ^  =  00 ,  and  r.  =  —  =  oo . 

Attention  is  called  to  the  remarks  at  the  end  of  (i.)' 
E.g.,  the  equation  0<x^  +  0«x  +  2  =  0 

has  two  infinite  roots. 

20.  If,  in  simplifying  a  quadratic  equation,  the  terms  of  the  second 
degree  in  the  unknown  number  be  canceled,  an  infinite  root  is  lost. 

E.g.,  solve  the  equation  (1  +  2  x) (2  -  3  x)  =  5  -  6  x*. 
Performing  indicated  operations,  24-x  —  6x2  =  6  —  6x^. 
Transferring  and  uniting  terms,  x  =  3. 

In  canceling  —  6  x^  an  infinite  root  was  lost. 

It  was  for  this  reason  that  in  the  principle  for  adding  or  subtracting 
the  same  number  or  expression  to  or  from  both  members  of  an  equation 
the  roots  were  limited  to  finite  values. 

EXllRCISBS  VL 

Form  the  equations  whose  roots  are : 

1.   8,  2.  2.    -  6,  -  3.  3.  10,  10.  4.   7,  -  3. 

5.   4,  -  10.  6.    -  9,  -  9.  7.  2J,  If.  8.    -  f  -  1  J. 

9.    -  J,  8.         10.   },  -  i.  11.  -  1,  -  J.  12.  2,  0. 

13.   a,  b.  14.    -  a,  -  1.         15.  a%  -  4  a«.  16.   2  a*,  i  a«. 

17.   ^,  ^.  18.    --f-1    --^-.  19.  a-t,  a -J. 

6    a  2n        2n  »»  i 

20.    ia-b)a,  {a  +  b)b.  21.  (a+6)«,  -(a-6)«. 

22.   -^-±-^,  1.  23. ,    -— ^ 24.    V2,  -y/2. 

a-b  2a-2b    2b-2a  ^         ^ 

25.   5V7, -6V7.     26.    y/-0,  -y/-6.  27.   iy/-9,  -i^-S. 

28.    1+V7,  1-V7-  29.    -2  +  3V6,   -2-3^6. 

30.    i-iy/lh  i  +  ix/ll-  31.   3-V-fi.  8  +  V-»- 

32.    -2-5V-3,  -2+6V-8.  33.   }  -  iV- 1,  f  +  W- 1. 
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Find  the  second  root  of  each  of  the  following  equations,  without 
solving  the  equation: 

34.  z«-16  =  0,  whenri  =  4.  35.   x^- 8x  =  0..  when  ri  =  3. 

36.  x'  +  2  X  =  0,  when  n  =  -  2.  37.   3  x«  -  4  x  =  0,  when  ri  =  0 

38.  x*  -  9  X  +  20  =  0,  when  n  =  4. 

39.  aJ=»  -  20  X  +  100  =  0,  when  n  =  10. 

40.  x«  -  4  X  -  12  =  0,  when  n  =  6. 

41.  6  x2  -  X  -  1  =  0,  when  n  =  -  J. 

42.  xs  -  (a  +  6)«  =  0,  when  ri  =  a  +  6. 

43.  x«  -  (a«  -  62)  X  =  0,  when  n  =  0. 

44.  6%c«  +  2  aftx  +  a«  =  0,  when  n  =  -  7- 

0 

45.  x"-(a«  +  62)x  +  (a»-62)^5  =  0,  whenn  =(a  +  6)6. 

46.  (a2  -  62)x8  +  4  a6x  -  a*  +  6^  =  0,  when  n  =  ^^^ 

a  +  0 

47.  x2  -  12  =  0,  when  ri  =  -  2  v^. 

48.  x*  -  X  VIO  =  0,  when  n  =  VlO. 

49.  x'  -  (2  -  y/b)  X  =  0,  when  n  =  0. 

50.  x^  -  2 X  -  1  =  0,  when  n  =  l-y/2. 

51.  x2  +  X  V^  +1  =  0,  when  n  =  -  J(  V^  +  1). 

52.  x«  +  25  =  0,  when  n  =  5^-  1. 

53.  x2  -  6  X  +  13  =  0,  when  n  =  3  +  2  V-  1- 

54.  3x2  +  2x  +  27  =  0,  when  n  =  J(-- 1  -  4\/- 6> 

55.  (a  +  6)2x2  -(a  +  6)fx  -  ac  =  0,  when  n  =  ^  "^q^^^^^f  ^^^' 

56.  a6x2-(a2^52)x+a6-c2=0,whenn=^^-^^^-^^t(f-^^)'-^^^^^^J. 

2  ao 

If  n  and  r2  stand  for  the  roots  of  the  equation  x2  +  /tx  +  g  =  0,  express 
each  of  the  following  symmetrical  expressions  in  terms  of  p  and  q : 


57. 

r,8  +  r,«. 

58. 

r.*  +  r,*. 

59. 

n*  +  r,8. 

60. 

61. 

62. 

^+J- 

63. 

64. 

r,«.r.2 

65. 

n  +  »•. ,  n  +  ♦'t 

66>74.   Express  each  of  the  relations  given  in  Exx.  67-66  in  terms  of 
the  roots  of  the  equation  x*  +  x  ~  6  =  0. 
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Without  solving  the  equations  x'*  +  px  +  g  and  x*  ~  lOx  +  40  =  0,  form 
the  equations  whose  roots  are 

75.  The  opposites  of  the  roots  of  the  given  equations. 

76.  The  reciprocals  of  the  roots  of  the  given  equations. 

77.  Twice  the  roots  of  the  given  equations. 

78.  n  times  the  roots  of  the  given  equations. 

79.  One-third  of  the  roots  of  the  given  equations. 

80.  One-nth  of  the  roots  of  the  given  equations. 

81.  The  roots  of  the  given  equations  increased  by  2. 

82.  The  roots  of  the  given  equations  diminished  by  6. 

83.  The  squares  of  the  roots  of  the  given  equations. 

84.  The  cubes  of  the  roots  of  the  given  equations. 

85.  The  product  of  the  roots  and  the  reciprocal  of  the  product  of  the 
roots  of  the  given  equations. 

86.  The  sum  of  the  roots  and  the  reciprocal  of  the  sum  of  the  roots 
of  the  given  equations. 

Without  solving  the  following  equations,  determine  the  nature  of  the 
roots  of  each  one  : 

87.  x«  +  17  X  -I-  70  =  0. 
89.  x2+12x  =  -40. 
91.  x«  +  6x-14  =  0. 
93.  xa-x  =  12. 
95.  x2-  13x4-22=0. 
97.   4x2-12x  =  -9. 
99.   9x«-12x  +  4  =  0. 

101.  9x^-ex=-82. 

103.  16x3 +  8x  + 49  =  0. 

105.  6xa-5x  =  -l. 

107.  16x«  +  40x  +  26  =  0. 

109.  20x2+  19x  =  -8. 

111.  25x2  +  80x-64  =  0. 


I  aja-6x  =  27. 

90.   x»-6x  +  9  =  0. 

92.  x«  +  20x  =  -100. 

94.  x«-8x  +  25  =  0. 

96.  x«-8x  =  16. 

98.  9x«+12x  =  -6. 
100.   8x2 -2x~  25  =  0. 
102.    12  x2  +  7  X  =  12. 
104.   10aJ8-21x-10=0. 
106.   16a^  +  24x  =  -9. 
108.  26x2 +  4x- 77=0. 
110.   4x«  +  52x  =  87. 
112.    16x2  ~24x+ 18  =  0. 


For  what  values  of  m  are  the  roota  of  each  of  the  following  equations 
equal  ?  For  what  values  of  m  are  the  roots  irrational  ?  And  for  what  values 
of  m  are  the  roots  complex  numbers  ? 

113.   ma^  +  4  X  +  1  =  0.  114.  2  x2  +  mx  +  1  =  0. 

115.  8x2  +  6x  +  w  =  0.  116.   mx2  +  mx+l=0. 
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Problems. 


2L  Pr.  1.  The  sum  of  two  numbers  is  15  and  their  product 
is  56 ;  what  are  the  numbers  ? 

Let  X  stand  for  one  of  the  numbers ;  then,  by  the  first  con- 
dition, 15  —  05  stands  for  the  other  number.    By  the  second 

condition 

a;(15  -  a;)  =  56. 

The  roots  of  this  equation  are  7  and  8. 

Therefore  a?  =  7,  one  of  the  numbers,  and  15  —  a;  =  8,  the 
other  number. 

Observe  that  if  we  take  a;  =  8,  then  15  —  a?  =  7.  That  is, 
the  two  required  numbers  are  the  two  roots  of  the  quadratic 
equation. 

Pr.  2.  A  number  is  composed  of  two  digits  whose  product 
is  30;  if  the  digits  be  interchanged,  the  resulting  number  will 
exceed  the  original  number  by  9.     What  is  the  number  ? 

Let  X  stand  for  the  digit  in  the  tens'  place. 

30 
Then,  by  the  first  condition,  —  stands  for  the  digit  in  the 

units'  place. 

30 
The  required  number  is  10  a?  H ,  and  the  number  obtained 

*      30 
by  interchanging  the  digits  is  10  x \-x. 

X 

Finally,  by  the  second  condition, 


( 


X  J  X 


The  roots  of  this  equation  are  5  and  —6.  The  problem 
therefore  admits  of  two  solutions. 

Taking  5  for  the  digit  in  the  tens'  place,  we  have  ^  =  6, 

the  digit  in  the  units'  place.     The  corresponding  number  is  5^. 

SO 
Taking  —6  for  the  digit  in  the  tens'  place,  we  have  ^-Lz=,  —5, 

— 6 

the  digit  in  the  units'   place.      The  corresponding  number 

therefore  is  —  65. 
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Pr.  3.  The  sum  of  the  ages  of  a  father  and  son  is  65  years. 
The  product  of  the  number  of  years  in  the  father's  age  by  the 
number  of  years  in  the  son's  age  exceeds  600  by  as  much  as 
five  times  the  number  of  years  in  the  father's  age  exceeds  100. 
What  are  the  ages  of  father  and  son  ? 

Let  X  stand  for  the  number  of  years  in  the  father's  age ;  then 
65  — X  stands  for  the  number  of  years  in  the  son's  age. 

By  the  second  condition 

a;  (65  -  a?)  -  600  =  5  a?  -  100. 

The  roots  of  this  equation  are  50  and  10. 

Only  the  solution  50  is  consistent  with  the  implied  condition 
that  a  father  must  be  older  than  his  son. 

Therefore  x  =  50,  the  father's  age ; 

and  65  —  a:  =  15,  the  son's  age. 

Had  the  problem  referred  to  the  ages  of  two  persons,  with 
no  implied  condition  as  to  which  one  is  the  older,  both  solu- 
tions would  have  been  admissible. 

Pr.  4.  Divide  100  into  two  parts  whose  product  is  2600. 
Let  X  stand  for  the  less  part ;  then  100  —  x  stands  for  the 
greater  part. 

By  the  second  condition, 

aj(100~a;)=2600. 

The  roots  of  this  equation  are  50+10^—1  and  60—10^—1. 

An  imaginary  result  always  indicates  inconsistent  conditions 
in  the  problem.  The  inconsistency  of  these  conditions  may  be 
shown  as  follows: 

Let  d  stand  for  the  difference  between  the  two  parts  of  100. 
Then  50  +  i  ^  stands  for  the  greater  part,  and  60  —  ^  d  stands 
for  the  less  part. 

The  product  of  the  two  parts  is 

(50  +  icf)(50-id),  =2500-(i(f)*  =  2500-i(P. 

Since  cP  is  always  positive  for  all  reed  values  of  d,  the  product 
2500  —  ^  cP  must  be  less  than  2500.  Consequently  100  cannot 
be  divided  into  two  parts  whose  product  is  greater  than  2600. 
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Pr.  5.  Two  men,  A  and  B,  start  from  P  and  Q  respectively, 
21  miles  apart,  and  walk  A  to  Q  and  B  to  P.  They  meet  after 
walking  3  hours,  and  A,  the  faster  walker,  reaches  Q  1}  hours 
before  B  reaches  P.  At  what  point  do  they  meet,  and  what 
are  their  respective  rates  ? 

Let  X  stand  for  number  of  miles  A  walks  until  they  meet, 
and  therefore  21  —  a;  for  number  of  miles  B  walks. 

Then  ^  is  the  number  of  miles  A  walks  in  one  hour,  and 

21  —  a? 

is  the  number  of  miles  B  walks  in  one  hour. 

3 

Evidently  x  is  the  number  of  miles  -B  walks  after  they  meet, 

and  21— X  the  number  of  miles  A  walks  after  they  meet. 
Consequently,  since  the  number  of  miles  divided  by  rate  gives 

X 

time,  77^ is  the  number  of  hours  it  takes  B  to  walk  to  P 

^                    21  —  a 
after  they  meet,  and is  the  number  of  hours  it  takes  A 

to  walk  to  Q.  -z 

We  then  have 

21  -  aj     7         X 


X      '^4"'21-a; 
3  3 

The  roots  of  this  equation  are  12  and  —  63. 
Taking  the  first  root,  we  have : 

distance  A  walks  from  P  to  place  of  meeting,  M  say,  is  12 

miles  (Fig.  13) ; 
distance   B  walks  from  Q  to  place  of    meeting  is  21  — a;, 

=  9  miles. 
The  rate  at  which  A  walks  is  ^,  =4  miles  an  hour ; 
the  rate  at  which  B  walks  is  |,    =3  miles  an  hour. 

12  if  9 

P  o o o  Q 

. ^—^ ' 

21 
Fia.  13. 

The  second  solution  is  not  consistent  apparently  with  the 
wording  of  the  problem,  yet  it  admits  of  a  perfectly  intelligible 
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interpretation.  For,  if  we  assume  that  a  negative  distance  is 
measured  in  an  opposite  direction  to  that  which  is  consistent 
with  a  positive  result,  we  have : 

distance  A  walks  from  P  to  place  of  meeting,  3f,  is  —63  miles ; 

distance  B  walks  from  Q  to  place  of  meeting  is  21  —  x, 
=  +  84  miles. 

This  means  that  while  6  walks  from  Q  toward  and  beyond  P, 
a  distance  of  84  miles,  A  walks  from  P,  not  toward  Q,  as  the 
problem  states  and  as  the  first  solution  gives,  but  away  from  Q, 
a  distance  of  63  miles. 
The  following  figure  represents  the  state  of  affairs : 
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21  —  X 
Now  B's  rate  is  — - — ,  28  miles  an  hour ;  and  A's  rate  is 

>,  =  —  21  miles  an  hour ;  i.e.,  21  miles  an  hour  in  a  direction 
3 

away  from  Q. 

Observe  that  the  positive  direction  is  not  the  same  for  A 
and  B. 

22.  When  the  solution  of  a  problem  leads  to  a  quadratic 
equation,  it  is  necessary  to  determine  whether  either  or  both 
of  the  roots  of  the  equation  satisfy  the  conditions  expressed 
and  implied  in  the  problem. 

Positive  results,  in  general,  satisfy  all  the  conditions  of  the 
problem. 

A  negative  resultj  as  a  rule,  satisfies  the  conditions  of  the 
problem,  when  they  refer  to  abstract  numbers.  When  the 
required  numbers  refer  to  quantities  which  can  be  understood 
in  opposite  senses,  as  opposite  directions,  gain  and  loss,  etc., 
an  intelligible  meaning  can  usually  be  given  to  a  negative 
result. 

An  imaginary  result  always  implies  inconsistent  conditions. 
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23.  The  interpretation  of  a  negative  result  is  often  facilitated 
by  the  following  principle : 

If  a  given  quadratic  equation  have  a  negative  root,  then  the 
equation  obtained  from  the  given  one  by  changing  the  sign  of  x 
has  a  positive  root  of  the  same  absolute  value. 

Let  —  r  be  a  root  of 

oo*  -f  &a;  -f  c  =  0.  (1) 

Then,  since  —  r  must  satisfy  the  equation,  we  have 

or  ar*  -  6r  4-  c  =  0.  (2) 

But  equation  (2)  shows  that  r  satisfies  the  equation 

aa?  —  bx  +  c  =  0, 
which  is  obtained  from  (1)  by  changing  the  sign  of  x. 

Pr.  A  man  bought  muslin  for  $3.00.  If  he  had  bought 
three  yards  more  for  the  same  money,  each  yard  would  have 
cost  him  5  cents  less.     How  many  yards  did  he  buy  ? 

Let  X  stand  for  the  number  of  yards  the  man  bought.     Then 

1  yard  cost cents. 

X 

If  he  had  bought  ac-f  3  yards  for  the  same  money,  each 

yard  would  have  cost cents. 

x-^3 

Therefore  ^-.^.  =  5-, 

X       x-^-S 

whence  a;  =  12  and  —  15. 

The  root  12  satisfies  the  equation  and  also  the  conditions  of 
the  problem ;  the  root  —  15  has  no  meaning. 

But  if  X  be  replaced  by  —  a?  in  the  equation,  we  obtain  a 
new  equation 

300         300 


—  aj      — x-f-3 


=  5, 


J0L-?20  =  5,  (2) 

05  —  3  X 

whose  roots  are  — 12  and  + 15. 


QUADRATIC  EQUATIONS.  687 

Equation  (2)  evidently  corresponds  to  the  problem :  A  man 
bought  muslin  for  $  3.00.  If  he  had  bought  3  yards  less  for 
the  same  money,  each  yard  would  have  cost  him  5  cents  more. 

Notice,  however,  that  the  intelligible  result,  12,  of  the  first 
statement  has  become  — 12  and  is  meaningless  in  the  second 
statement. 

Attention  is  called  to  the  remarks  in  Ch.  XII.,  Arts.  6  and  8. 

24.  The  following  problem  illustrates  the  interpretation  of 
all  kinds  of  roots,  except  imaginary. 

Pr.  Find  a  point  on  a  line  joining  two  sources  of  light,  A 
and  By  which  is  equally  illuminated  by  both. 

The  further  an  object  is  removed  from  a  source  of  light,  the 
feebler  is  the  illumination  of  the  object.  It  has  been  found 
by  experiment  that  when  the  object  is  removed  to  a  point 
2,  3,  4, ...  times  its  original  distance  from  the  source  of  light, 
its  illumination  is  2\  S\  4',  ...  times  as  feeble.  That  is,  if  the 
object  be  twice  its  original  distance  from  the  source  of  light, 
its  illumination  is  one-fourth  of  its  original  illumination. 

The  position  of  the  point  will  evidently  depend  upon  the 
intensities  of  the  two  sources  of  light,  A  and  B. 

C4  A  Cs  Ci  B  Cj 
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Fig.  15. 

Let  the  distance  between  A  and  Bhe  a  units ; 
and  let  m  stand  for  the  intensity  of  the  source  of  light  A^ 
and        n  for  the  intensity  of  the  source  of  light  B, 

Let  us  assume  that  the  point  of  equal  illumination  is  be- 
tween A  and  B,  at  C  say,  a  distance  x  units  from  A,  and  a-^x 
units  from  B. 

Then  the  intensity  of  the  illumination  at  C,  due  to  the 

source  of  light  A,  is  — ;  that  due  to  the  source  of  light  B  is 
n  ^ 

{a  -  xy 

Consequently,  by  the  condition  of  equal  illumination,  we 

have 

aj»""(a-a?)« 
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The  roots  of  this  equation  are 

— :^ — a  and ^^ a. 

•y/m  +  yn  -y/m  —  -y/n 

Since  m  and  n  are  positive,  both  roots  are  real. 

(i.)  If  m>n,  i.e,f  if  the  light  at  ^  be  more  intense  than 
that  at  Bf  both  roots  are  positive. 

There  are  therefore  two  equally  illuminated  points,  distant 

^^ — a  and  — ^^ — a  units,  respectively,  from  ^.    But 

since  ^^ —  is  a  proper  fraction,  it  follows  that 

Vm  +  V* 


-y/m 


-y/m  +  ^n 


a<a; 


therefore  the  first  point  of  equal  illumination  lies  between  A 
and  B  according  to  the  hypothesis.  Moreover,  since  m>9i, 
■y/m+^n<2^m. 

Consequently  — ^^ — a>^>^a,  =4  a. 

Therefore  the  first  point  of  equal  illumination  is  nearer  to 

B  than  to  A,  at  Ci  (Fig.  15). 

Again,  since  -y/m—^rK^m,  therefore  — "^^ — >1,  and 
/m  -y/m—^n 

— '^ a  >  a,  that  is,  the  distance  of  the  second  point  of 

■y/m  — -y/n 

equal  illumination  from  A  is  greater  than  the  distance  between 
the  two  points  A  and  B, 

This  result  contradicts  the  hypothesis  that  the  point  of 
equal  illumination  lies  between  A  and  B,  But  it  is  consistent 
with  the  wording  of  the  problem,  which  does  not  require  that 
the  point  of  equal  illumination  shall  lie  between  A  and  B. 

The  second  point  of  equal  illumination,  Cj  say,  is  further 
from  A  than  B  is  from  A^  and  since  it  must  be  nearer  the 
feebler  light  JB,  it  must  be  to  the  right  of  both.  Notice  that 
the  less  the  difference  between  the  intensities  of  the  two  lights, 
the  further  this  poirU  of  equal  iUumincUion  is  removed. 
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(ii.)  If  m<n,  i.e,,  if  the  light  at  JB  be  more  intense  than 
that  at  A,  we  have : 

V"^      g  is  positive,  and       V"*      a  is  negative. 

Since  — ^^— —  is  a  proper  fraction,  we  have 

V^      a<a, 

and  the  corresponding  point  of  equal  illumination  must  lie 
between  A  and  B,  according  to  the  hypothesis.  Moreover, 
since  m<n,  -y/m  -f  -yjn  >  2-y/m ; 

consequently       — "^^^ — a  <  "v  ^  a,  =ia. 

Therefore  this  point  of  equal  illumination  is  nearer  to  A  than 
it  is  to  By  at  Cs  (Fig.  15). 

The  negative  result  — '^lJUl — a  can  also  be  shown  to  be 

■y/m—^n 

consistent  with  the  wording  of  the  problem.  The  distance 
a  —  x  of  the  point  of  equal  illumination  from  B  is  in  this  case 

a ^ a,  = * a. 

■yjm  —  -yjn  -y/m  —  -y/n 

Moreover,  since  m  <  n,  the  distance  — '^^ — a  of  this  point 

of  equal  illumination,  C^  say,  from  A  is  numerically  less  than 

its  distance  — ""  v^ — a  from  B ;  and  since  the  absolute  value  of 
y/m  —  y  n 

— "~  v^ —  is  greater  than  1,  the  absolute  value  of  — ""  v^ — a 
■y/m  —  -yJn  -y/m  —  -y/n 

is  greater  than  a.  Consequently,  this  point  of  equal  illumina- 
tion must  lie  to  the  left  of  A 

Notice  again  that  the  less  the  difference  between  the  inten- 
sities of  the  two  lights,  the  further  this  point  of  equal  illu- 
mination is  removed. 

(iii.)  If  a  =  0  and  m^n,  then 

V^      a  =  0  and        V^      0  =  0. 

y/m+^n  ■y/m—^n 


540  ALGEBRA. 

Both  results  show  that  if  two  lights  of  unequal  intensity  be 
placed  at  the  same  point,  that  point  is  the  only  point  of  equal 
illumination. 

(iv.)  If  a  =  0  and  m  =  n,  the  two  roots  arQ 

^V^     =0  and       ^V^     =g. 
-y/m  H-  -^n  -y/m  —  -y/n     0 

The  first  result  shows  that  if  two  lights  of  equal  intensity 
are  placed  at  the  same  point,  this  point  is  a  point  of  equal 
illumination. 

The  second  result  shows  that  a  point  at  any  distance  from 
the  two  lights  is  equally  illuminated  by  both  of  them. 

(y.)  II  m  =  n,  {.«.,  if  the  lights  be  of  equal  intensity,  the  two  roots  are 

^'V^      =g  and       ^V*^     ,   =^V*»,   =00. 
y/m  +  y/m     2  y/m  —  y/m  0 

The  first  root  shows  that,  if  the  two  lights  be  of  equal  intensity,  a  point 
of  equal  illumination  is  midway  between  them.  This  result  seems  self- 
evident 

The  second  root  shows  that  as  the  intensity  of  the  two  lights  approaches 
equality,  i.e.,  as  their  difference  approaches  zero,  the  second  point  of 
equal  illumination  is  further  and  farther  removed. 

EZEBCISB8  VII. 

1.  If  1  be  added  to  the  square  of  a  number,  the  sum  will 
be  50.    What  is  the  number  ? 

2.  If  5  be  subtracted  from  a  number,  and  1  be  added  to  the 
square  of  the  remainder,  the  sum  will  be  10.  What  is  the 
number? 

a  One  of  two  numbers  exceeds  60  by  as  much  as  the  other 
is  less  than  50,  and  their  product  is  2400.  What  are  the 
numbers  ? 

4.  The  product  of  two  consecutive  integers  exceeds  the 
smaller  by  17,424.    What  are  the  numbers  ? 

5.  If  27  be  divided  by  a  certain  number,  and  the  same 
number  be  divided  by  3,  the  results  will  be  equal.  What  is 
the  number  ? 
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6.  What  number,  added  to  its  reciprocal,  gives  2.9  ? 

7.  What  number,  subtracted  from  its  reciprocal,  gives  n  ? 
Let  n  =  6.09. 

a  If  n  be  divided  by  a  certain  number,  the  result  will  be 
the  same  as  if  the  number  were  subtracted  from  n.  What  is 
the  number  ?    Let  n  =  4. 

9.  If  the  product  of  two  numbers  be  176,  and  their  differ- 
ence be  5,  what  are  the  numbers  ? 

10.  If  a  certain  number  be  divided  by  8,  the  result  will  be 
the  same  as  if  16  were  divided  by  the  number  and  3}  were 
added  to  the  quotient.    What  is  the  number  ? 

11.  A  certain  number  was  to  be  added  to  ^,  but  by  mistake 
^  was  divided  by  the  number.  Nevertheless  the  correct  result 
was  obtained.    What  was  the  number  ? 

12.  The  sum  of  the  two  digits  of  a  number  is  9.  If  the 
digits  be  interchanged  and  the  original  number  be  divided  by 
th^  resulting  number,  the  quotient  will  be  one-fourth  of  the 
latter.     What  is  the  number  ? 

13.  If  100  marbles  be  so  divided  among  a  certain  number  of 
boys  that  each  boy  shall  receive  four  times  as  many  marbles 
as  there  are  boys,  how  many  boys  are  there  ? 

14.  The  area  of  a  rectangle,  one  of  whose  sides  is  7  inches 
longer  than  the  other,  is  494  square  inches.  How  long  is  each 
side? 

15.  The  difference  between  the  squares  of  two  consecutiye 
numbers  is  equal  to  three  times  the  square  of  the  less  number. 
What  are  the  numbers  ? 

16.  A  merchant  received  948  for  a  number  of  yards  of 
cloth.  If  the  number  of  dollars  a  yard  be  equal  to  three- 
sixteenths  of  the  number  of  yards,  how  many  yards  did  he 
sell  ? 

17.  In  a  company  of  14  persons,  men  and  women,  the  men 
spent  $  24  and  the  women  $  24.  If  each  man  spent  9 1  more 
than  each  woman,  how  many  men  and  how  many  women  were 
in  the  company  ? 
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la  A  pupil  was  to  add  a  certain  number  to  4,  then  to  sub- 
tract the  same  number  from  9,  and  finally  to  multiply  the  re- 
sults. But  he  added  the  number  to  9^  then  subtracted  4  from 
the  number,  and  multiplied  these  results.  Nevertheless  he 
obtained  the  correct  product.     What  was  the  number  ? 

19.  If  the  first  factor  of  the  product  21  x  84  be  increased  by 
a  certain  number,  and  the  second  factor  be  diminished  by  the 
same  number,  the  result  will  be  the  same  as  if  the  first  factor 
were  diminished  by  this  number,  the  second  factor  increased 
by  the  same  number,  and  the  sign  of  the  product  reversed. 
What  is  the  number  ? 

20.  A  man  paid  $  80  for  wine.  If  he  had  received  4  gallons 
less  for  the  same  money,  he  would  have  paid  $  1  more  a  gallon. 
How  many  gallons  did  he  buy  ? 

21.  A  man  left  $31,500  to  be  divided  equally  among  his 
children.  But  since  3  of  the  children  died,  each  remaining 
child  received  $  3375  more.    How  many  children  survived  ? 

22.  Two  bodies  move  from  the  vertex  of  a  right  angle  along 
its  sides  at  the  rate  of  12  feet  and  16  feet  a  second  respectively. 
After  how  many  seconds  will  they  be  90  feet  apart  ? 

23.  A  tank  can  be  filled  by  two  pipes,  by  the  one  in  two 
hours  less  than  by  the  other.  If  both  pipes  be  open  1{  hours, 
the  tank  will  be  filled.  How  long  does  it  take  each  pipe  to 
fill  the  tank  ? 

24.  From  a  thread,  whose  length  is  equal  to  the  perimeter 
of  a  square,  36  inches  are  cut  off,  and  the  remainder  is  equal 
in  length  to  the  perimeter  of  another  square  whose  area  is  four- 
ninths  of  that  of  the  first.    What  is  the  length  of  the  thread  ? 

25.  A  number  of  coins  can  be  arranged  in  a  square,  each  side 
containing  51  coins.  If  the  same  number  of  coins  be  arranged 
in  two  squares,  the  side  of  one  square  will  contain  21  more 
coins  than  the  side  of  the  other.  How  many  coins  does  the 
side  of  each  of  the  latter  squares  contain  ? 

26.  A  farmer  wished  to  receive  $  2.88  for  a  certain  number 
of  eggs.     But  he  broke  6  eggs,  and  in  order  to  receive  the  de- 
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sired  amount  he  increased  the  price  of  the  remaining  eggs  by 
2f  cents  a  dozen.     How  many  eggs  had  he  originally  ? 

27.  A  man  paid  9  33  for  a  number  of  bottles  of  wine  of  one 
kind,  and  $  21  for  a  number  of  bottles  of  another  kind,  buying 
altogether  33  bottles.  Each  bottle  of  the  first  kind  cost  70 
cents  more  than  each  bottle  of  the  second  kind.  How  many 
bottles  of  each  kind  did  he  buy  ? 

2a  Two  bodies  move  toward  each  other  from  A  and  B  re- 
spectively, and  meet  after  35  seconds.  If  it  takes  the  one 
24  seconds  longer  than  the  other  to  move  from  A  to  B,  how 
long  does  it  take  each  one  to  move  that  distance  ? 

29.  It  takes  a  boat's  crew  4  hours  and  12  minutes  to  row  12 
miles  down  a  river  with  the  current,  and  back  again  against 
the  current.  If  the  speed  of  the  current  be  3  miles  an  hour, 
at  what  rate  can  the  crew  row  in  still  water  ? 

30.  A  man  paid  $  300  for  a  drove  of  sheep.  By  selling  all 
but  10  of  them  at  a  profit  of  $2.50  each,  he  received  the 
amoimt  he  paid  for  all  the  sheep.  How  many  sheep  did  he 
buy? 

31.  A  manufacturer  paid  $640  to  36  employes,  men  and 
women.  Each  man  received  as  many  dollars  as  there  were 
women,  and  each  woman  received  as  many  dollars  as  there 
were  men.  How  many  women  and  how  many  men  were 
there  ? 

32.  Two  men  start  at  the  same  time  to  go  from  A  to  B,  a 
distance  of  36  miles.  One  goes  3  miles  more  an  hour  than  the 
other,  and  arrives  at  B  1  hour  earlier.  At  what  rate  does  each 
man  travel  ? 

3a  It  took  a  number  of  men  as  many  days  to  dig  a  ditch 
as  there  were  men.  If  there  had  been  6  more  men,  the  work 
would  have  been  done  in  8  days.    How  many  men  were  there  ? 

34.  The  front  wheel  of  a  carriage  makes  6  revolutions  more 
than  the  hind  wheel  in  running  36  yards ;  if  the  circumference 
of  each  wheel  were  1  yard  longer,  the  front  wheel  would  make 
but  3  revolutions  more  than  the  hind  wheel  in  running  the 
same  distance.    What  is  the  circumference  of  each  wheel  ? 
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35.  A  and  B  receive  different  wages.  A  receiyes  9  48  for 
working  a  certain  number  of  days,  and  B  receives  $27  for 
working  6  days  less.  If  A  had  worked  as  many  days  as  B, 
and  B  as  many  days  as  A,  they  would  have  received  equal 
amounts.    How  many  days  does  each  work  ? 

36.  Two  men  formed  a  partnership  with  a  joint  capital  of 
$500.  The  first  left  his  money  in  the  business  5  months, 
and  the  second  his  money  2  months.  Each  realized  $4:50, 
including  invested  capital.     How  much  did  each  invest? 

37.  Two  trains  run  toward  each  other  from  A  and  B  respec- 
tively, and  meet  at  a  point  which  is  15  miles  further  from  A 
than  it  is  from  B.  After  the  trains  meet,  it  takes  the  first 
train  2f  hours  to  run  to  B,  and  the  second  train  3f  hours  to 
run  to  A.    How  far  is  A  from  B  ? 

3a  The  perimeter  of  a  rectangular  lawn  having  around  it  a 
path  of  uniform  width  is  420  feet.  The  area  of  the  lawn  and 
path  together  exceeds  twice  the  difference  of  their  areas  by 
1200  square  yards,  and  the  width  of  the  path  is  one-sixth  of 
the  shorter  side  of  the  lawn.  Find  the  dimensions  of  lawn 
and  path. 

39.  Water  enters  a  forty-gallon  cask  through  one  pipe  and 
is  discharged  through  another.  In  4  minutes  one  gallon  more 
is  discharged  through  the  second  pipe  than  enters  through  the 
first.  The  first  pipe  can  fill  the  cask  in  3  minutes  less  time 
than  it  takes  the  second  to  discharge  66  gallons.  How  long 
does  it  take  the  first  pipe  to  fill  the  cask  ? 

4a  In  a  rectangle,  whose  sides  are  a  and  b  inches  respec- 
tively, a  second  rectangle  is  constructed.  The  sides  of  the  inner 
rectangle  are  equally  distant  from  the  sides  of  the  outer,  and 
the  area  of  the  inner  rectangle  is  one-nth  of  the  remaining  part 
of  the  outer.  What  are  the  lengths  of  the  sides  of  the  inner 
rectangle  ? 

Let  a  =  70,  6  =  52  J,  n  =  1. 

41.  A  lamp  and  a  candle  are  4  feet  apart.  At  what  point 
on  the  straight  line  joining  the  two  will  the  illumination  from 
the  candle  be  equal  to  that  from  the  lamp,  if  the  light  of  the 
lamp  be  9  times  as  intense  as  that  of  the  candle  ? 


CHAPTER  XXI. 

EQUATIONS  OF  A  HIGHER  DEGREE  THAN  THE 

SEcoiro. 

X.  The  solution  of  equations  of  higher  degree  than  the  second  is,  in 
general,  beyond  the  scope  of  this  book.  We  shall  consider  in  this  chap- 
ter a  few  higher  equations  which  can  be  solved  by  means  of  quadratic 
equations. 

2.  A  Binomial  Equation  is  an  equation  of  the  form  x**  =  a,  wherein 
n  is  a  positive  integer. 

Certain  binomial  equations  can  be  factored  into  linear  and  quadratic 
factors  or  factors  which  can  be  brought  to  quadi'atic  form  by  proper  sub- 
stitutions. 

Ex.  1.   Solve  the  equation        x»  -  1  =  0.  (1) 

Factoring,  (x  -  1) (x*  +  x  +  1)=  0.  (2) 

This  equation  is  equivalent  to  the  two  equations 

X  —  1  =  0,  whence  x  =  1 ; 
and  x2  +  X  +  1  =  0,  whence  x  =  -  J  ±  \y/-  3. 

Notice  that  this  example  gives  the  three  cube  roots  of  1,  since  x^— 1=0 

is  equivalent  to 

x*  =  1,  or  X  =  ^1. 

Therefore  the  three  cube  roots  of  1  are 

li  -  i  +  W-  3,  -  J  -  i  V-  3- 
Compare  Ch.  XIX.,  Art.  26. 

In  general,  the  three  cube  roots  of  any  number  can  be  found  by  multi- 
plying the  principal  cube  root  of  the  number  in  turn  by  the  three  algebraic 
cube  roots  of  1. 

H.Q.,  ^  =  2^1=2,  -l±V-3; 

the  three  cube  roots  of  a  are  ^a,  ^a(  -  i  ±  i >/"  3)»  wherein  ^a  denotes 
the  principal  cube  root  of  a. 

Ex.  2.   Solve  the  equation  x^  +  1  =  0. 

Factoring,  (»«  +  1  +  x V^) (aJ« -f- 1  -xv«)  =  0. 
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This  equation  is  equivalent  to  the  two  equations 

x^  +  1  +  Zyft  =  0,  whence  z  =  i V2(--  1  ±  V-  1) ; 
and  X*  +  1  -  Zyfi  =  0,  whence  x  =  \y/l{\  db  V-  !)• 

Since  the  given  equation  is  equivalent  to 

x*  =  —  1,  or  x  =  ^—  1, 
we  conclude  that  the  four  fourth  roots  of  —  1  are 

Compare  Ch.  XIX.,  Exercises  II.,  Exz.  38  and  30. 

The  four  fourth  roots  of  any  negative  number  can  be  found  by  multi- 
plying the  principal  fourth  root  of  the  radicand  iaken  positively  in  turn 
by  the  four  fourth  roots  of  —  1. 

Kg.,  </-16  =  2^-l=V2(-l±V-l)»  \/2(l±V-l)- 
Ex.  3.   Solve  the  equation  x^  —  2  =  0. 

The  roots  of  this  equation  can  be  obtained  by  multiplying  the  principal 
fifth  root  of  2  by  the  five  (as  will  appear)  fifth  roots  of  1. 

We  have  therefore  to  solve  x*  —  1  =  0. 

Factoring,  (x  -  1)  (x*  +  x»  +  x«  +  x  +  1)  =  0.  (1) 

This  equation  is  equivalent  to  the  two  equations 

X  —  1  =  0,  whence  x  =  1 ; 

and  x*  +  x»  +  x*  +  x  +  l=0. 

The  last  equation  belongs  to  a  class  which  will  be  considered  in  Art.  4, 
to  which  the  student  is  referred  for  its  solution.  The  roots  are  found 
to  be 

-J[1-V6±V(-10-2V5)].  -}[1+V5±V(-10  +  2V5)]. 

Consequently  the  five  fifth  roots  of  2  are  ^, 

-i^2[l-V6±V(-10-2v6)L  -i^2[l+V6±\/(-10+2V6)], 
wherein  ^  denotes  the  principal  fifth  root  of  2. 

3.  Ex.  1.   Solve  the  equation      x*  -  0  =  2  x^  -  1. 

Since  x*  =  (x^)',  we  may  take  afi  as  the  unknown  number  and  solve 

this  equation  as  a  quadratic  in  z*. 

« 

We  then  have  (x«)«-2x«-8,  =0. 

Factoring,  (x«  -  4)  (x«  +  2)  =  0. 

Whence  sc^  —  4  =  0,  orx  =  ±2; 

and  a^  +  2s0,  orx  =  i: y/—  2. 
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In  general,  any  equation  containing  only  two  powers  of  the  unknown 
number,  one  of  which  is  the  aqtuire  of  tJie  other^  can  be  solved  as  a  quad- 
ratic equation. 

Ex.  2.   Solve  the  equation         z^  ~  8  as'  =  40. 
Since  ofi  =  (oc*)^,  we  take  x"  as  the  onknown  number. 
We  then  have  (as')*  -Sufi  =  40. 

Solving  this  equation  for  x*,  we  obtain 

»•  =  8,  whence  x  =  ^ ; 
and  x?  =  —  5,  whence  x  =  —  ^^6. 

Therefore,  by  Art  2,  Ex.  1,  the  six  roots  of  the  given  equation  are 

wherein  ^6  denotes  the  principal  cube  root  of  5. 

In  like  manner  any  equation  containing  two  powers  of  a  quadratic 
expression,  one  of  which  is  the  square  of  Uie  other,  can  be  solved  as  a 
quadratic  equation. 

Ex-  3.  Solve  the  equation  (««  -  8  x  +  1)«  =  6  +  6(a?  -  8  x  +  1). 

In  this  example  x^  —  8  x  +  1  is  regarded  as  the  unknown  number,  and 
may  temporarily  be  represented  by  the  letter  y.  The  equation  then 
becomes 

The  roots  of  this  equation  are  6  and  —  1. 

In  all  cases,  after  having  solved  the  quadratic  equation  in  the  assumed 
unknown  number,  it  is  necessary  to  solve  the  two  equations  obtained  by 
equating  the  expression  which  was  regarded  as  the  unknown  number 
to  each  of  the  two  roots  of  the  quadratic  equation. 

We  therefore  have  the  two  equations 

x«  -  8  X  4-  1  =  6,  whence  x  =  J  ±  J  V29 ; 
X*  —  8x+l=—  1,  whence  x  =  2,  x  =  1. 

Therefore  the  roots  of  the  given  equation  are 

I  ±  iy/29,  2,  1. 

The  attention  of  the  student  is  called  to  the  fact  that,  in  each  example, 
we  have  obtained  as  many  roots  as  there  are  units  in  the  degree  of  the 
equation. 

Frequently  equations  which  do  not  at  first  appear  to  come  under  this 
case  can,  by  a  proper  arrangement  of  terms,  be  made  to  do  so. 
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Ex.  4.   Solve  the  equation  a^  +  2x*-7a^  —  8x+12=:0. 
The  given  equation  can  be  written 

x*  +  2x»  +  x«-8x«-8x+  12  =  0, 

or  (x«  +  x)»  -  8(x«  -H  x)+  12  =  0. 

If  we  now  let  x*  +  x  =  y,  we  have 

y«-8y  +  12  =  0. 

The  roots  of  this  equation  are  2,  6. 
We  then  have  to  solve  the  equations 

x«  +  X  =  2,  (1) 

and  x2  +  X  =  6.  (2) 

The  roots  of  (1)  are  1,  -  2  ;  and  the  roots  of  (2)  are  2,  —  3. 

4.   Ex.   Solve  the  equation    x*  +  x«  +  x"  +  x  +  1  =  0.  (1) 

Dividing  by  x»,  x?  + x+ 1 +-  +  -L  =  0.  (2) 

X     x' 

Rearranging  terms,  x*  +  1  +  i  +  x  +  i  =  0.  (8) 

X*  X 

Since  (x  +  ~)  =x^  +  2  +  -r«if  1  be  added  to  the  second  term  of  the 
\       xj  x« 

first  member,  the  first  member  can  be  arranged  as  a  quadratic  expression 
in  X  +  -. 

X 

We  then  have  ^x  +  iy+[x  +  -^  =  1.  (4) 

From  equation  (4)  we  obtain 

We  now  have  to  solve  the  two  equations 

and  «  +  l  =  _|_|v5.  (7) 

The  work  of  solving  these  equations  can  be  simplified  by  representing 

-  i  +  i  V^  ^y  *»*»  *"d  -  J  -  J^6  by  n. 
From  (6)  we  then  have 

X  +  i  =  m,  (8) 

X 

or  x*-tfix=-l.  (9) 

The  roots  of  (0)  are 
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If  we  now  substitute  —  ^  +  }  ^^5  lor  m  in  these  values  of  x,  we  obtain 

=  -  J  [1  -  V^  ^F  VC -  10  -  2  V5)],  the  roots  of  equation  (6). 

The  solution  of  equation  (7)  is  left  as  an  exercise  for  the  student.    The 

roots  of  (7)  are 

«  =  -  1  [1  +  V5  ^  V(  -  10  +  2  V6)]. 

Observe  that  an  equation  can  be  solved  by  this  method  only  when  its 
degree  is  even  and  the  coeflElcients  of  terms  equally  distant  from  the  be- 
ginning and  end  of  the  expression  in  the  first  member  (the  second  mem- 
ber being  0)  are  equal. 

&   Ex.    Solve  the  equation  ^!  "^  ^  "^  ^  +  ^!  ~  ^  "^  ?  =  2f 

If  we  let  ^  "*"^"^    =  y,  the  given  equation  becomes  y  +  i  =  2}. 

x*  —  X  +  2  y 

The  roots  of  this  equation  are  f ,  f . 
We  now  have  to  solve  the  two  equations 

x«  4-  a;  +  1  _  8  .,. 

x2  -  X  +  2     2'  ^  ^ 

and  x^-^x+l^l  ^j 

x«  -  X  +  2     3  ^  ^ 

The  roots  of  (1)  are  found  to  be  4,  1 ;  and  the  roots  of  (2)  are  found 
to  be  -  f  ±  J  V29. 

An  equation  can  be  solved  by  this  method  when  It  contains  only  two 
expressions  in  the  unknown  number,  one  of  which  is  the  reciprocal  of  the 
other,  and  when  the  numerators  and  denominators  of  these  expressions 
are  of  degree  not  higher  than  the  second. 

BXBBCISBS. 

Solve  each  of  the  following  equations : 

1.  x»  +  1  =  0.  2.  (X  -  !)•  =  8. 

3.  (x  +  2)»  +  4  =  0.  4.  (x  +  l)«=(3-x)». 

5.  x«=(2a-x)8.  6.  x*-l=0. 

7.  (x  +  l)*  =  16.  8.  X*  +  626(x  +  1)*  =  0. 

9.  x*+l=0.  10.  x*  =  (l-x)». 

11.  x«  +  l  =  0.  12.  xP-l=0. 

13.  x*  =  64(l-x)».  14.  x»- 266  =  0. 

15.  x*  +  9=10x«.  16.  x*-5x«  +  4  =  0. 

17.  x*-6x2  =  -l.  18.  x*-20x«  =  -l6. 

19.  (aja-9)(x«-16)=16x«.  20.  (x"  -  10)  (x^  -  18)  =  13  x«. 
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21.   (x« -  6)«  +  (a^ -  8)«  =  17.      22.  6aJ»- 12x»  =  28a 
23.  x»-e6a:»  =  -64.  24.   x8  +  6«*  =  «. 

25.  xW4-3a*  =  3a.  26.    (ac^  +  5)«  -  4 a*  =  160. 

27.    («-2)«-19(x-2)»=2ie.    28.   aHx*=2a(nHx2)-n«(n2-2a:«). 

(3  +  x)»  +  (3  -  a:)8         3 


29.   (^±%±^^^  =  2a.        30. 
(a  +  x)8  +  (a  -  x)» 


(3  +  x)*+(3-x)*"9-a^ 


(2  +  x)*H-(2-x)>     ,  (a  +  x)'  +  (a-x)»_ 

*'^-   (2  +  x)*  +  (2-x)*"''*  ''*•   (a  +  x)*+(a-x)*~^** 

33    x*  +  10a^-H_     a  34    x*  +  ex«+l_3 

x*-10x=«+l     a-l  '   X*- 6x2+1     2 

35.  (3x«-6x+ l)«-9x«+16x  =  7. 

36.  16x«-35x-3(7x-3x«  + 8)9 +  810  =  0. 

37.  l-2(5x«  +  3x  +  2)«  =  6x+ 10*2 -216. 

38.  fx  +  «V+x  =  42-?.  39.  ^^  +  4±4  =  |i 
\       x/                    X  «2  +  a2     x«-a«     16 

40    g*-6x  +  3  _  x2  +  5x-8  _  8 

'  x«  +  6x-8     x2-5x  +  3     8' 

4^    4X2-X  +  1     3x«^12x-8^^0 

a:i-4x-l       4x2 -x+1 
42.  x«  +  xa-x-l=0.  43.  x»-2a*  +  2x-l  =  0. 

44.  3x«-13x«+13x-3  =  0.        45.  4x»-21x?  +  21x-4  =  0. 

46.  x*--4x>  +  8a^  +  2x-6  =  0. 

47.  16x*-32x«+12x«  +  4x- 652  =  0. 

48.  16x*-96x«  +  236x«-276x  +  120=Q 

49.  x*-14x»  +  71aJ»-164x+ 120  =  0. 

50.  x*-x»-ljx2  +  x  +  l=0. 

51.  x*-4x»  +  8x  =  165.  52.    (x» -x  +  1)«  =  3x(x  -  1)+ 1. 

53.  (x«  -  7x)(a^  -  3x)+  2(7x  -  6)(x  -  2)=  lOx. 

54.  x*+(x-l)*  =  97.  55.    (3  -  x)«  +  (2  -  x)*  =  17. 
x*+(2-x)*_  (8-x)»  +  x»_ 

*«•  a:a  +  ^2-x)«-^-  ^^    (3  -  x)^  +  x«  "  *^' 

58.   x*-2x»  +  2x2-2x  +  l  =0.    59.   2x*  -  5x»  +  4x«  -  6x  +  2  =  0. 

60.  6x*-35x»+62x«-35x+6=0.   61.  2x*+3x*-5x«-6x«+3x+2=0. 

62.  ty-!^«8.  63.    -^^±i-=17. 

X*  +  1  (X  -  1)* 

(x+l)(x«  +  l)_28  (x2  +  l)(x«  +  l)_221 

(x-l)(x»-l)~13  ~'   (xa-l)(x»-l)"l89" 

66.  _(^±i)L_=8. 
(«»+l)(x»  +  l) 


CHAPTER  XXII. 

IRRATIONAL  EQUATIONS. 

1.  An  Irrational  Equation  is  an  equation  whose  members  are  irra- 
tional in  the  unknown  number  or  numbers ;  as,  y/{x  +  1)  =  8. 

Notice  that  we  cannot  speak  of  the  degree  of  an  irrational  equation. 

2.  The  solution  of  an  irrational  equation  depends  upon  the  following 
principle : 

If  both  members  of  an  equation  be  raised  to  the  same  positive  integral 
poxoer,  the  resulting  equation  will  have  as  roots  tJie  roots  of  the  given 
equation,  andy  in  general,  additional  roots. 

Let  -af=^• 

be  the  given  equation. 

Squaring  both  members,  M^  =  N^. 

Whence  Jf  »  -  JV^  =  0, 

or  (ilf-JV)(lf+-y)  =  0. 

This  equation  is  equivalent  to  the  two  equations 

itf  —  JV  =  0,  or  M=  Nythe  given  equation ; 
and  M-^N^Oy  or  Jf  =  —  J^,  an  additional  equation. 

That  is,  the  equation  obtained  by  squaring  both  members  of  the  given 
equation  is  equivalent  to  the  given  equation  and  an  additional  equation 
which  differs  from  the  given  one  in  the  sign  of  one  of  its  members. 

In  like  manner  the  principle  can  be  proved  for  any  positive  integral 
powers  of  the  members  of  the  given  equation. 

E.g.y  if  both  members  of  the  equation 

a:  +  l=2 

be  squared,  we  have  (as  +  1  )*  =  4. 

The  roots  of  this  equation  are  1  and  —  3. 

The  root  1  satisfies  the  given  equation ;  the  root  —  8  is  a  root  of  the 
equation 

X+la-«, 

which  was  introduced  by  squaring,  and  does  not  satisfy  the  given  equation. 

661 
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3.  To  solve  an  irrational  equation,  we  must  first  derive  from  it  a 
rational,  integral  equation.  This  step,  which  is  usually  effected  by  rais- 
ing both  members  of  the  equation  to  the  same  positive  integral  power  one 
or  more  times,  is  called  rationalizing  the  equation. 

In  the  following  examples  the  indicated  roots  will  be  limited  to  princi' 
pal  values : 

Ex.  1.   Solve  the  equation  x  +  V(25  —  a^)  =  7. 

Before  squaring,  it  is  better  to  have  the  radical  by  itself  in  one  member. 

Transferring  z,  y/(2S  -  x^)  =  7  -  x.  (1) 

Squaring,  25  -  x«  =  49  -  14  x  +  oc*.  (2) 

The  roots  of  this  equation  are  3,  4. 

Both  roots  of  (2)  satisfy  the  given  equation,  since  3  +  y/(26  —  0)  =  7, 
and  4  +  V(26  -  16)  =  7. 

Therefore  no  root  was  introduced  by  sqiiaring  both  members  of  the 
given  equation. 

This  is  also  evident  from  the  following  considerations : 

Any  root  of  the  additional  equation, 

V(26  -  x»)  =  -(7  -  X),  or  -  v/(26  -  x«)=  7  -  x,  (3) 

obtained  by  changing  the  sign  of  one  of  the  members  of  the  given  equa- 
tion when  prepared  for  squaring,  must  be  a  root  of  the  rational  integral 
equation  (2). 

But  both  roots  of  this  equation,  3  and  4,  make  the  first  member  of  (3) 
negative,  and  the  second  member  positive. 

That  is,  equation  (3)  is  an  impossible  equation. 

Ex.  2.   Solve  the  equation  x  —  y/(26  —  x^)  =  1. 
Transferring  x,  —  y/(26  -  x^)  =  1  —  x.  (1 ) 

Squaring,  25  -  x«  =  1  -  2  x  +  sb«.  (2) 

The  roots  of  this  equation  are  4  and  —  3. 
The  number  4  is  a  root  of  the  given  equation,  since 

4-V(26-16)=l; 

but  the  number  —  3  is  not  a  root  of  the  given  equation,  since 
-  3  -  V(26  -  9)  =  -  7,  not  1. 

Therefore,  the  root  —  3  is  a  root  of  the  additional  equation 

-V(26-x«)  =  -(l-x),  or  V(26-a*)=l-«. 

introduced  by  squaring. 

That  —3  is  not  a  root  of  the  given  equation  is  also  evident  from 
the  form  of  the  equation.  For  any  real  value  of  x  which  makes 
X  —  v^(25  —  x')  equal  to  1  must  be  greater  than  1,  and  therefore  cannot 
be  equal  to  —  3. 
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Ex.  3.  Solve  the  equation  y/{x  +  1)  +  y/(2  a;  +  3)  =  6. 
This  equation  can  be  rationalized  more  easily  when  only  one  radical 
is  in  each  member. 

Transferring  y/(x  +1),  y/(2  x  +  3)  =  6  -  y^(x  +1).  (1) 

Squaring,  2  x  +  3  =  26  -  10  V(a;  +  1)+  x  +  1.  (2) 

Transferring  and  uniting  terms,  x  —  23  =  —  10  ^(x  +  1).  (3) 

Squaring,  a^  -  46x  +  629  =  100  x  +  100.  (4) 

The  roots  of  this  equation  are  143  and  3. 

The  number  8  is  a  root  of  the  given  equation,  since 

V(3  +  l)  +  V(«  +  3)  =  6. 

But  the  number  143  is  not  a  root,  since 

V(143  +  1)  +  V(286  +  3)  =  29,  and  not  5. 

Therefore  the  number  143  is  a  root  of  one  of  the  additional  equations, 

V(2x  +  3)  =  -[6-V(«+l)].  or  ->/(2«  +  3)=5-V(«  +  l).  W 
introduced  by  the  first  squaring,  and 

X  -  23  =  10  v(a;  +  1),  (6) 

introduced  by  the  second  squaring.    We  find  148  to  be  a  root  of  (6). 

That  a  root  of  the  given  equation,  if  real^  must  be  less  than  148  is  also 
evident  from  the  form  of  the  equation. 

Ex.  4.   Solve  the  equation  -y/ix  -  2)  -  V(^  x  -  11)  +  ^/{x  +  3)  =  0. 
Transferring  y/(x  +  3),     ^(x  -  2)  -  V(^ x  -  11)  =  -  V(x  +  3).     (1) 
Squaring,    x  -  2  -  ^y/[(x  -  2)(6x  -  11)]+  6x -  11  =  x  +  8.        (2) 
Transferring  and  uniting  terms,  and  dividing  by  —  2, 

V(6a^  -  23x  +  22)=  3x  -  8.  (3) 

Squaring,  ex^- 23x  + 22  =  9x« -48x +  64.  (4) 

The  roots  of  this  equation  are  6  and  }. 
The  number  6  is  a  root  of  the  given  equation,  since 

V(6  -  2)- V(36  -  11)  + V(«  +  3)  =  0. 
The  number  }  is  not  a  root,  since 

VU  -  2)- V(14  -  11)  + V(J  +  3)=  fV8,  and  not  0. 
Consequently  the  root  }  was  introduced  at  some  stage  of  the  work  by 
squaring. 

We  find  that  }  is  a  root  of  the  additional  equation 

-  V(^xa  -  23x  +  22)=  3x  -  8, 

introduced  by  the  second  squaring. 

Ex.  5.  Solve  the  equation         ^^ 2  V«  -  V(2  x  +  1)  =  0. 

'^(2x  + 1) 
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Clearing  of  fractions,    21-2  ^(2  ar"  +  x)  -  2 «  -  1  =  0.  (1) 

Transferring  and  uniting  terms,  and  dividing  by  2, 

-V(2a!" +  «)  =  «- 10.  (2) 

Squaring,  2x>  +  x  =  x>  -  20x  +  100. 

The  roots  of  this  equation  are  4  and  —  25. 

The  number  4  is  a  root  of  the  given  equation,  since 

The  number  —  26  is  not  a  root  of  the  given  equation,  since 

21  _2V-26- V(-«)  +  l)=  ;^ 10V-1-7V-1 


V(-50+l)        ^  ""  '    '      7V-1 

=  -3v-i-iov-i-7v-i=?fcO. 

But  ~  25  is  a  root  of  the  equation  (2),  obtained  by  clearing  the  given 
equation  of  fractions,  since  —  ^(2  x  625  ->  25)  =  —  25  —10.  At  the  same 
time  it  is  not  a  root  of  the  L.C.D.  equated  to  0,  {.«.,  of 

V(2x  +  1)=0. 

The  explanation  of  this  apparent  contradiction  of  the  principle  that  if 
a  root  be  introduced,  it  is  a  root  of  the  L.C.  D.  equated  to  0,  is  found  in 
a  property  of  imaginary  numbers.    For,  when  x  =  —  25, 

V(2x  +  l)  =  V-49, 
and  <y/x,  =  -v/-  25,  are  imaginary ;  therefore 

v/(2x  +  1)  X  V«  =  -  V(2*^  +  «), 
and  not  y/(2x^-\-z).    But  V(2x+ 1)  x  V(2x  +  1),   =[v'(2x+ 1)]«, 
=  2x  +  1,  whether  2x  +  1  be  positive  or  negative. 

Consequently,  when  x  =  —  25,  the  correct  equation  obtained  by  clear- 
ing the  given  equation  of  fractions  is 

V(2  x«  +  x)  =  X  -  10,  (3) 

and  not  (2)  as  above.  Equation  (3)  is  evidently  not  satisfied  by  —  25. 
This  root  was  therefore  introduced  in  rationalizing  equation  (2),  which 
leads  to  the  same  rational  equation  as  does  (3). 

The  preceding  examples  illustrate  the  following  method  of  solving  irra- 
tional equations  : 

Transform  the  given  equation  so  that  one  radical  stands  by  itself  in  one 
member  of  the  equation. 

Equate  equal  poioers  of  the  two  members  when  so  transformed, 
Itepeat  this  process  until  a  rational  equation  is  obtained. 

4.  In  the  preceding  article  the  indicated  roots  in  the  equations  were 
limited  to  principal  values. 
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At  the  same  time  an  irrational  equation,  if  written  arbitrarily,  may  be 
inoonsistent  with  the  laws  governing  the  relations  between  numbers.  In 
such  a  case  the  equation  is  impossible  ^  that  is,  it  cannot  be  satisfied  by 
either  real  or  imaginary  values  of  the  unknown  numbers. 

^ff-»      y/(^  +  6)  +  y/(x  +  1)  =  1  is  an  impossible  equation. 

For  it  cannot  be  satisfied  by  any  complex  value  of  x,  since  by  Ch.  XIX., 
Arts.  83  and  22,  y/(x  +  6)  +  ^(x  +  1)  must  be  complex  if  x  be  complex, 
and  hence  cannot  be  equal  to  1. 

It  cannot  be  satisfied  by  any  real  positive  value  of  x,  since,  in  that  case, 
either  y/(x-k-l)  or  y/(X'\-Q)  is  greater  than  1. 

It  cannot  be  satisfied  by  any  real  negative  value  of  x,  since,  if  x  be 
negative  and  its  absolute  value  be  less  than  1,  ^^(x  +  6)  will  be  greater 
than  1,  and  if  x  be  negative  and  its  absolute  value  be  greater  than  1, 
y/{x  +1)  will  be  imaginary. 

5.   But  if  the  restriction  to  principal  roots  be  removed,  any  irrational 
equation  contains  in  itself  the  statements  of  two  or  more  equations. 
E.g.y  if  both  positive  and  negative  square  roots  be  admitted,  the  equa- 

is  equivalent  to  the  four  equations 

V(«  +  e)  +  V(«  +  l)=l»  (1) 

V(« +  «)->/(«  +  !)  =1.  (2) 

-  V(«  +  6)  +  V(«  +  1)  =  h  (3) 

-V(x  +  «)-V(»+l)=l,  w 

in  which  the  roots  are  limited  to  principal  values. 

The  same  rational  integral  equation  will  evidently  be  derived  by  ration- 
alizing any  one  of  these  four  equations.  Therefore  the  roots  of  this  ra- 
tional equation  must  comprise  the  roots  of  these  four  irrational  equations. 
Consequently,  in  solving  an  irrational  equation,  we  must  expect  to  obtain 
not  only  its  roots  but  also  the  roots  of  the  other  three  equations  obtained 
by  changing  the  signs  of  the  radicals  in  all  possible  ways.  Some  of  these 
equations  can  be  rejected  at  once  as  impossible.  The  roots  of  the  other 
irrational  equations  will  be  the  roots  of  the  rational  equation.  Thus,  of 
the  above  equations,  (1),  (3),  and  (4)  can  be  rejected  at  once  as  impos- 
sible. 

The  rational  equation  derived  from  any  one  of  the  four  equations  is 

X  +  1  =  4 ;  whence  x  =  3. 
The  number  3  is  a  root  of  the  one  equation  not  rejected,  since 

V(3  +  6).-V(8+l)=l. 
The  same  conclusions  could  have  been  reached  by  substituting  the 
roots  of  the  integral  equation  successively  in  the  irrational  equations, 
rejecting  those  which  are  not  satisfied  by  any  root. 
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Special  Devices. 
6.   Ex.  1.  Solve  the  equation 

V(3a(!2  -  2x  +  4)- 3x8  +  2x  =  -  16. 
Since  -8x«  +  2x  =  -(8x«-2x  +  4)+  4, 

we  may  take  v^(8x^  —  2  x  +  4)  as  the  unknown  number,  replacing  it  tem- 
porarily by  y.    We  then  have 

y-y8  +  4=-16. 
The  roots  of  this  equation  are  6,  and  —  4. 
Equating  y/(Sx^  —  2x  +  4)  to  each  of  these  roots,  we  have 
V(3x»  -  2x  +  4)  =  6,  whence  x  =  3,  -  }. 
V(3x2-2x  +  4)  =  -4,  whence  X  =  J(l  ±  V37). 
The  numbers  3,  —  }  satisfy  the  given  equation,  and  are  therefore  roots 
of  that  equation.    The  numbers  iV(^  =t  >/37)  do  not  satisfy  the  given 
equation. 

But  if  the  value  of  the  radical  be  not  restricted  to  the  principal  root, 
the  given  equation  comprises  the  two  equations 

V(3x«-2x  +  4)-3x2  +  2x  =  -16,  (1) 

-  V(3a;«  -  2x  +  4)-  3x2  +  2x  =  -  16.  (2) 

Then  J(l  ±  \/37)  are  roots  of  (2). 

Ex.  2.  Solve  the  equation  ^(3  x^  +  13)  +  V(3ai»  +  13)  =  6. 
Assuming  {/(3x^+  13)  as  the  unknown  number,  and  representing  it 
by  y,  we  have  y  + 1^  =  6. 

The  roots  of  this  equation  are  2  and  —  3. 

Equating  {/(Sx^  +  13)  to  each  of  these  roots,  we  have 

■{/(3x«  +  13)=  2,  whence  x  =  ±  1, 

^(3aJ«  +  13)  =  -  3,  whence  x  =  ±  W  =  ifV^l. 

The  numbers  ±  1  are  roots  of  the  given  equation,  since  ^16  +  y/lQ  =  6. 

The  numbers  ±  f  V^l  are  evidently  not  roots  of  the  given  equation, 
but  are  found  to  be  roots  of  the  equation 

-  </(3xa  +  13)  +  V(3a;«  +  13)=  6. 

The  preceding  examples  illustrate  the  following  principle : 

ff  a  radical  equation  contain  one  radical^  and  an  expression  which  is 
equal  to  the  radicand  or  which  can  be  made  to  differ  from  the  radicand 
(or  a  multiple  of  the  radicand)  by  a  constant  term,  it  can  be  solved  as  a 
quadratic  equation.  The  same  is  true  if  the  equation  contain  two  radi- 
cals, one  the  square  of  the  other,  and  in  addition  only  constant  terms. 
In  both  cases,  the  radicand  must,  in  general,  be  a  linear  or  a  quadratie 
expression. 
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7.   Ex.    Solve  the  equation  9  x^  _  (7  x  +  18  y/x)  =  80. 
This  equation  can  be  written  in  the  form 

0x»-6«  +  l  =  x+  ISy/x  +  81, 

or  (3x-l)»  =  (V«  +  9)2. 

Equating  square  roots,  3x  -  1  =  ±  ( ^x  +  9).  (1) 

If  we  let  y/x  =  y  in  the  first  of  these  equations,  we  have 

3ya-l=y  +  9. 

The  roots  of  this  equation  are  2,  —  },  and  the  corresponding  values  of 
X  are  4,  y. 

Solving  the  second  of  equations  (1)  in  like  manner,  we  obtain 

x=-A(47±V-»fi)- 
The  numbers  4  and  —^(^T  ±y/—  96)  satisfy  the  given  equation  and 
are  therefore  roots  of  that  equation. 

The  number  ^  is  found  to  satisfy  the  equation 

9x»-(7x-18Va;)  =  80. 

Observe  that,  if  the  given  equation  had  been  at  once  rationalized^  It 
would  have  led  to  an  equation  of  the  fourth  degree. 

&   Ex.    Solve  the  equation 

y/(a^  -  8x  +  4)  -  V(«^  -  6x  +  7)=  1.  (1) 

Let  us  assume  x^  —  3x  +  4  =  ^  and  x^  —  5x  +  7  =  5.  (2) 

Then     ^  -  5  =  (x«  -  8  x  +  4)  -  (x«  -  6  x  +  7)  =  2  x  -  8.  (3) 

Since  ^A+^B^-A:^, 

we  have 

or  ^(xa-3x  +  4)  +  V(«^-fia;  +  7)=^^^  =  2x-3,  (6) 

since  y/(jK^  -  3 x  -  4)  -  V(x«  -  5x  +  7)  =  1. 

Adding  corresponding  members  of  (1)  and  (6), 

2V(aJ»  -  3x  +  4)  =  2x  -  2.  (6) 

Dividing  by  2  and  rationalizing, 

x2-3x  +  4  =x*-2x  +  l. 

Whence  x  =  3. 

The  number  3  is  found  to  be  a  root  of  the  given  equation. 

The  purpose  of  the  method  is  to  obtain  the  sum  of  two  radicals  when 
their  difference  is  given,  or  to  obtain  their  difference  when  their  sum  is 
given. 

In  practice  the  steps  indicated  by  (2)  and  (4)  can  be  omitted. 
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9.  Irrational  equations  containing  cube  and  higher  roots  in  general 
lead  to  rational,  integral  equationi  of  a  higher  degree  than  the  second, 
and  therefore  cannot  be  solved  by  means  of  quadratic  equations.  But 
in  some  cases  their  solutions  can  be  effected  by  special  devices. 

Ex.  1.     Solve  the  equation  {/(8x  + 4) -^(8x- 4)  =  2. 

Cubing, 
8«  +  4  -  3  [^(8x  +  4)P  |/(8x  -  4)  +  3^(8x  +  4)[{/(8x  -  4)]a 

-8x  +  4  =  8.  (1) 

Transferring  and  uniting  terms,  and  dividing  by  —  3, 

[^(8x  +  4)]«  {/(8x  -  4)  -  ^(8x  +  4)[^(8x  -  4)P  =  0.  (2) 
Factoring,  ^(8  x  +  4)  ^(8  x  -  4)  [  ^(8  x  +  4)  - 1/(8 x  -  4)]  =  0.  (3) 
This  equation  is  equivalent  to  the  three  equations 

^(8x  +  4)  =  0,  whence  x  =  -  J;  (4) 

^(8x -  4)  =  0,  whence  x  =  ^ ;  (6) 

and  {/(8x  +  4)  -^(8x -  4)  =  0, 

whence  8x4-4  =  8x-4.  (6) 

Equation  (6)  Is  not  satisfied  by  any  finite  value  of  x. 
The  numbers  —  }  and  }  are  found  to  satisfy  the  given  equation. 

Ex.  2.    Solve  the  equation 

»/(8x«  +  12x«  +  18x  +  27)  =  V(4a;«  +  4x  +  9). 
The  terms  8  x"  and  27  in  the  first  member  suggest  the  cube  of  2x4-3, 
and  the  terms  4  x^  and  0  in  the  second  member  the  square  of  2  x  +  3. 
Modifying  the  radicands  so  that  (2x  +  3)*  and  (2x  +  3)^  shall  appear  in 
the  first  and  second  members  respectively,  we  have 

{/(8x«  +  36x3  +  54x  +  27  -  24x«  -  36x)  =  y/(j^x^  +  12x  +  9  -  8x), 
or  \/[(2x  +  3)»  -  12x(2x  +  3)]  =  V[(2x  +  3)»-  8x]. 

Equating  sixth  powers,  we  obtain 

(2  X  +  3)«  -  24x  (2  X  +  3)*  +  144x2 (2x  +  3)« 
=  (2x  +  3)»  -  24x(2x  +  3)*  +  192x«(2x  +  3)«  -  612x«. 
Uniting  like  terms,  48  x«  (2  x  +  3)«  -  512  x»  =  0, 
or  x«[6(2x  +  3)«-64x]=0, 

or  x*(24x«  +  8x  +  64)=0. 

The  roots  of  the  last  equation  are 

0,0,-i(l±4V-6). 

The  numbers  0,  0  are  evidently  roots  of  the  given  equation. 
The  numbers  —  -(1  db4^—  6)  are  found  to  satisfy  the  equation 

^(8x»  +  12x2  +  18x  +  27)  =  - V(4x«  +  4x  +  9). 
Compare  Ch.  XIX.,  Exercises  II.,  Exx.  86  and  86. 
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BXBRCI8B8 

Solve  each  of  the  following  equations,  and  check  the  results.  If  a 
result  does  not  satisfy  an  equation  as  written,  determine  what  signs  the 
radical  terms  must  have  in  order  that  the  result  may  satisfy  the  equation. 

1.    V(3«  +  4)-4  =  0.  2.    v'0^+»)=2>/(x  +  6). 

3.   V[S  +  V(« - 4)]  =  3.  4.    ^(10a;  +  36)-l=4. 

5.    y/{z*-9)  =  4.  6.   4a;  =  3V(2«»-4). 

7,  S-  ^(Sx^-ix-\-9)=0,  8.    V(«  +  ^)  =  2  V(*  -  3)- 

9.  2- V(3a:*-ll«)  =  0.  10.   6x  =2  VCSx^ -x+ 15). 

11.    {/x-^  =  0.  12.    {/(lJx  +  8)- ^4  =  0. 

15.    V(4x  +  »)-  2  V«  =  1.  16.  V[(«-5)-7+ V(«-12)]=0. 

17.  v(^+l&)-*'=  Vfi- 

18.  v/Ll^  +  V{4  +  V(«*  +  23)}]  =  4. 
19.     ^"^    =4+V^-^  20.  ^+V(x«  +  7)^ 


V35+1  2  28  V(35H7) 

21.  V(3«  +  2)- V(2x'»  +  12x  +  10)=0. 

22.  ^(^  +  2^6)  =  V(*+ V^)+ \/(~«+ V^)- 

23.  ^^-^^(4x^-1)  =4.  24.  J(±  +  sVJf 4  -  6^=2. 

25.    v'[4ac«-^(3x-5)]=2«.      26.   VC^*  -  >/(2a:  + 3)]  =  3. 

27.    A/a^-2^  ^x  +  l  23     v/(3  x -H)  +  V(3  g)  ^  ^ 

v/a;  +  3      v/x  +  21  "    V(3«  + 1)  -  V(3a:) 

31.  3x-2Va5-l  =  0.  32.  x-^  y/(10x-^6)=9. 

33.  V(«  +  2)~  V(2C^  +  2x)  =0.         34.  7  V»  =  3  V(«*  +  3x-69). 

35.  X  +  6  -  y/(x  +  5)=  6.  36.   X  -  6  Vx  +  5  =  0. 

37.  (5  -  V*)*  =  2(7  +  y/x).  38.  X  -  7  y/(bl  -  x)=  38. 

39.  4V(76-x)=x-54.  ^.    (^x- 3)« +(^x -2)a  =  1. 

41.  V(«-2)+2v'(a;  +  3)-2v/(3x-2)  =  0. 

42.  y/(x  +  3)  +  V(*  +  8)  =  6^2. 

43.  V(2x  +  9)  +  V(3a5-15)  =  v'(7»  +  8)- 

44.  x«  +  V[4»'  +  VO««*+12x)]  =  (x  +  l)«. 

--       0X-4,     ;x-5      6  ^c       /3x  +  6  .     j7x~8     18 

*^-  \ir:T"^\8i34-2        *®-  \7^rr8'^Af87^''T 
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1          ,           1          _               4 

y/(,x  +  2)      ^(3x-2)    V(3«*  +  4«- 

-4) 

^1^-1 

X-VCa-**)          Z  +  y/(2-X*) 

1                             1             _^/3 

i-va-«»)    i+x/a-*')    x« 

660 

47. 
48. 

49. 

50.  Sx-Zy/x  =  2y/x.  51.    v'3J  +  \^«8  =  2^x. 

52.  Xy/z  -  a:  =  12  V«.  53.  sc  -  ^3^  =  6 ^x. 

54.  ai«-a;+2v'(flJ*-«-ll)=14.        55.  xH24=2a;+6V(2a5«-4«+16). 

56.  V(2«'-3x  +  5)+2x2-3x  =  l. 

57.  V(7«*  +  8x-19)-7xa-8x  =  -39. 

58.  V(5«*-2x-3)-6xS  +  2x  =  -83. 

59.  x2-6x-2v«  =  -3.  60.  8Va  =  a;(x- 7)- 7. 

61.  2xV(4««-27x)  =  -6x«  +  27x  +  9. 

62.  V(8a^  +  7x-l)-V(8«*-4x  +  6)  =  8. 

63.  V(2«*-7x  +  7)  +  V(2«".+  9x-l)  =  6. 

64.  V(S*«-2x  +  6)-V(6«*  +  2x~3)=l. 

65.  v(aj+vaj)-v(a5-va^)=|^j:^- 

66.  _^fi— =1.  67.    W  +  V^)  =  2-|/(l-V«). 

68.  </x  +  ^(28  -  X)  =  4.  69.    ^(87  +  x)  -  ^x  =  1. 

70.  ^(36  +  x)  +  ^(36-x)=6.       71.    ^(14 +  x)  +  {/(14 -x)  =  4. 

72.  ^(50  +  X)  +  ^(22  -  X)  =  6.        73.   x -</(97  -  x*)=  1. 

74.  X  +  ^(337  -  X*)  =  7.  75.   x  -  ^(x»  -  242)  =  2. 

76.  ^(41  +  x)+^(41-x)  =  4.       77.    ^(a  +  x)  +  ^(a  -  x)  =  ^(2  a). 

78.  ^(20  -  X)  4- ^(13  +  X)  =  3.       79.    |/(24  +  x)  +  ^(40  -  x)  =  4, 

80.  ^(x»-12x«+12x+l)  =  v'(«*-8x+l). 

81.  ^(27 x«  +  72x«  +  48x  +  8)  =  VC^x*  +  16x  +  4). 

82.  {/(x»-9x«  +  9x-l)  =  v'(«*-8x  +  l). 

83.  |/(x»  +  3x«+12x  +  64)  =  V(*'  +  2x  +  16). 

84.  V(«'  +  6«)+a  =  «.  85.    VC  \/(<» +  «*)-«]=  c. 
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\a«-««  b  y/X-y/b         b 


90.    VC«  +  «)  +  V(«  -  a;)  = 


l+V(l-a;)_ 

1 -V(i -»;-**• 


92.  V(a  +  «)  +  V(&  +  »)+v<c  +  «)  =  0. 

93. =  o* 

94.  V(l -«  +  «*)+ V0+»  +  3^)  =  »»- 
oV(x~5)+6v(a-g)_  gg    6V(a-x)-~oV(5-g)_ 


97. 
99. 


yg-a?')  ,  \/a  +  x')__.      Qg    fl  +  x+V(a«-x«)_6 
V(l  -  X)  "^  V(l  +  3J)  "  a  +  X  -  V(a* - «*)  "» 


X 


^x  +  y/(^a  —  x)     Vx  —  VC** "  x)     V* 


100.  ^'^^ ^Jl*_  =  o. 

y/x '\- y/(a  +  x)     y/a-y/ia  +  x) 

3^(x~6)  +  6^(3-x)_  a^(&-x)+&^(a-x)_ 

^"•^-      ^(3-x)  +  ^(x-5)    -^     •^"^-      {/(a-x)-f</(6-x)    -*' 

103.    ^^:^^""^^1"""^!  =  &.     104.    ^^"","^^^,^f  ^  =  1. 

105.  v[«» +  V(«* -«»)]  + V[a-V(<»» -*•)]=  »«^jq:^7^^- 

„    (g  +  x)-V(a  -  x)  +  (o  -a;).{/(o  +  »)  _  . 


CHAPTER  XXIII 

SIBHTLTANXIOnS  QUADRATIC  AKD  HIGHER 

EQUATIONS. 

To  obtain  a  definite  solution  of  a  system  of  two  or  more 
quadratic  or  higher  equations,  as  many  equations  must  be 
given  as  there  are  unknown  numbers.  And,  as  in  systems  of 
linear  equations,  the  given  equations  must  be  consistent  and 
independent. 

The  solution  of  a  system  of  quadratic  or  higher  equations  in 
general  involves  the  solution  of  an  equation  of  higher  degree 
than  the  second,  and  therefore  cannot  be  effected  by  the 
methods  for  solving  quadratic  equations.  But  there  are  many 
special  systems  whose  solutions  can  be  made  to  depend  upon 
the  solutions  of  quadratic  equations. 

§1.   SIMULTANEOUS  QUADRATIC  EQUATIONS. 

1.  Elimination  by  Substitution.  —  When  one  equation  of  a 
system  of  two  equations  is  of  the  first  degree,  the  solution  can 
be  obtained  by  the  method  of  substitution. 

Ex.     Solve  the  system  y  -f-  2  aj  =  6,  (1) 

aj«-y«  =  -8.  (2) 

Solving  (1)  f or  y,  y  =  5  —  2  as.  (3) 

Substituting  6  —  2  as  for  y  in  (2), 

a«-25-|-20x-4a^=:-8.  (4) 

From  this  equation  we  obtain         x  =  l,  (6) 

aj  =  6f.  (6) 

Substituting  1  for  x  in  (3),  y  =  3. 

Substituting  6}  for  x  in  (3),  y  =  -  6). 
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Notice  that  the  system  (1),  (2)  is  equivalent  to  the  system 
(3),  (4),  which  is  equivalent  to  the  two  systems  (3),  (5)  and 
(3),  (6). 

Therefore  the  solutions  of  the  given  system  are  oj  =  1,  y  =  3 ; 

These  solutions  may  be  written  1,  3 ;  5|,  —  6 J,  if  the  first 
number  of  each  pair  be  understood  to  be  the  value  of  Xy  and 
the  second  the  corresponding  value  of  y. 

Observe  that,  if  we  had  substituted  the  value  1  for  x  in  (2), 
we  should  have  obtained  y  =  ±S, 

But  the  values  x  =  l  and  3^  =  —  3  do  not  satisfy  equation  (1). 

By  the  principle  of  equivalent  equations,  proved  in  Ch.  XIII., 
§  2,  Art.  2  (iii.)j  equation  (3),  obtained  from  (1)  by  solving  for 
y,  and  equation  (4),  obtained  by  substituting  this  value  for  y 
in  (2),  form  a  system  equivalent  to  the  given  system.  This 
principle  does  not,  however,  prove  that  (2)  and  (4)  are  neces- 
sarily equivalent  to  the  given  system.  In  this  example,  since 
(2)  and  (4)  give  more  solutions  than  (1)  and  (4),  the  system 
formed  by  (2)  and  (4)  cannot  be  equivalent  to  the  given  sys- 
tem. Therefore,  having  obtained  the  values  of  one  of  the  un- 
known numbers,  we  should  obtain  the  values  of  the  other  by 
substituting  in  the  equation  of  the  first  degree. 

This  advice  was  unnecessary  in  solving  systems  of  linear 

simultaneous  equations,  since  then  both  equations  were  of  the 

first  degree. 

BXBBCI8ES  I. 

Solve  each  of  the  following  systems : 
^   r  xy  =  54,  ^  r4aj-3y  =  24, 

\Sx=:2y.  lajy  =  96. 

j2a:«-3y»  =  24,  r3a;-2y=:l, 

[2x  =  3ry.  '  lV  +  y»  =  74. 

(Sx-y  =  5,  f2aj-h3y  =  10, 

'  I  aj«  +  y»  =  1826.  "  \x(x^y)  =  25. 

^    r3a^-7y«  =  84,  ^  |3aj-2y  =  l, 

I3a?-h7y  =  42.  [x-^3y=z4xy. 
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'   [2x-Sy  =  6. 


U  +  y  =  18. 
15.  I 


4a? -63/= -18, 
ay 

(aJ-7)(y+3)  =  48, 
4a;  — 3y  =  6, 

2a;-3y  =  ll, 

17.  i4_3^_17 
X     y  7 

(7x-^y  =  ll, 

^-?  =  4i. 
X     y       * 

'x±5^y_±2 
y  —  7     a;  —  4' 

3a;  +  l  =  2y. 

(x-1 


19. 


21. 


2a 


«'-|-x-|- 1 


19 


10  f^  +  ^y  +  y*  =  3^» 

'  l2aj-y  =  21. 

r2««-3ajy4-y"=14, 
l2a;-y  =  7. 

(«-3)Cy-4)  =  -6, 
4x  +  3y  =  10. 

f2aj-f  3y  =  -13, 
a"-4ar5^  +  3y»  =  96. 

a?4-2y  =  l, 


12. 


14. 


1& 


la 


20. 


24. 


5  +  2  +  3i  =  0. 
y     a? 

a;  —  y  =  11, 

2x y  ^169 

y      2aj      6O' 

2y-7     2a;-5       ' 
6a;  =  4y  —  1. 

f  a;-f  1^3 

.v  +  1    2' 


27 


y-hy  +  i"  7 

5a;-7y-f  6  =  0, 
x«  4-  y«  =  18. 

r  5a?y+22^+4aj4-16=0, 
lllajH-5y=4. 


32 
15' 


«( 


.ay  +  y" 

7a? +  3^^  =  10, 

«*  +  a?  +  y  =  3. 

a?*+ajy-f  6a?+10y=29, 
aj+2y=3. 

2.  Elimination  by  Addition  and  Subtraction. — When  both 
equations  of  a  system  of  two  quadratic  equations  contain  only 
the  squares  of  the  unknown  numbers,  the  solution  can  be 
obtained  by  the  method  of  addition  and  subtraction. 

Ex.  1.  Solve  the  system  9  a;*  -  8  y*  =  28,  (1) 

7a;«-|-3y«  =  31.  (2) 
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We  will  first  eliminate  y". 

Multiplying  (1)  by  3,  27  aj«  -  24  y*  =  84.  (3) 

Multiplying  (2)  by  8,  66  oj*  +  24  j^  =  248.  (4) 

Adding  (3)  and  (4),  83  aj»  =  332.  (6) 

Whence  x  =  2,  (6) 

and  a?  ==  —  2.  (7) 

Substituting  2  for  x  in  (1),  y  =  ±  1.  (8) 

Substituting  -  2  for  a?  in  (1),  y  =  ±  1.  (9) 

The  given  system  is  equivalent  to  the  system  (3),  (4),  which 
is  equivalent  to  the  system  (6),  (1) ;  this  last  system  is  equiva- 
lent to  the  two  systems  (6),  (1)  and  (7),  (1). 

The  solutions  of  the  system  (6),  (1)  are  2, 1 ;  2,-1. 

The  solutions  of  the  system  (7),  (1)  are  —  2,  1 ;  —  2,  —  1. 

Therefore,  the  given  system  has  the  four  solutions,  2, 1 ;  2, 
-1;   -2,1;  -2,-1. 

Notice  that  the  number  of  solutions  is  equal  to  the  product 
of  the  degrees  of  the  equations  of  the  system. 

Many  other  examples  are  most  easily  solved  by  this  method. 

Ex.  2.  Solve  the  system 

We  will  first  eliminate  y. 
Multiplying  (1)  by  6, 
Multiplying  (2)  by  3, 
Adding  (3)  and  (4), 
Whence, 
and 

Substituting  3  for  x  in  (1), 
Substituting  —  3  for  a?  in  (1), 

Therefore,  the  given  system  has  the  two  solutions  8,  3; 
-3,3. 

Notice  that  this  example  could  also  have  been  solved  by  the 
method  of  substitution. 


a!'  +  3y  =  18, 

(1) 

2al'-By  =  S. 

(2) 

6a!»  +  15y  =  90. 

(3) 

6a!»-16y  =  9. 

(4) 

11  as*  =  99. 

(6) 

a!  =  3, 

(6) 

»  =  — 3. 

(7) 

y  =  3. 

(8) 

),          y  =  3. 

(9) 
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Ex.  a  Solve  the  Bystem 

ir*  4-  »y  =  6, 

(h 

«  +  y  =  3. 

(2) 

Multiplying  (2)  by  «, 

s^  +xy  =  3x. 

(3) 

Subtracting  (3)  from  (1), 

0  =  6 -3a?. 

(4) 

Whence, 

x=2. 

(5) 

Substituting  2  for  x  in  (2), 

y  =  l. 

Notice  that  in  multiplying  equation  (2)  by  x,  the  root  a?  =  0 
was  introduced  into  equation  (3).  But,  since  equation  (1)  is 
not  satisfied  by  a;  =  0,  the  given  system  is  equivalent  to  the 
system  (1),  (3).  The  latter  system  is  equivalent  to  the  sys- 
tem (4),  (1). 

BZBBCI8BS  II. 

Solve  each  of  the  following  systems : 

(0^  +  7^  =  13,  ^    raj»  +  y«=a, 


1. 


3. 


'2a«-3y  =  20,  r2a^  +  7y  =  32, 

.a^  +  53^  =  36.  *'  \Sx*-6y 

'7x-^xy  =  20,  r4a;4-3.v*  =  34, 

.2a;y  +  5aj  =  22.  ^  l7y"  =  2a?. 

a^  +  x!/  =  a,  ^   r2a^  +  3y»  =  77, 
a;  +  y=6.  l2a^-33/*  =  23. 

r  5ajy  +  3aj*  =  132,  j  So*  -f  33/«  =  107, 


5. 


^    r2a^  +  7y  =  32, 
'  l3aj«-5y  =  17. 

J  4a;  4-^ 


'■{ 


(5af  +  3y'  = 


\Bxy-3x'  =  78.  '  l4«*-3y»  =  37. 

fa!*  +  4a!  +  y'  +  3y  =  30,  ,^    fas' +  6  ay +  3/*  =  43, 

13. 


raJ'  +  4a;  +  2/*-h3y  =  30,  ^^    fa* 

la^  +  4a;  +  6  =  i^  +  3y.  Iaj»-h5«2/-y«  =  25. 

r4aj»ay  +  5,  ^^   f 

l7y«=a!y  +  6.  l3y  =  a»  +  y*-7. 


,4aj=siry  +  5,  ,^    f 8ape:a*  +  y"  — 1, 


2af-3y'  +  5y  =  U,  (3a!y  =  5x-7y -1, 


'   [3y'-2af  +  Bx  =  9. 


17.  J     ...  ■"        '  la 


33/"-2a*  +  5aj  =  9.  1 2a!y  =  3aj-h5y-9. 
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19. 


21. 


23. 


y 

X 

3-5=12  as, 

y 

6  +  -  =  20y. 

X 


20. 


24. 


.x  —  y  =  2xy  —  ^. 
i=9y  +  2, 

X 

y 

5  =  10aj-3, 
|  =  9y-4. 


25. 


a?  +  .V 


x-y 


4.3aj  =  2|, 


2e 


-7a  =  -8f 


5x 


+J-=30, 
-2-./?  =39. 

\y 


3.  Method  of  Factoring. — The  method  of  this  article  de- 
pends upon  the  following  principle : 
A  system  of  two  integral  equations 

whose  first  members  (when  cdl  terms  are  brought  to  these  memberf^ 
can  be  resolved  into  factorsy  i«  equivalent  to  the  four  systems. 


P=0,1 
i2  =  0, 


(a), 


P=0, 1 
iS  =  0, 


(ft), 


(c), 


:::l<^' 


Q  =  0, 

8 


obtained  by  taking  each  factor  of  one  equation  with  each  factor 
of  the  other. 

For,  every  solution  of  the  given  system  must  reduce  either 
P  or  Q,  or  both  P  and  Q,  to  0,  and  at  the  same  time  must 
reduce  either  R  or  /S,  or  both  B  and  Sy  to  0. 

Now  any  solution  of  (I.)  which  reduces  P  to  0  and  R  to  0,  is 
a  solution  of  (a) ;  any  solution  which  reduces  P  to  0  and  S  to 
0,  is  a  solution  of  (6);  and  so  on.  Therefore,  every  solution  of 
the  given  system  is  a  solution  of  at  least  one  of  the  derived 
systems. 
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And  any  solution  of  (a)  reduces  P  to  0  and  ^  to  0,  and 
therefore  reduces  P  x  Q  to  0  and  JR  x  S  to  0.  Therefore, 
every  solution  of  (a)  is  a  solution  of  (I.). 

In  like  manner  it  can  be  shown  that  every  solution  of  the 
three  other  derived  systems  is  a  solution  of  the  given  system. 

Ex.  1.   Solve  the  system     (a  --  2  y)  (aj  —  3  y)  =  0, 

(aj  +  y-4)(aj-y-|-2)  =  0. 
The  given  system  is  equivalent  to  the  four  systems 
a;  — 2y  =  0,  ]  ,^  «-2y  =  0, 

X 


x-2y  =  0,\  x-2y  =  0,i 


a;-3y  =  0, 1 
a?  +  y  —  4  =  0, , 


W'  a;-y  +  2  =  0,J^  ^ 


The  solution  of  (a)  is  f ,  f ;  the  solution  of  (6)  is  —  4,  —  2 ; 
the  solution  of  (c)  is  3, 1 ;  the  solution  of  (d)  is  —  3,  —  1. 
These  are  therefore  the  solutions  of  the  given  equations. 

Ex.  2.  Solve  the  system    2a? -7 xy +  6f  =  0,  (1) 

a5>  +  2^  =  13.  (2) 

The  first  member  of  (1)  is  (a?  —  2  y)(2  a?  —  3  y),  and  the  first 
member  of  (2),  when  13  is  transferred  to  that  member,  cannot 
be  resolved  into  rational  factors.  The  given  system  is  there- 
fore equivalent  to  the  two  systems 


35  — 

of 


-^2/  =  0,    I  2a.-3y  =  0,    | 


The  solutions  of  (a)  and  (6),  and  therefore  of  the  given 
system,  are  respectively 

2V¥»V¥;  -2V¥. -V¥;  3|2;  -3,-2. 

Ex.  3.  Solve  the  system  (x  —  7)(y  —  3)=  0, 

(a?-5)(y-9)=0. 

If  a  solution  is  to  contain  simultaneous  values  of  x  and  y, 
aj  —  7  =  0  and  «  —  6  =  0  cannot  be  taken  as  a  system.  There- 
fore the  given  system  is  equivalent  only  to  the  two  systems 
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The  solutions  are  evidently  7,  9,  and  5,  3. 
The  solutions  of  such  systems  can  be  written  at  sight. 

4.  When  all  the  terms  which  contain  the  .unknown  numbers 
in  both  equations  of  the  system  are  of  the  second  degree,  a 
system  can  always  be  derived  whose  solution  is  obtained  by 
the  method  of  the  preceding  article. 

Ex.   Solve  the  system  a?  +  xy  +  2f-74:y    '  (1) 

2aj«  +  2a?y4-y*  =  73.  (2) 

Multiplying  (1)  by  73,    73  a?*  +  73  icy  + 146  y«  =  74  x  73.  (3) 

Multiplying  (2)  by  74, 148  aj»  + 148  ajy  +  74  y»  =  74  x  73.  (4) 

Subtracting  (3)  from  (4),  75  iB»  +  76  ojy  -  72  y»  =  0, 

or  26aj»4-25a?y-24y»  =  0, 

or  (5aj-3y)(6aj  +  8y)  =  0. 

Therefore  the  given  system  is  equivalent  to 

5»-3y  =  0,    \  5x  +  Sy  =  0,   \ 

aj>  +  ajy  +  23^=74,/W»  aj»  +  ajy +  2y»  =  74,l  W- 

The  solutions  of  these  systems,  and  hence  of  the  given 
system,  are  respectively 

3,6;  -3,  -6;  8,  -5;  -8,6. 

In  applying  this  method  to  such  systems,  we  must  first 
derive  from  the  given  equations  a  homogeneous  equation  in 
which  there  is  no  term  free  from  the  unknown  numbers.  The 
factors  of  the  first  member  of  this  equation  can  always  be 
obtained.  See  Ch.  VIII.,  §  1,  Art.  12 ;  Ch.  XVIII.,  Art.  19 ; 
and  Ch.  XIX.,  Art.  31. 

5.  A  system  of  two  quadratic  equations,  whose  terms  in 
the  unknown  numbers  are  all  of  the  second  degree,  can  also  be 
solved  by  a  special  device. 

Ex.  1.    Solve  the  system  »•  +  4  y"  =  13,  (1) 

fl^4.2y»  =  6.  (2) 

In  both  equations,  let  y  =  tx,  (3) 
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Then  from  (1),  aj«  +  4  aj»t«  =  13,   whence  0^=     ^^    i       (4) 

and  from  (2),  a?t  +  2a^fi  =  &,  whence  a^ ■=  — ^-        (6) 

Equating  values  of  a^,  ^-^^  =  ^-^.  (6) 

From  (6),  ^  =  i,  (7) 

and  <  =  —  |..  (8) 

When  «  =  i,  0^=     ^'^    ^=9,  whence  aj  =  ±  3. 

When  ( =  —  4,  a*  =  J,  whence  x  =  ±  -y/^. 
When  aj  =  ±  3,  y  =  to  =  ^(±  3)  =  ±  1. 

Whenaj  =  ±Vi,  y  =  -|(±  Vi)  =  =F  *Vi- 

It  is  to  be  noted  that  after  assuming  y  =  tx,  we  have  a 
system  of  three  equations  in  three  unknown  numbers  x^  y,  and  t 
Then  the  system  (1),  (2),  (3)  is  equivalent  to  (3),  (4),  (5),  which 
is  in  turn  equivalent  to  (3),  (4),  and  (6).  From  (6)  we  obtain 
the  values  of  t,  from  (4)  the  corresponding  values  of  x,  and 
from  (3)  the  corresponding  values  of  y. 

The  solutions  of  the  given  system  therefore  are 

3,1;  -3,-1;  V^-fViJ  -^/hWh 


BXEROISBS  m. 

Solve  each  of  the  following  systems : 
^    f(a!-8)(y-6)  =  0,  ^    f («-3)(y-4)  =  0, 


■{ 

r(x-l)(y-2)  =  0,  f(ir-6)(y-3)=0, 

•  l(a!  +  l)(y  +  2)  =  12.  '  I  (a!-4)(y-7)  =  0. 

ta?  +  xy=s78,  (s^  =  28xy —  676, 

''  l»»-i»y  =  7.  *■  I y»  =  226 - 8 ay. 

^    fa!'  +  4y»  =  13,  ^   f sr*  +  3 asy  =  64, 

xy  +  2f  =  5.  laiy  +  4y'  =  116. 
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11 


13. 


15. 


I 
•1 

■{ 

•I 


21. 


2a 


a*-h«y  +  y"  =  62, 

205*  + 2ajy  +  2^  =  73. 

2aj»-h3rcy  +  3^  =  15, 
5aJ4-4y*=24. 

«*  +  iKy  +  2/*  =  57, 

ic*  —  a?y  +  y*  =  43. 

ic«  +  3/'  =  61-3ary, 
a*-3^  =  31-2a^. 

2a?-5a^  +  3y* 

«4-4V(ajy)4-4y 
.  V«  +  2^y  =  3. 

(x-15)(y-7)  =  0, 

1  +  1  =  1. 
X     y     6 

MM-"- 

aj«-2ajyH-32^=12. 


19. 


20. 


ly»-2xy  +  15  =  0. 

(a^  +  xy  +  y'  =  13x, 
^^U-xy  +  f^Jx. 

^   (a?  +  5xy  +  y'=79, 
\!i?  +  Sx!f  +  y'  =  59. 

=  6, 
=  6. 


f(«-3)(y-2)  =  0, 
1+3  =  2. 


24. 


25.   I 


a? +  2xy  =  12. 
x  —  2  v(«y)  +  y  -  V*  +  Vy  =  ^> 


V^  +  Vy  =  S- 


6,  If  the  members  of  one  equation  of  a  system  of  two  equations 


PR=^QS,    (1) 
P^-Q,      (2) 


) 


(I-) 


contain  as  factors  the  corresponding  members  of  the  second  equa- 
tion,  then  the  system  is  equivcUent  to  the  following  two  systems : 

>  (a),      and 


B  =  S,\ 


l>- 
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The  first  equation  of  the  system  (a)  is  obtained  by  dividing 
the  members  of  equation  (1)  of  the  given  system  by  the  cor- 
responding members  of  equation  (2),  and  the  second  equation 
is  equation  (2)  of  the  g^ven  system. 

The  system  (6)  is  obtained  by  equating  to  0  the  two  mem- 
bers of  equation  (2)  of  the  given  system. 

The  given  system  is  equivalent  to  the  system 

PB-QS  =  0,^ 

P-Q  =  0,]'  <^^-> 

or,  replacing  Q  by  P,  to  the  system 

P(B-S)  =  0,'i 

P-Q  =  0,\  ^"-^ 

The  system  (III.)  is,  by  Art.  3,  equivalent  to  the  two  systems 

^-^  =  "'1,  and  ^=''1 

That  is,  to 

^=J)(a),        and  ^^Jl^. 

Ex.  1.  Solve  the  system  («— 1)  (a— y+2)  =  (y+l)  (x-^y), 

By  the  above  principle,  the  given  system  is  equivalent  to  the 
following  two  systems : 

«-l=y-M,|  ^^    a?-y-f2  =  0,| 

The  solution  of  (a)  is  3, 1 ;  the  solution  of  (6)  is  —  1, 1. 

Ex.  2.  Solve  the  system        a*  —  y*  =  8, 

a  +y  =3. 
The  given  system  is  equivalent  to  the  two  systems 

'-*-M(a),       and    "^r^Aib). 

The  solution  of  system  (a)  is  ^  \.    Since  the  equation  3  =  0 
is  impossible  for  finite  values  of  x,  the  system  (b)  is  impossible. 
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EXBBOISBS  IV. 


Solve  each  of  the  following  systems : 


iB«-4y»  =  21, 


^  \5x-y=:3. 

^    r(3x-2y)(2 
'   [(3x-2y)  = 


{ 

Kaj'-l)(3r-l)=2« 
l(«-l)(2^-l)=40. 


a;  —  y  =  4. 
(aj»-l)(y»-l)=2800, 


(3x-2y)(2a?-3y)=i^(a?-3^), 
(3aj-2y)=Y(aj-y). 

2aj«-a^-3y"=:-12, 

«  +  y  =  3. 
3a^-2a:y-y«  =  3, 
3a;4-y  =  l. 
3a^-4a^  +  2/*  =  39, 

(2aj  +  3y)»-(»-5y)«  =  -209, 
a;H-8y  =  ll. 
(3a.-l)«-(4y+2)«  =  60, 


•■{ 

r3a^-4a^ 

1«  — y  =  3. 

■( 
{ 


»'-y'  +  (aJ  +  y)"  =  24, 


I  a?  +  .V  =  4. 


11 


12. 


3aj  +  4y  =  5. 


13. 


—  ^, 

aj*     y* 


14. 


I  ar  —  «  =  9. 


16. 


laj-y  =  13. 


7.  Symmetrical  Equations. — A  Symmetrical  Equation  is  one 

which  remains  the  same  when  the  unknown  numbers  are  inter- 
changed. 

A  systefn  of  two  symmetrical  eqtuxtions  can  be  solved  by  first 
finding  the  values  ofx+y  and  x  —  y. 

Ex.  1.  Solve  the  system  05  +  y  =  3,  (1) 

33^  =  2.  (2) 
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Squaring  (1),  a^  +  2  a^  4-  y*  =  9.  (S) 

Multiplying  (2)  by  4,  4  a^  =  8.  (4) 

Subtracting  (4)  from  (3),  «*  -  2  a?y  +  j^  =  1 .  (5) 

Equating  square  roots^  «  —  y  =  1,  (6) 

and  a?— y  =  — 1.  (7) 

From  (1)  and  (6),  a?  =  2,  y  =  1 ; 

from  (1)  and  (7),  x  =  l,  y  =  2. 

We  find,  by  substitution,  that  the  two  sets  of  values  2, 1 
and  1,  2  satisfy  the  given  system. 

Notice  that  these  solutions  differ  only  in  having  the  values 
of  X  and  y  interchanged.  This  we  should  expect  from  the 
definition  of  symmetrical  equations. 

Observe  that  the  system  (3),  (4),  and  therefore  the  equiva- 
lent system  (3),  (5),  is  equivalent  to  the  two  systems : 


x  +  y  =  S] 

3^  =  2. 


(X  -{-y  = 
xy  =  2. 


a;  4-  y  =  —  3, 

xy 

Consequently,  if  in  the  system  (3),  (5),  equation  (3)  be  re- 
placed by  (1),  the  resulting  system 

aj  +  y  =  3,  (1) 

aj»-2ajy  +  y»  =  l,  (5) 

is  equivalent  to  the  given  system. 

Ex.  2.  Solve  the  system  a^  -f  y*  =  13,  (1) 

xy  =  6.  (2) 

Multiplying  (2)  by  2,  2  a^  =  12.  (3) 

Adding  (3)  to  (1),         a»  +  2  a^  4-  V*  =  26.  (4) 

Subtracting(3)from(l),a^-2a^-|-y*  =  1.  (5) 

Equating  square  roots  of  (4),   x  +  y  =  ±S.  (6) 

Equating  square  roots  of  (5),    a;  —  y  =  ±  1.  (7) 

The  given  system  is  equivalent  to  the  system  (4),  (6),  which 
is  equivalent  to  the  systems  (6),  (7). 
The  latter  systems  are 

"+•"=?' I  (a),     '"■^^=^'1  (6)/-^^=-*' 1(c),  *-^^=~?'  1(d). 


SIMULTANEOUS  QUADRATIC  EQUATIONS.         576 

The  solutions  of  these  four  systems  are  respectively  3,  2 ; 
2,3;  -2,-3;  -3,-2. 

The  solutions  of  (6)  and  (7)  should  be  obtained  mentally, 
without  writing  the  equivalent  systems  (a),  (6),  (c),  (d). 

In  thus  solving  mentally,  each  sign  of  the  second  member 
of  (6)  should  be  taken  in  turn  with  each  sign  of  the  second 
member  of  (7). 

11         1 

Ex.  a  Solve  the  system  -  -|^  -  = ,         (1) 

^  +  P  =  a«'  ^^^ 

Clearing  (1)  of  fractions,  (a?  +  yY  =  xy,  (3) 

Clearing  (2)  of  fractions,                     a*  -f  y*  =  -^.  (4) 

Subtracting  (4)  from  (3),  2xy  =  xy ^.     (5) 

vv 

Transferring  terms  and  factoring,  xyi  ^  -|- 1  j = 0.  (6) 

Whence  ajy  =  0,  (7) 

and  xy  =  —  a\  (8) 

From  (3)  and  (7)  we  have  05  =  0,  y  =  0.  This  solution  does 
not  satisfy  the  given  equations,  and  was  therefore  introduced 
by  clearing  of  fractions. 

From  (3)  and  (8)  we  have  (x  -f  y)*  =  —  a*. 

Whence  x  +  y  =  ±a^—l,   (9) 

Subtracting  2  a^,  =  —  2  a*,  from  (4),  (x  —  y)*  =  3  a*. 
Whence  a?  —  y  =  ±  a^S.     (10) 

From  (9)  and  (10)  we  obtain 


a(V-l+V3) 
2 

a(V-l-V3). 
2 

a(V-l-V3) 
2 

a(V-l+V3). 
2 

a(v3-V-l) 
2 

-a(V3+V-l). 
2 

-a(V-l+V3) 
2 

_a(V-l-V3) 
2 
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We  find  that  these  sets  of  values  satisfy  the  given  equations. 
When  the  equations  are  symmetrical,  except  for  sign,  the 
solution  can  be  obtained  by  a  similar  method. 

Ex.  4.  Solve  the  system  a?  —  y  =  1,  (1) 

ajy  =  2.  (2) 

Squaring  (1),  aj»-2ajy +  y«  =  l.  (3) 

Adding  four  times  (2)  to  (3),  aj*  +  2a;y +  3^  =  9.  (4) 

Equating  square  roots  of  (4),  «  +  y  =  ±  3.  (6) 

The  solutions  of  (6)  and  (1)  are  2, 1,  and  —  1,  —  2. 

Notice  that  the  solutions  in  this  case  differ  not  only  in  hav- 
ing the  values  of  x  and  y  interchanged,  but  also  in  sign.  This 
we  should  have  expected. 

8b  Many  systems  which  are  not  symmetrical  can  be  solved 
by  the  method  of  the  preceding  article. 

Ex.  1.  Solve  the  system  2  05  +  3  y  =  8,  (1) 

xy  =  2.  (2) 
We  should  first  obtain  the  value  of  2  x  —  3  y. 

Squaring  (1),     4  aj«  + 12  icy  +  9  y«  =  64.  (3) 
Subtracting  24  times  (2)  from  (3),  4  oj"  - 12  i»y  +  9  y*  =  16.    (4) 

Equating  square  roots  of  (4),  2  a  —  3  y  =  ±  4.  (6) 
The  solutions  of  (1)  and  (5)  are  3,  f ;  1,  2. 

9.  A  system  of  simultaneous  quadratic  equations  can  fre- 
quently be  solved  by  some  special  device. 

Ex.  1.  Solve  the  system  a^  +  y=7,  (1) 

a  +  3^  =  ll.  (2) 

Subtracting  (1)  from  the  product  of  (2)  by  x, 

xy'^-y^llx-T.  (3) 

Adding  (3)  to  twice  (2), 

xy»  -  y -h  2a?  H-2y«=  11  aj  + 16, 
or  y*(a-h2)-y  =  9«  +  16.  (4) 
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Solving  (4)  for  y, 

1  //9a? +  15  1       \ 

^     2{x-^2)'^yl\x  +  2   ^A(x  +  2yj 

_        1  .   6£+ll  ... 


2(a;  +  2)     2(aj-f-2) 
From  (5),  taking  the  sign  +  between  the  fractions^  we  have 

taking  the  sign  —  between  the  fractions^ 

6a?-|-10         3a;  +  5 

^"     2(aj4-2)'"       aj  +  2' 

Substituting  3  for  y  in  (2),  aj  =  2. 
Therefore  one  solution  is  2,  3. 

If  we  substitute ^^  for  y  in  either  (1)  or  (2),  we  are 

led  to  the  cubic  equation 

aj8  4.2a«-10aj  =  19. 
Methods  for  solving  cubic  equations  will  be  given  in  Part  II. 

Ex.  2.    Solve  the  system 

V(^  +  y)+V(«-y)  =  5-  (2) 

Clearing  (1)  of  f  ractions, 

3(a5-y)  =  4V(«-y)+4.  (3) 

Solving  (3)  as  a  quadratic  in  ■y/(x  —  y),  we  obtain 

V(a?-y)  =  2,and-|, 
whence  a?  —  y  =  4,  (4) 

and  x  —  y=z^.  (6) 

Substituting  2  for  V(a?  -  y)  in  (2),  V(«  +  y)  +  2  =  6, 
whence  a?  -h  y  =  9.  (6) 

Substituting  - 1  for  V(«  -  y)  in  (2),  V(a?  +  y)- 1  =  5 ; 
whence  aj  +  y  =  iJA.  (7) 
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From  (4)  and  (6),       a;  =  6 J,  y  =  2| ; 
from  (5)  and  (7),         x  =  16j^y,    y  =  15f. 

The  solution  6^,  2 J-  is  found  to  satisfy  the  given  equations; 
the  solution  16/^,  15 1-  is  found  to  satisfy  the  system  obtained 
by  changing  the  sign  of  the  radical  ^(a;  —  y), 

BXEBCISES   V. 

Solve  each  of  the  following  systems : 

_     raj  +  y  =  12,  ^    (x+y==33, 


I  xy  =  272. 


5. 


7. 


9. 


xy=32, 

X'\-yz=a,  (2x-\-Sy  =  5, 

xy=zb.  '   l8a^  =  3. 

r^a;  +  5y  =  37,  ^     faj  +  2y  =  10, 
|a^  =  28.  '   lay  =  12. 

(x-y^2,  ^    ra;-y  =  8, 
I  icy  =  48.  I  a5y  =  —  15. 

jar  — y  =  m,  f3a;  — 5y  =  — 13, 

|a;y=:n.  '    l2ay  =  — 4. 


r  6a?  -  7y  =  58,  r  a^  +  y»  =  40, 


la 


W  =  12. 

raj»  +  3^=181,  ^^    |aj«  +  2^  =  52, 

ta^  =  -90.  la^  =  24. 


,  16  iB*  +  y*  =  146,  f  26aj«-h9y*  =  148, 

15.  ^  '  16.    J  ^  ' 


17. 


|16af  + 

la^  =  3.  \6xy=z%, 

r9ic«  +  25y*  =  29y,  |  9 a:« -h y«  =  37 a*, 

^    r6a:«  +  2y«  =  6a«-h86«,  ^    ra:«  +  y«  =  137, 
*   la?y  =  2a6.  lx  +  y  =  15. 

^    fa"  +  y»  =  61,  _    f5iB  +  3y  =  ll, 


ra.'  +  y-^^ei,  r 

U  +  y  =  ll.  1 


y  =  ll.  I26aj»  +  9y*=73. 
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r3a:-f7y  =  -4, 
19x2  +  492^  =  58. 

ti»y  =  48. 

r9aj«-25.v»  =  -64, 

|a^  =  — 4. 


37. 


39. 


41. 


4a 


f »  H-  y  =  16, 

i+i=i. 

»    y    3 

X     y       * 

1     1^5 
10!     y     6" 

fa!»  +  y'  =  2ia!y, 

la?    y 


24. 


a^-y«  =  68, 


[aw  = 


a^  =  288. 


2a 


30 


raj»-4y«  = 
la^  =  -l. 

ra?  +  y«  =  f 
1  a?  —  y  =  5. 

^    r«»  +  y«  =  61, 

I 


34. 


3a 


3a 


40. 


42. 


44. 


16aj»H-49y*  =  113, 
4a?  +  7y  =  l. 


X     y     ^ 


2^ 


1 
9' 


a?     y 

a;  +  y  =  4. 

y     a;     16' 
[a?-y  =  2. 

f«'  +  y»  =  46, 
«    y    2 

X     y     a     b 

a^  +  y^^za'  +  b^ 
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45. 


47 


la?y  =  36. 

laj»4-a^  +  J^  =  61. 
^    raj*  +  y*  +  7a?y  =  171, 
1  ajy  =  2(aj  +  y). 


la?4-y==37. 
aj»  +  y»  =  45, 


5a 


5a 


55. 


52. 


54. 


lajy  =  2(x  +  y). 
«*  +  y*-(«-y)=20, 


I 


35^  +  y*  +  «  —  y  =  a, 


59. 


61. 


ea 


lay  +  a;  — y  =  l. 

5a  1'^  +  ^  =  ^' 

laj«  +  y*  +  a?y  =  3. 
^    faj»  +  a^+y«  =  3a7, 
U  +  y  =  23. 
raj*  +  a^  +  y*  =  2m, 
\a?'-xy  +  ^  =  2n. 

62.  ^'^^^^     (a'-6y 

(d^  -  6*)ay  =  1. 

l(a!+Va!)(y  +  Vy)=72. 

12(«»-j0=3- 
^    f2a!  +  5V(2x  +  y  +  2)=22-y, 

Sfannltaiiaona  Qaadntio  Bqoationa  in  Tbree  Unknown  Komben. 

10.  No  definite  methods  can  be  given  for  solving  simulta- 
neous quadratic  equations  in  three  unkuown  numbers. 

Ex.  1.  Solve  the  system  xy  =  2,  (1) 

a»  =  3,  (2) 

yx  =  6.  (3) 


f  4  !By  =  96  -  asy, 
\x  +  y  =  6. 
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Multiplying  corresponding  members  of  (1),  (2),  and  (3), 

ajy a*  =  36.  (4) 

Equating  square  roots  of  (4),             xyz  =  ±  6.  (6) 
Dividing  (6)  in  turn  by  (1),  (2),  and  (3), 

»  =  ±3,    y  =  ±2,    a?  =  ±l. 
The  required  solutions  are  therefore,  1, 2, 3,  and  —1,  —2,  —3. 

Ex.  2.  Solve  the  system            «0^  -h  2)  =  5,  (1) 

y{x  +  z)^%,  (2) 

2(a?  +  y)  =  9.  (3) 

Adding  corresponding  members  of  (1),  (2),  and  (3),  and 

dividing  by  2,                          xy  +  xz^yz  =  11.  (4) 

Subtracting  in  turn  (1),  (2),  and  (3)  from  (4), 

yz  =  6,  (5) 

a»  =  3,  (6) 

ay  =  2.  (7) 

The  solutions  of  equations  (5),  (6),  and  (7)  are  1,  2,  3,  and 
-1,-2,-3. 

Ex.  a  Solve  the  system        a? +  3^ -}-«*  =  169,  (1) 

a;  +  y  +  «  =  19,  (2) 

aj(y-h2)  =  48.  (3) 

Multiplying  (2)  by  «,          «"  +  a?  (y  +  2)  =  19  a?.  (4) 

Subtracting  (3)  from  (4),                      aj«  =  19  a?  -  48.  (6) 

Whence  a?  =  3  and  16. 

Substituting  3  for  a;  in  (1)  and  (2),  we  obtain 

from  (1),                                              y»  +  2;*  =  160,  (6) 

from  (2),                                              y  +  2  =  16.  (7) 

Substituting  16  for  a?  in  (1)  and  (2),  we  obtain 

from(l),                                           y«+«*  =  -87,  (8) 

from  (2),                                              y  +  2  =  3.  (9) 

Solving  (6)  and  (7),  we  have  y  =  4,     2  =  12 ; 
and  y  =  12,  «  =  4. 
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Solving  (8)  and  (9),  we  have 

„     3±V~183    ^     3  TV- 183 

The  solutions  of  the  given  system  are  therefore 
3,  4,  12;    3,  12,  4;    16,  ^  ^  V ""  ^^>   3Tj^A-183. 

Ex.  4.  Solve  the  system              a*  +  o^  +  y*  =  37,  (I) 

ic*  +  a»  +  2r»  =  28,  (2) 

f^yz^-7?  =  \%  (3) 

Subtracting  (2)  from  (1),    a  (y  -  2)  -h  y*  -  «•  =  9,  (4) 

or                                              (y  — 2;)(a;  +  y-f2f)  =  9.  (6) 

Subtracting  (3)  from  (2),  (a?  —  y)  (a?  4-  y  +  2)  =  9.  (6) 

From  (5)  and  (6)  we  obtain                    y^z  =  x  —  y,  (7) 

or  05  =  2y  —  2.       (8) 

Substituting  2y  —  2  for  a?  in  (1), 

{2y-zy  +  {2y-z)y-hy'  =  S7,  (9) 

or                                                  7y*- 5^2  4- 2*  =  37.  (10) 

Multiplying  (3)  by  37,    37  y*  +  37  3^  +  37  2»  =  37  x  19.  (11) 

Multiplying  (10)  by  19,  133^2  _  95^^  ^  19^  =  37  x  19.  (12) 

Subtracting  (11)  from  (12), 

96 1^  -  lS2yz  -  ISz"  =  0,  (13) 

or                                            483^-66y2-92;«  =  0,  (14) 

or                                            (6y-9z)(8y  +  2)  =  0.  (15) 

Now  the  given  system  is  equivalent  to  the  system  (1),  (5), 
(6),  which  is  equivalent  to  the  system  (1),  (3),  (8).  The  latter 
system  is  equivalent  to  the  system  (1),  (8),  (10),  which  is 
equivalent  to  the  system  (8),  (3),  (15).  The  latter  system  is 
equivalent  to  the  two  systems 


a:  =  2 1/  —  «, 
6y-92  =  0, 


x=:2y^z, 
(a),  8y-f2  =  0, 


(b). 
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In  solving  systems  (a)  and  (6),  we  first  solve  the  last  two 
equations  for  y  and  z. 

The  solutions  of  (a)  and  (6),  and  therefore  of  the  given 
system,  are  4,  3,  2;    -4,   -3,   -2;    lOVi,  Vt   " Vi; 

BIXBBCISBS  VL 

Solve  each  of  the  following  systems : 


1. 


10. 


12. 


yz  =  b\ 
a»  =  0*. 

5. 


14. 


f  0^  =  30, 
yz=-  60,  2. 

xz  =  —  50. 

ic«-hy"  =  13, 

aj"  +  2^  =  34, 

y  +  z'  =  29. 

2/»  -f.  2«  =  6«,  7. 

2'  +  aj«  =  c». 

2/(a;  +  2)  =  &,  a 

a^   _2 

»  +  »     2' 
ayyg   _6 

I  y  +  2     5* 

aj"-faJ2/  +  2/»  =  61, 

a*  H-  iC2  -h  2«  =  21,  13. 

Y  +  y2  +  2'  =  13. 

f  3a:=6y, 

a;(2  +  2)  =  y«  +  32,  15. 

a:(^-l)=(y +  !>-!. 


I 


3.     •  X-y/Z  =  6, 

'af  +  yz  =  5y 

y*  +  a»  =  6, 

y  +  2:3/  =  6. 

2/(a;  +  2)=23i,     . 
.2(a?  +  y)=22|. 

y(«+y  +  «)=l2, 

.2(aj4-y  +  2)  =  18. 
[?L±l  =  -(a-6)«, 

^±i=-(a-c)«, 
2:3/2 

xyz 

f  a?  +  ccy  +  y*  =  a', 
ic"  +  a»  +  «*  =  &*, 
y»  +  yz  +  2*  =  A 

'  a  +  y  +  2  =  a, 
.2(2  +  ^)=^ 
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1& 


la 


2a 


22. 


a»  =  y*, 

a»=360, 
y(«-10)=40, 
.a;(2-h8)=400+y(2-2). 

(a?  +  y)(«  +  x)=za, 

(y-*-«)(«4-y)  =  6,      21. 

(2  +  x)(jf  +  2)  =  c. 

»*  +  y"  +  2»  =  29, 

a5y  +  a»4-y«  =  — 10,    23. 
.a  +  y-«  =  — 6. 


17. 


19. 


fV(«'  +  3^  +  ^=13, 
aj4-y  +  «  =  19, 

(%  +  «)=  48. 

aj*  +  y*  =  458, 
Y  4-  2*  =  730. 

(«  +  ic)(a?  +  y  +  «)  =  8, 
(«4-y)(aJ4-y  +  2)  =  -6. 

'(«  +  y  +  2)(a?4-y-2)  =  24|, 
(»  -  y  +  2)  (y  +  2  -  a?)  =  2  J, 
,(aj«  +  y»)  =  22». 


§2.   SIMULTANEOUS  HIGHER  EQUATIONS. 

1.  The  solutions  of  certain  equations  of  higher  degree  than 

the  second  can  be  made  to  depend  upon  the  solutions  of  quad- 
ratic equations. 

Ex.  1.  Solve  the  system              a*  +  j/*  =  9,  (1) 

aj  +  y  =  3.  (2) 

Dividing  (1)  by  (2),              a»^xy  +  y'  =  3.  (3) 

Subtracting  (3)  from  the  square  of  (2), 

3a^  =  6,  or  a?y  =  2.  (4) 

The  solutions  of  (2)  and  (4),  and  therefore  of  the  given  sys- 
tems, are  1,  2,  and  2, 1. 

Ex.  2.  Solve  the  system     a?*  4-  ^V  +  y*  =  21,  (1) 

a'  +  a?y4-y'  =  7.  (2) 

Dividing  (1)  by  (2),              a?-xy^f  =  3.  (3) 

Subtracting  (3)  from  (2),                  2  fl?y  =  4,  (4) 

or                                                          ay  =  2.  (6) 

Adding  (6)  to  (2),              aj«  -h  2  a?y  H-  y»  =  9.  (6) 

Subtracting  (6)  from  (3),  a?"  -  2  a?y  +  y»  =  1.  (7) 
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Equating  square  roots,  from  (6),   «  +  y  =  ±  3,  (8) 

from (7),   a?-y  =  ±l.  (9) 

The  given  system  is  equivalent  to  the  system  (2),  (3),  which 
is  equivalent  to  (2),  (5),  or  (3),  (6). 

Therefore  the  given  system  is  equivalent  to  (6),  (7),  or  (8), 
(9). 

The  solutions  of  (8)  and  (9),  and  hence  of  the  given  system, 
are  2,1;  1,2;  -1,-2;  -2,-1. 

Ex.  a  Solve  the  system               a?*  -f-  y*  =  17,  (1) 

x  +  y  =  3.  (2) 
We  first  find  the  value  of  xy. 

Let                                            xy  =  z,  (3) 

Squaring  (2),     aj«  +  2  a?y  +  /  =  9,  (4) 

or                                       »>  +  3^  =  9-2«,  (5) 

Squaring  (5),    aJ*-h2ajy +  y*  =  81 -36z4-4«",  (6) 

or                              •         a^4-y*  =  81-362-h22».  (7) 
Since  aj*  -f  y*  =  17,  we  have  from  (7) 

22»- 36^  +  81  =  17.  (8) 

Whence                                  z  =  16,  and  2.  (9) 

Therefore,  from  (3)  and  (9),  ary  =  16,  (10) 

and                                          a?y  =  2.  (11) 

The  solutions  of  (2)  and  (10)  and  of  (2)  and  (11)  are  readily 
found,  and  should  be  checked  by  substitution. 

Ex.  4.    Solve  the  system 

aj»  +  y»  =  33,  (1) 

aj  4-  y  =  3.  (2) 

Subtracting  (1)  from  the  fifth  power  of  (2), 

5  a^+10  a^y«4-10  «y  4-5  «y*=  210, 

or             xy(p^-\-2a^-\-2xy'+y^=42.  (3) 

Adding  a*y  -f  a^  to  the  expression  within  the  parentheses, 
and  subtracting  the  same,  we  obtain 

«y(aj»+3a^4-3a^+y»-ajV-a^=  42, 

or                   aBy(aj  +  vY  —  ^(x  -h  y)=  42.  (4) 


r 
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Substituting  3  for  a?  +  y  in  (4), 

27ajy-3ajy  =  +  42, 

or  05^  —  9  a?y  =  — 14.  (5) 

Solving  (5)  as  a  quadratic  in  xy^ 

xy  =  7,  (6) 

and  xy  =  2.  (7) 

By  solving  (2)  and  (6),  and  (2)  and  (7),  we  obtain  the  values 
of  X  and  y.     The  results  should  be  checked  by  substitution. 

Ex.  5.    Solve  the  system 

(a?  +  f)(^  +  f)=45,  (1) 

x  +  y=S.  (2) 

From  (2)                       aj"  +  y»  =  9-2ajy,  (3) 

and  a^+y»=27— 3  Qsy(x  +  y) 

=  27— 9a?y,  since  aj+y=:3.    (4) 

Substituting  in  (1)  f or  a^  +  y*  and  a^  +  y  their  values  from 

(3)  and  (4), 

(9-2ajy)(27-9xy)=45, 

or  2  ajy-15  a?y=  -  22.  (6) 

Equation  (5)  can  be  solved  as  a  quadratic  in  xy,  and  the 
results  combined  with  equation  (2).  The  results  should  be 
checked  by  substitution. 

EXERCISES   VU. 

Solve  each  of  the  following  systems  : 


( 


5. 


7. 


jc?  4-^  =  36. 

r2(aj  +  y)  =  5, 
l32(ic«  +  20  =  2285. 

(a.«7)«+(5-y)»=9, 


2. 


|aj  — y  =  5. 

|aj*  +  j^=:82, 
la?y  =  3. 


«-y  =  1, 

y  —  y*  =  7. 

r(aj-l)«+(y~2)« 
«  +  y  =  7. 

a?*  — y*  =  564, 

y-fy«  =  34. 

'ar*  +  y*  =  97, 


=  28, 
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687 


9. 


11. 


13. 


15. 


17. 


19. 


21. 


|a^  +  2^  =  17, 

raj*-fy*  =  267, 

'(a:-7)*+(y~3/=257, 
a?  —  y  4- 1  =  0. 

a^(aj  +  2/)  =  6. 

ic«-y»  =  211, 

a;  +  y  =  30, 

^(aj  +  7)  +  </(y-9)=4. 


la 


12. 


14. 


1& 


la 


2a 


27 


29. 


^1 


«  +  y+V(«+y)=i2, 

!r»  +  3/»  =  189. 

^(a,  +  7)+</(y-6)=3, 
a  -f-  y  =  15. 

0?*  +  y*  =  4097, 

«  +  y  +  V(^  +  y)  =  l^- 

f</(aj-8)-</(y-6)=2, 


24. 


26. 


2a 


ra^  +  y*  =  97, 
I  a?  4-  y  =  6. 

(a?-3y  +  (y-2)*  =  82, 
a?  +y  =  9. 

(»^  +  y^(a?-y)=200, 

r(a?  +  y)(aj«+y«)=176, 
l(aj-y)(a^-y«)=.7. 
J  a:*  4-  y«  =  1066, 

|a?-y=342, 

l^a:-^y=:6. 
a;-y  =  68, 
^(a?-6)+^(9-y)=6. 

v+y^i7 

•  ^-y"     8' 
a5y*  =  45. 

U  +  y  =  17. 

f-{/(260-*)+</(2-y)=2, 
U  +  y=alO. 


{ 


.  a;  —  y  =  4. 

BXEIBCISES  Vm. 
MISCELLANEOUS   EXAMPLES. 

Solve  each  of  the  following  systems  by  the  methods  given 
in  this  chapter,  or  by  special  devices : 


aj+y  =  100, 


M 


xy  =  2400. 

a:(7a;-8y)  =  159, 
6a  +  2y  =  7. 


aj-2y  =  2, 
ajy==12. 

aj  +  y  =  «", 
3y  — aj  =  y*. 
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5. 


7. 


9.  .a;  — J/     x  +  y       * 
2  as*  -  3  3/*  =  24. 

|(x-7)(y-3)  =  0, 
•  l(a,-6)(y-9)  =  0. 


^( 


a 


y 


10.  < 


12. 


aj2  +  2/*  =  100. 

fa!'-2a!y  +  3ij/*_l 
3a!'-2«i^  +  y»     3' 

■(5x-3)(3y  +  2)  =  0, 
,(ix  +  5)(2y-3)  =  0. 


la 


14. 


•(2a,-5)(3y  +  7)  =  0, 
,3^  +  3xy  +  5x-2y  =  19i. 

■(2x  +  3y-7)(x-iy  +  2)  =  0, 
.x'  +  y>  +  2x-7y  =  2. 


'I 
■I 


2ic'+3ajy  +  4a:  +  5y  =  0. 
3aj*+5y«+4a?4-3.y  =  9, 


16. 


la 


19. 


«»  +  y'  +  ar-y  =  62, 


ao. 


aJ4.y'H-5a?-9y  =  84, 
aj«-.3/»  +  5a;  +  9y  =  84. 

'  ic«  +  y«  =  485, 

.  ajy  =  57834  -  6  ay. 

(3(x+y)«=^(aj+y)+J^, 

^_?^=:43 
5        15 


r  V(3a? -I- 3y  -  5)+ 16  -  6y  =  6aj, 
^  l2ic«y2-t-2  =  5 


22. 


( 


xy, 

2x-^Sy-\-6xy  =  ll, 

4  aj8  +  9  ys  4- 12  0^  =  o^V  -  11. 


23. 


3229 
3600' 
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24. 


12 

arw  =  — ; — . 


25. 


■{ 
'I 


^ —  =  — f 

x  +  y  =  6. 

x-\-y  =  lSy 
ix^  +  f  =  4914. 

0?  +  y  =  19, 


26. 


iC*  -  y»  =  26, 

I  aj  —  y  =  2. 


2a 


33. 


35. 


37. 


41. 


(3i^  +  y*=z  641, 
^  [xy{x'-\'f)=290 


3a 


ajy-ajV  =  1152, 
a^y  —  ajy*  =  48. 

x»-3/»  =  2044. 


32. 


r  2  (a  6  4- ajy)  +  (a  +  6)  (a;  +  y)  =  0, 
1 2  (cd  +  ay) + (c  -f  d)  (»  +  y )  =  0. 


.X 


-yj 


64, 


39. 


ajy  =  63. 

=  a, 

x  +  y    . 

a^+y^ 

re"  4-  y*  =  a* 
ary  =  6. 

,  a;     5 

ary     a;      3 

'^  +  3^  +  ?^?  =  ?!, 
}^     3?     y     X      ^ 

a?  -  y  =  2. 


(afi  +  xy'  =  y, 
38.  ' 

y^  —  x^oA/. 

^_y»_16 
y      »~  2' 


40. 


42. 


a; 
?-??  =  ?. 

y    «    2' 

a^-f  y*=14ajy, 
^  a?  +  y  =  a. 
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45 


47 


{ 

■•( 


44. 


46. 


4a 


50. 


51. 


-{ 


S3. 


M 


se. 


ea 


62. 


3y(!>*  +  y^  =  10x, 

«*  +  a!V  +  y*  =  133, 
a^  —  xy  +  y'  =  7. 

al"  -  a?  +  !/*  -  y*  =  S4, 
ii?  +  X!f+y'  =  19. 

«•  +  y* + aiy  (»  +  y)  =  13, 
«y  («* + yO = *68. 

(a6  +  l)(a!*  +  l)_ 

a!+l 

(ab  +  l)(y'  +  l)_ 

y  +  1 
*+y+V(''^)  =  i*> 

aj*  +  y*  +  ay  =  84. 

g-V(iB'-y*)_j 

«_    /A  +  a!^ 

y-Vii^; 

^  fVCa^  +  yO+VC** 

la!*  — 3/*  =  o*. 

V(a'+y)-V(«- 

^(a'  +  y)  +  ^(*- 
a5'  +  y«  =  41. 

a^  s=  512. 

»-f  y4-«  =  5, 
aj»  +  y>  =  «>, 

a^  +  y*.+  «'  =  8. 


{ 
1 
{ 


55. 


(a^4-3^(»»  +  3/0  =  455, 
a?  +  y  =  5. 

aj*  +  ajy  +  y*  =  84aj«, 
aj*  +  ajy  4- y*  =  1405. 
aJ*-ay  +  y»+23  =  0, 
»  —  «2/4-y  +  l  =  0. 

r(a;  +  y)(a?y4-l)  =  18icy, 
(a«4-l)(a^y  +  l)^ 

y  +  l 

(y  +  l)(a:y  +  l) 

x  +  l 
aj'  +  y»  +  ajy  =  133. 


I 


«        1/6  l-a!»\ 
tt     \U*l-y»/ 


86. 


57.   fYj"'  + 


X 


89. 


a. 


6a 


-y^=29, 
y)  =  a» 

V(a^+y)+V(«-y)=5- 

•aj>  +  y»  =  «», 

faj  +  y  +  »  =  4, 
xy  +  a»  +  3/2  =  — 4, 
X  — y  4-2  =  8. 


APPLICATIONS. 


64. 


[  («  +  y)'  + (y +  2)' +  (2 +  «)"  =  44> 

ic»  +  3^-z«  =  -15. 
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65. 


xu  =  yZy 

x  +  u  =  lS, 

y  +  z  =  14:, 

aj«  +  2^-f-2s^_t4«  =  340. 


66l 


xu^yZf 

y  -f  2  =  5, 

^  +  2/*  +  ^  +  **^ 


r4  — 


=  1394. 


§  3.  APPLICATIONS  OF  THE  CRITERIA  OF  THE  NATURE  OP 
THE  ROOTS  OF  QUADRATIC  EQUATIONS  TO  SIMULTA- 
NEOUS QUADRATIC  EQUATIONS. 

Ex.  1.   Given  the  system         y  =  x  +  Cy  (I) 

x»  +  ys  =  25,  (2) 

find  a  value  of  c  which  will  make  the  two  solutions  equal,  i.e.,  the  two 
values  of  z  equal  to  each  other,  and  the  two  values  of  y  equal  to  each 
other. 

Substituting  in  (2)  the  value  of  y  given  in  (1),  we  obtain,  on  rearrang- 
ing terms, 

2  x^  +  2  ex  +  (J«  -  25  =  0.  (8) 

In  order  that  the  two  solutions  shall  be  equal,  the  two  values  of  x  must 
be  equal,  i.e.,  equation  (3)  must  have  equal  roots.  But,  by  Ch.  XX., 
Art.  18  (il.),  that  equation  will  have  equal  roots  when 

(2  c)«  =  4  X  2(c»  -  25), 

or  when  4  c^  =  8  c^  -  200, 

or  when  c*  =  50. 

Whence  c  =  ±  5^^. 

Therefore,  the  solutions  of  the  system 

y  =  X  4-  5^2, 

a^  +  ya  =  25 

will  be  equal;  and  the  solutions  of  the  system 

y  =  X  —  5  v'S, 

x^  +  ya  =  25 
will  be  equal. 
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Ex.  2.   Given  the  system  y  =  tnx  +  c,  (1) 

hh^  +  a«y2  =  a^hS  (2) 

find  a  value  of  c  which  will  make  the  two  solutions  equal.  In  this  ex- 
ample we  regard  the  values  of  a,  &,  and  m  as  fixed,  and  the  required 
value  of  c  will  be  expressed  in  terms  of  these  letters. 

Substituting  in  (2)  the  value  of  y  from  (1),  we  obtain,  on  rearranging 

terms, 

(62  +  a-?»2)  x*  +  2  a^mcx  +  a  V  -  a^d^  =  0.  (3) 

In  order  that  the  two  roots  of  equation  (3)  shall  be  equal,  we  must 

have 

(2  Carney  =  4  (62  +  a^^)  (a'k^  -  a^b^) .  (4) 

In  equation  (4),  c  is  the  unknown  number  whose  value  must  be  found 
in  terms  of  a,  6,  m. 

We  obtain  c  =  ±  yJ^cChn^  +  62). 

Consequently  the  two  solutions  of  the  system 

y  =  wx  +  V(o^'  +  &*), 
62*2  +  a2y2  =  a262 

will  be  equal,  and  the  two  solutions  of  the  system 

6«a;2  +  a2y2  =  ^262 
will  be  equal. 

Ex.  3.   Given  the  system     y  z=imx-^Cy  (1) 

6*^a;2  -  a2y2  =  a262,  (2) 

find  values  of  m  and  c,  such  that  the  two  solutions  shall  be  infinite,  i.e., 
such  that  both  values  of  x  and  y  shall  be  oo. 

Substituting  in  (2)  the  value  of  y  from  (1),  we  obtain 

(62  -  a2t?i2)  a;2  -  2  ahacx  -  a^<^  -  aH^  =  0.  (3) 

In  order  that  the  two  solutions  shall  be  infinite,  the  two  roots  of  equa- 
tion (3)  must  be  infinite.    We  therefore  have,  by  Ch.  XX.,  Art.  19  (ii.), 

62  -  a'^m^  =  0,  (4) 

and  2  a2mc  =  0.  (5) 

From  (4)  we  obtain      m  =  db  - ; 

a 

and,  since  a^O^  and  m  :?&  0,  we  have  from  (6) 

c  =0. 
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Thenfora  the  two  •olutionB  of  the  system 


b 

a 


and  of  the  system  y=z^^x^ 


arehiflnite. 


a 
BXBBOISBiS  IX. 


In  each  of  the  following  systems  determine  a  value  of  c  such  that  the 
two  solutions  shall  be  equal : 

{x«  +  y«  =  16.  '    tae»  +  y2  =  a«.  '    j 9 ««  +  26 y«  =  226. 

f  y  =  wix  +  c, 


In  each  of  the  following  systems  determine  values  of  m  and  c  such  that 


both  solutions  shall  be  infinite : 


l9««-16y»  =  144.  *    l26y«-a«  =  26. 


§4.    PROBLEMS. 

Pb.  1.  Find  a  number  of  two  digits  such  that,  if  it  be  divided 
by  the  product  of  the  digits  the  quotient  will  be  2,  and  if  27 
be  added  to  the  number,  the  sum  will  be  equal  to  the  number 
obtained  by  interchanging  the  digits. 

Let  X  stand  for  the  digit  in  the  units'  place,  and  y  for  the 
digit  in  the  tens'  place. 

Then,  by  the  first  condition, 

i2jLhi?=.2;  (1) 

and  by  the  second  condition 

10y-h«  +  27  =  10aj  +  y.  (2) 

Solving  equations  (1)  and  (2),  we  obtain  x  =  6,  and  |. 
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Since  a  digit  must  be  an  integer,  we  reject  the  solution 
a;  =  f .  When  a?  =  6,  y  =  3.  The  required  number  is  there- 
fore 36. 

Pb.  2.  The  front  wheel  of  a  carriage  makes  6  more  revolu- 
tions than  the  hind  wheel  in  traveling  360  feet.  But  if  the 
circumference  of  each  wheel  were  3  feet  greater,  the  front 
wheel  would  make  only  4  revolutions  more  than  the  hind 
wheel  in  traveling  the  same  distance  as  before.  What  are  the 
circumferences  of  the  two  wheels  ? 

Let  X  stand  for  the  number  of  feet  in  the  circumference  of 
front  wheel,  and  y  for  the  number  of  feet  in  the  circumference  of 
hind  wheel.     Then  in  traveling  360  feet  the  front  wheel  makes 

—  revolutions,  and  the  hind  wheel  makes  —  revolutions. 
X  y 

Therefore,  by  the  first  condition, 

360     360.  ^  ... 

X         y 

If  3  feet  were  added  to  the  circumference  of  each  wheel,  the 
front  wheel  would  make revolutions,  and  the  hind  wheel 

revolutions. 

y-l-3 

Therefore,  by  the  second  condition, 

360  _  360    .  ^  ,ox 

x  +  6     y-\-o 

Solving  equations  (1)  and  (2),  we  obtain,  as  th«  only  admis- 
sible solution,  05  =  12,  y  =  16. 

Therefore,  the  circumference  of  the  front  wheel  is  12  feet, 
and  the  cii'cumference  of  the  hind  wheel  is  15  feet. 

BSXBBOISBS  X. 

1.  The  square  of  one  number  increased  by  ten  times  a  sec- 
ond number  is  84,  and  is  equal  to  the  square  of  the  second 
number  increased  by  ten  times  the  first. 

2.  The  sum  of  two  numbers  is  20,  and  the  sum  of  the 
square  of  the  one  diminished  by  13  and  the  square  of  the  other 
increased  by  13  is  272.    What  are  the  numbers  ^ 


r 
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a  Find  two  numbers  such  that  their  difference  added  to 
the  difference  of  their  squares  shall  be  150,  and  their  sum 
added  to  the  sum  of  their  squares  shall  be  330. 

4.  Find  two  numbers  whose  sum  is  equal  to  their  product, 
and  also  to  the  difference  of  their  squares. 

5.  The  sum  of  the  fourth  powers  of  two  numbers  is  1921, 
and  the  sum  of  their  squares  is  61.    What  are  the  numbers  ? 

&  If  a  number  of  two  digits  be  multiplied  by  its  tens'  digit, 
the  product  will  be  390.  If  the  digits  be  interchanged  and 
the  resulting  number  be  multiplied  by  its  tens'  digit,  the  prod- 
uct will  be  280.    What  is  the  number  ? 

7.  If  a  number  of  two  digits  be  divided  by  the  product  of 
its  digits,  the  quotient  will  be  2.  If  27  be  added  to  the  num- 
ber, the  sum  will  be  equal  to  the  number  obtained  by  inter- 
changing the  digits.     What  is  the  number  ? 

a  The  product  of  the  two  digits  of  a  number  is  equal  to 
one-half  of  the  number.  If  the  number  be  subtracted  from 
the  number  obtained  by  interchanging  the  digits,  the  remainder 
will  be  equal  to  three-halves  of  the  product  of  the  digits  of  the 
number.    What  is  the  number  ? 

9.  If  the  difference  of  the  squares  of  two  numbers  be 
divided  by  the  first  number,  the  quotient  and  the  remainder 
will  each  be  6.  If  the  difference  of  the  squares  be  divided  by 
the  second  number,  the  quotient  will  be  13  and  the  remainder 
1.     What  are  the  numbers  ? 

10.  The  sum  of  the  three  digits  of  a  number  is  9.  If  the 
digits  be  written  in  reverse  order,  the  resulting  number  will 
exceed  the  original  number  by  396.  The  square  of  the  middle 
digit  exceeds  the  product  of  the  first  and  the  third  digit  by  4. 
What  is  the  number  ? 

11.  A  rectangular  field  is  119  yards  long  and  19  yards  wide. 
How  many  yards  must  be  added  to  its  width  and  how  many 
yards  must  be  taken  from  its  length,  in  order  that  its  area  may 
remain  the  same  while  its  perimeter  is  increased  by  24  yards  ? 
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12.  Two  points  move  with  different  velocities  along  th« 
sides  of  a  right  angle  toward  the  vertex,  the  one  from  a  dis- 
tance of  50  feet  and  the  other  from  a  distance  of  136|>  feet 
After  7  seconds  the  distance  between  the  points  is  85  feet,  and 
after  9  seconds  the  distance  is  68  feet.  What  is  the  velocity 
of  each  point  ? 

13.  The  floor  of  a  room  contains  30^  square  yards,  one  wall 
contains  21  square  yards,  and  an  adjacent  wall  contains  13 
square  yards.    What  are  the  dimensions  of  the  room  ? 

14.  If  the  numerator  of  a  fraction  be  increased  by  2  and 
the  denominator  be  diminished  by  2,  the  resulting  fraction 
wiU  be  the  reciprocal  of  the  original  fraction.  And  if  the 
numerator  be  diminished  by  2  and  the  denominator  be  increased 
by  2,  the  resulting  fraction,  increased  by  1^,  will  be  equal  to 
the  reciprocal  of  the  original  fraction  ?    What  is  the  fraction  ? 

15.  A  merchant  bought  a  number  of  pieces  of  cloth  of  two 
different  kinds.  He  bought  of  each  kind  as  many  pieces  and 
paid  for  each  yard  half  as  many  dollars  as  that  kind  contained 
yards.  He  bought  altogether  19  pieces  and  paid  for  them 
9  921.50.     How  many  pieces  of  each  kind  did  he  buy  ? 

16.  The  diagonal  of  a  rectangle  is  20f  feet  If  the  length 
of  one  side  be  increased  by  14  feet  and  the  length  of  the  other 
side  be  diminished  by  2f  feet,  the  diagonal  will  be  increased 
by  12|  feet  What  are  the  lengths  of  the  sides  of  the  rec- 
tangle ? 

17.  A  certain  number  of  coins  can  be  airanged  in  the  form 
of  one  square,  and  also  in  the  form  of  two  squares.  In  the 
first  arrangement  each  side  of  the  square  contains  29  coins, 
and  in  the  second  arrangement  one  square  contains  41  more 
coins  than  the  other.  How  many  coins  are  there  in  a  side  of 
each  square  of  the  second  arrangement  ? 

la  A  piece  of  cloth  after  being  wet  shrinks  in  length  by 
one-eighth  and  in  breadth  by  one-sixteenth.  The  piece  con- 
tains after  shrinking  3.68  fewer  square  yards  than  before 
shrinking,  and  the  length  and  breadth  together  shrink  1.7 
yards.    What  was  the  length  and  breadth  of  the  piece  ? 
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19.  A  merchant  padd  9 125  for  two  kinds  of  goods.  He  gold 
the  one  kind  for  $91  and  the  other  for  $36.  He  thereby 
gained  as  much  per  cent  on  the  first  kind  as  he  lost  on  the 
second.    How  much  did  he  pay  for  each  kind  ? 

20.  Two  workmen  can  do  a  piece  of  work  in  6  days.  How 
long  will  it  take  each  of  them  to  do  the  work,  if  it  takes  one 
5  days  longer  than  the  other  ? 

21.  Two  men,  A  and  B,  receive  different  wages.  A  earns 
$  42,  and  B  $  40.  If  A  had  received  B's  wages  a  day,  and  B 
had  received  A's  wages,  they  would  have  earned  together  $  4 
more.  How  many  days  does  each  work,  if  A  works  8  days 
more  than  B,  and  what  wages  does  each  receive  ? 

22.  A  man  has  two  square  boards  of  the  same  size.  If  he 
cover  one  with  coins  of  one  kind  and  the  other  with  coins  of 
another  kind,  he  will  need  in  all  340  coins.  And  6  coins  of 
the  one  kind  placed  side  by  side  cover  the  same  distance  as  7 
coins  of  the  other  kind.  How  many  coins  of  each  kind  can  be 
placed  on  a  board  ? 

23^  A  number  of  workmen  remove  a  pile  of  stone  from  one 
place  to  another.  Had  there  been  8  more  workmen,  and  had 
each  one  carried  5  pounds  less  at  each  trip,  they  would  have 
completed  the  work  in  7  hours.  Had  there  been  8  fewer 
workmen  and  had  each  one  carried  11  pounds  more  at  each 
trip,  they  would  have  completed  the  work  in  9  hours.  How 
many  workmen  were  there  and  how  many  pounds  did  each  one 
carry  at  every  trip  ? 

24.  A  man  has  two  square  fields  in  which  he  wishes  to  plant 
trees,  the  outer  rows  to  be  on  the  edges  of  the  fields.  If  he 
plants  the  trees  in  the  first  field  2^  yards  apart,  and  in  the 
second  field  2\  yards  apart,  he  will  need  11,113  trees.  But  if 
he  plants  the  trees  in  the  first  field  2f  yards  apart,  and  in  the 
second  field  3  yards  apart,  he  will  need  only  7816  trees.  How 
long  is  a  side  of  each  of  the  fields  ? 

25.  A  tank  can  be  filled  by  one  pipe  and  emptied  by  another. 
If,  when  the  tank  is  half  full  of  water,  both  pipes  be  left  open 
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12  hours,  the  tank  will  be  emptied.  If  the  pipes  be  made 
smaller,  so  that  it  will  take  the  one  pipe  one  hour  longer  to  fill 
the  tank  and  the  other  one  hour  longer  to  empty  it,  the  tank, 
when  half  full  of  water,  will  then  be  emptied  in  15|  hours. 
In  what  time  will  the  empty  tank  be  filled  by  the  one  pipe, 
and  the  full  tank  be  emptied  by  the  other  ? 

26.  A  besieged  garrison  has  enough  provisions  for  12  days. 
If  120  men  withdraw,  and  if  the  ration  of  each  man  be  dimin- 
ished by  five-eighths  of  a  pound,  the  provisions  will  last  16 
days.  The  provisions  will  last  also  16  days,  if  200  men 
withdraw,  and  if  the  ration  of  each  man  be  diminished  by 
three-eighths  of  a  pound.  How  many  men  are  in  the  garrison 
and  what  is  the  ration  of  each  man  ? 


CHAPTER  XXIV. 

&ATIO,  PROPORTION,  AND  VARIATION. 

§1.    RATIO. 

1.  The  Ratio  of  one  number  to  another  is  the  relation 
between  the  numbers  which  is  expressed  by  the  quotient  of 
the  first  divided  by  the  second. 

E,g.y  the  ratio  of  6  to  4  is  expressed  by  J,  =  f . 

The  ratio  of  one  number  to  another  is  frequently  expressed 
by  placing  a  colon  between  them ;  thus,  the  ratio  of  5  to  7  is 
frequently  written  5 :  7. 

The  first  number  in  a  ratio  is  called  the  First  Term,  or  the 
Antecedent  of  the  ratio,  and  the  second  number  the  Second 
Term,  or  the  Consequent  of  the  ratio. 

Thus,  in  the  ratio  a\h,  a  is  called  the  first  term,  and  h  the 
second  term. 

2.  A  Ratio  of  Equality  is  one  whose  terms  are  equal ;  as  4 : 4. 
A  Ratio  of  Greater  Inequality  is  one  whose  first  term  is  greater 

than  its  second  term ;  as  6 :  4. 

A  Ratio  of  Less  Inequality  is  one  whose  first  term  is  less  than 
its  second  term ;  as  3  :  5. 

Inyerse  Ratios  are  two  ratios  in  which  the  first  term  of  the 
one  is  the  second  term  of  the  other,  and  vice  versa;  as  4 : 7 
and  7 : 4. 

The  Compound  Ratio  of  two  given  ratios  is  a  ratio  whose  first 
term  is  the  product  of  the  first  terms  of  the  given  ratios,  and 
whose  second  term  is  the  product  of  the  second  terms. 

E,g,f  oc :  M  is  the  compound  ratio  of  a :  5  and  e :  d. 

699 
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The  Duplicate  R«tio  of  a  given  ratio  is  one  whose  terms  are 
the  squares  of  the  terms  of  the  given  ratio. 

E,g,,  a^iViA  the  duplicate  ratio  of  a :  &. 

The  Triplicate  Ratio  of  a  given  ratio  is  one  whose  terms  are 
the  cubes  of  the  terms  of  the  given  ratio. 

E,g,j  a* :  6*  is  the  triplicate  ratio  of  a :  6. 

The  Sub-duplicate  Ratio  of  a  given  ratio  is  one  whose  terms 
are  the  square  roots  of  the  terms  of  the  given  ratio. 

E.g.y  -y/a :  -yjb  is  the  sub-duplicate  ratio  of  a :  6. 

3.  Since,  by  definition,  a  ratio  is  a  fraction,  all  the  proper- 
ties of  fractions  are  true  of  ratios. 

E.g,j  a:b  =  ma :  mb. 

4.  The  definition  given  in  Art  1  has  reference  to  the  ratio 
of  one  number  to  another.  But  it  is  frequently  necessary  to 
compare  concrete  quantities,  as  the  length  of  one  line  with  the 
length  of  another  line,  the  area  of  one  field  with  the  area  of 
another  field,  etc. 

If  two  concrete  quantities  of  the  sam^  kind  can  be  ea^pressed  by 
two  rational  numbers  in  terms  of  the  same  unity  th£n  the  nUio  of 
the  one  quantity  to  the  other  is  defined  as  the  ratio  of  the  one 
number  to  the  other. 

E,g.,  the  ratio  of  2 J  yards  to  1^  yards  is  2| :  1|,  =  ?i  =  ^. 

l-^     16 

Observe  that  by  this  definition  the  ratio  of  two  concrete 
quantities  is  a  number. 

It  is  important  to  notice  that  the  quantities  to  be  compared 
must  be  of  the  same  kind.  Dollars  cannot  be  compared  with 
pounds,  nor  apples  with  marbles. 

5.  If  two  concrete  quantities  cannot  be  expressed  by  two 
rational  numbers  in  terms  of  the  same  unit,  they  are  said  to 
be  Incommensurable  one  to  the  other. 

Thus,  if  the  lengths  of  the  two  sides  of  a  right  triangle  be 
equal,  the  length  of  the  hypothenuse  cannot  be  expressed  by 
a  rational  number  in  terms  of  a  side  as  a  unit,  or  any  fraction 
of  a  side  as  a  unit. 
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If  a  side  be  taken  as  the  unit,  the  hypothenose  is  expressed 
by  V^9  an  irrational  number.  And  the  ratio  of  the  hypothe- 
nuse  to  a  side  is  V^ :  1,  s?  ^2,  a  number  comprised  in  the 
number  system. 

In  the  following  article  we  will  prove  that  the  ratio  of  any 
two  incommensurable  quantities  can  be  expressed  as  a  number 
comprised  in  the  number  system. 

€L  Let  P  and  Q  be  two  incommensarable  qnantitiea  We  assume 
that  the  ratio  P:  Q  is  greater  than  the  ratio  F* :  Q,  wherein  P'  is  less  than 
P  and  is  commensarable  with  Q,  and  that  the  ratio  PiQis  less  than  the 
ratio  P" :  Q,  wherein  P"  is  greater  than  P  and  is  commensurable  with  Q, 

Let  us  take  -  Q  as  the  unit.  Then  we  can  find  two  consecutive  integral 
multiples  of  -Q,  which  are  therefore  commensurable  with  Q,  between 


which  P  lies.    Let  ^Q  and  ^"^^Q  be  these  multiples.    The  ratios  of 


n 

Let 

n  '  n 

roly 

n  n 


these  multiples  to  Q  are  respectively  ^  and  ^'^   .   Then  by  the  hjrpoth- 

esis 

S<P:0<5L±I. 
n  n 

The  two  rational  numbers  —  and ,  between  which  the  ratio  P :  Q 

n  n 

lies,  have  the  properties  (i.)  and  (ii.),  Art.  6,  Ch.  XVIL    They  therefore 
define  an  irrational  number. 

BXBBOISB8  I. 

What  is  the  ratio  of 
1.  6a  to  96?       2.   la^b  to  ^job'?       a  9^ aj"y  to  7f  ajy* ? 

4.1toi?  5.  ?to-?  e.  -5L-to       ^      " 


a      b  b      d  x-S      (aj-3)« 

7.  a*-b^to(a-by?         a  ic*-x -30  to  aj*-10a-f24? 

a  Which  is  the  greater  ratio,  a-\-2b:  a-\-b  or  a-\-3b:  a-\-2b? 

la  For  what  value  of  x  will  the  ratio  2  +  x:5  +  x  be  equal 
to  the  ratio  2:3? 

U.  For  what  values  of  x  will  the  ratio  as^««>«-f  1  :a?  +  x  +  l 
be  equal  to  the  ratio  3:7? 

6s?  4-2  V 

12.  If  -= ^  =  10,  what  is  the  value  of  the  ratio  x:y? 

3a5  — y  '  ^ 
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Find  the  compound  ratio  of 

13.  3:4  and  5:6.  14.  2:5,  3:7,  and  ^:|w 

Find  the  duplicate,  the  triplicate,  and  the  8ab<lnplicate 
ratio  of 

15.  9:4  1&  5:3,  17.  a^:V.  la  T^itf, 

19.  Find  two  numbers  whose  ratio  is  7 :  5,  and  the  difference 
of  whose  squares  is  96. 

20.  A  works  6  days  with  2  horses,  and  B  works  5  days  with 

3  horses.    What  is  the  ratio  of  A's  work  to  B's  work  ? 

21.  The  ratio  of  a  father's  age  to  his  son's  age  is  9 : 5.  If 
the  father  is  28  years  older  than  the  son,  how  old  is  each  ? 

J  2.  PROPORTION. 

1.  A  Proportion  is  an  equation  whose  members  are  two 

equal  ratios. 

E.g.,  4:3  =  8:6,  read  the  ratio  of  4k  to  S  is  equal  to  the  ratio 
of  8  to  6,  or  4  is  to  3  as  8  is  to  6. 

Instead  of  the  equality  sign  a  double  colon  is  frequently 
used,  as  4  :  3 : :  8  :  6. 

2.  Four  numbers  are  said  to  be  in  proportion,  or  to  be  pro- 
portionalf  when  the  first  is  to  the  second  as  the  third  is  to  the 
fourth. 

E.g.,  the  numbers  4, 3, 8, 6  are  proportional,  since  4:3=8:6. 

The  individual    numbers  are  called  the  Proportionals,  or 
Terms  of  the  proportion. 
The  Extremes  of  a  proportion  are  its  first  and  last  terms ;  as 

4  and  6  above. 

The  Means  of  a  proportion  are  its  second  and  third  terms ; 
as  3  and  8  above. 

The  Antecedents  and  Consequents  of  a  proportion  are  the 
antecedents  and  consequents  of  its  two  ratios. 

E.g.,  4  and  6  are  the  antecedents,  and  3  and  8  the  conse- 
quents of  the  proportion  4:3  =  6:8. 
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3.  In  any  proportion  the  product  of  the  extremes  is  equal  to 
the  product  of  the  means. 

If  a :  &  =  c :  d,  we  are  to  prove  adssbc 
By§l,Art.l,  J  =  |. 

Clearing  of  fractions,      ad=:bc 

4.  If  the  product  of  two  numbers  he  equal  to  the  product  of 
two  other  numbers,  the  four  numbers  are  in  proportion. 

Let  ad  =  be. 

Dividing  hj  bd,    5  =  i^  or  a :  6  =  c :  d;  (1) 

b     d 

bycd,    5  =  ^  or  a:c  =  6:d;  (2) 

c     a 

by  o^,    -  =  -,  or  d :  6  =  c :  aj  (3) 

b     a 

by  oc,    -  =  -,  or  d:c  =  6;a.  (4) 

c     a 

Interchanging  the  ratios  in  (1),  (2),  (3),  (4), 

cidssaib;  (6) 

b:d=sa:C'y  (6) 

c:a  =  d:bi  (7) 

b:a  =  d:c.  (8) 

Notice  that  the  two  numbers  of  either  product  may  be  taken 
as  the  extremes,  the  other  two  as  the  means.  In  (1)  to  (4),  a 
and  d  are  the  extremes,  c  and  b  the  means ;  in  (5)  to  (8),  d  and 
a  are  the  means,  c  and  b  the  extremes. 

5.  In  Art.  4,  we  may  regard  the  proportions  (2)  to  (8)  as 
being  derived  from  (1),  and  thus  obtain  the  following  properties 
of  a  proportion : 

(i.)  The  means  may  be  interchanged;  as  in  (2). 

(ii)  The  extremes  may  be  interchanged;  as  in  (3). 

(iii.)  Th>e  m^ans  mxiy  be  interchaiigedj  and  al  the  sQ/me  time  the 
extremes;  as  in  (4). 
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(iv.)  TJu  means  may  be  taken  as  the  extremes,  and  the  extremes 
as  the  means;  as  (8)  from  (1),  (7)  from  (2),  (6)  from  (3),  ancl 
(5)  from  (4). 

6L  If  any  three  terms  of  a  proportion  be  given,  tJie  remaining 
term  can  be  found, 

Ex.    What  is  the  second  term  of  a  proportion,  whose  first, 
third,  and  fourth  terms  are  10, 16,  and  8  respectively  ? 
Letting  x  stand  for  the  second  term,  we  have 

10:0?  =  16:  8,  or  16*  =  80;  whence  ic  =  5. 

7.  The  products^  or  the  quotientSy  of  the  corresponding  terms 
of  two  proportions  form  again  a  proportion. 

If  a:6  =  c:d,  or  ^  =  %  (1) 

b     d 

and  a? :  y  =  2 :  tt,  or  -  =  — ,  (2) 

we  have,  multiplying  corresponding  members  of  (1)  and  (2), 

ax     cz 
by     du 
Whence  ax'.by=:cz:du. 

Dividing  the  members  of  (1)  by  the  corresponding  members 

of  (2),  we  have 

a     c_ 

X     z    ^^  a    b     c    d 
-=r-,  or  -:  -  =  -  :  -. 

b     a         X    y     z    u 
y     u 

ft  In  any  proportion,  the  sum  of  the  first  two  terms  is  to  the 
first  (or  the  second)  term  as  the  sum  of  the  last  two  terms  is  to  the 
third  (or  the  fourth)  term. 

Let  azb^cid. 

Then  2  =  |. 

b     d 

Adding  1  to  both  members,  f  + 1  s  ^  + 19 

6  d 

OP  '      =  ■  ~    » 
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Wli6BC«  a-\-  b:b=:e-{'d:d. 

In  like  manner  it  can  be  proved  that 

a'\-b:a  =  c-^d:c. 

These  two  proportions  are  said  to  be  derived  from  the  given 
proportion  by  Compoaition. 

9.  In  any  proportion,  the  difference  of  the  first  two  terms  is  to 
the  first  (or  the  second)  term  <is  the  difference  of  the  last  two  terms 
is  to  the  third  (or  the  fourth)  term. 

If  a :  &  =  c :  dy 

then        a  —  b:a  =  c  —  d:c,  and  a  —  6:6  =  c  —  d;(f. 

The  proof  is  similar  to  that  of  Art.  8. 
These  two  proportions  are  said  to  be  derived  from  the  given 
proportion  by  Division. 

10.  In  any  proportion,  the  sum  of  the  first  two  terms  is  to  their 
difference  as  the  sum  of  the  last  two  terms  is  to  their  difference. 

Let .  a :  6  ==  c :  d. 

By  Art  8,  a  +  ft:6  =  c4-d:d; 

and  by  Art  9,  •a--b:b=sc  —  d:d. 

Then  by  Art  7,      5L±^:  l  =  ^±4: 1, 

a  —  0  c  —  d 

g  +  ft     c-hd 
or  -  = -. 

a  — 6     c  —  d 

Whence  oH-6:a  —  6  =  c  +  d:c  —  d. 

This  proportion  is  said  to  be  derived  from  the  given  one  by 
Composition  and  Division. 

UL  A  Continued  Proportion  is  one  in  whiob  the  consequent 
of  each  ratio  is  the  antecedent  of  the  following  ratio;  as, 

a:b=:b:c==^c:d  =  etc. 

12.  In  the  continued  proportion 

a:bssb:c, 

b  is  called  a  Mean  Proportional  between  a  and  c,  and  c  is  called 
the  Third  Proportional  to  a  and  b. 
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13.  The  mean  proportional  between  any  ttoo  numbers  is  equal 
to  the  square  root  of  their  product. 

From  a:b:=b:Cf 

we  have,  by  Art.  3,  6*  =  ac. 

Whence  6=^(ac). 

14.  The  following  examples  are  applications  of  the  preced- 
ing theory : 

Ex.  1.  Find  a  mean  proportional  between  5  and  20. 
Let  X  stand  for  the  required  proportional. 

Then,  by  Art.  13,    x  =  y/(5  x  20)  =  10. 

Ex.  2.   If  a:b  =  c:d, 

then  a6  +  cd:a6  —  cd  =  6' +  cP:6"  —  cP. 

Let  ?  =  3  =  «- 

b     d 

Then  a=:bx  and  c  =  cte. 

Therefore  o6  -f  cd  =  ft^  -h  cftc, 

and  a5  —  cd  =  6^  —  cRa?. 

We  then  have 

ab  +  cd_b^C'\-d^x__b^  +  d^ 
db  —  cd"  Vx  "■  dh:~  b^ -^  d^ 

Whence       a6  +  c(i:a6  —  od  =  &*-|-(P:6*  —  (P. 

Ex.  3.  Solve  the  equation 

V(2H-a;)4-V(2-a?)_      _2 
V(2 -h  a?) -V(2 -«)""'"!* 

By  composition  and  division, 

V(2-fa?)_8 
V(2-a:)""l* 

Squaring  and  clearing  of  fractions, 

2  +  a?  =  18-9«. 

Whence  «  =  |. 
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BXBBOI88S  n. 

Verify  each  of  the  following  proportions : 
L  2|:l|  =  li;f  2.  14| :  4|  =  200 :  60. 

a«~6«'  a-6      a*-6*'2a-26* 

Form  proportions  from  each  of  the  following  products^  in 
eight  different  ways : 

5.  2aj  =  3y.  6u  m*=:n*.  7.  aj«=l. 

a  a(l  +  a)  =  a  +  ft.  9l  a«-&*  =  »*-y*. 

Find  a  fourth  proportional  to 
la  1,  2,  and  8.  U.  |,  ^,  and  |.  12.  a5,  ac,  and  &. 

Find  a  third  proportional  to 
la  2  and  6.  14.  ^  and  \.  15.  a  and  &. 

Find  a  mean  proportional  between 
1&  2  and  18.  17.  |and|.  la  a%anda5*. 

19.  «±^  and  ?^#  20.  ^  and  i(a*-l). 

Find  a  value  of  « to  satisfy  each  of  the  following  proportions: 
21.  aj:2  =  12:3.  22.  ^+^a:\-a  =  x:  ■y/a-2a. 

a  —  o       2ab 

24.  a»-4:4a»  +  4=— 4^LdLL_^:aj. 

2(a'-a)  +  4 

If  a :  &  s  c :  d,  prove  that 

25.  a  +  c :  b  -^  d=^  a*d :  Vc, 

ae-i+ii-i-i+ii-i. 

a     0    a     0     c     a    c     a 
27.  a*  +  &*:a*-6*  =  c'  +  (P:c'-cP. 
2a  (a±6)»:a5  =  (c±d)*:cd. 
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29.  2a  +  3&:4a  +  55»2c  +  3d:4e  +  5A 
3a  ka  +  lh:  ma  •^nbtskc-^ldimc-^-nd. 

31.  a  +  6:e  +  d=aV(^*  +  ^*)- V(^  +  <^- 

3a  V(«'  +  ^*)=  VC^  +  ^^^-v^C^'  +  ^-^^C^^  +  ^^^- 
If  &  be  a  mean  proportional  between  a  and  c,  prove  that 

34.  a*±V\V±(?=^a:c. 

35.  3a  +  76:36  +  7c  =  5a-76:56-7c. 

36.  (a  +  26  +  c):l  =  (64-c)*:c. 


^"  ^'K^«  +  |  +  ?)  =  ^'-^^  +  ^- 


Ifa:6  =  6:c  =  c:d,  prove  that 

3a  (6+c)(6  +  d)=(a4-c)(c  +  <i). 

39.  (a4-d)(6  +  c)-(a  +  c)(6  4-<r)  =  (^-<')* 
«.  (a»  +  V  +  cO(6*  +  c*  +  cP)  =  (aft  +  ftcH-cd)«. 

41.  (6-c/  +  (c-a)«H-(d-6)»=(a~d)l 

If  a:6  =  c:d  =  e:yj  prove  that 

4a  afiV-ceidf,  4a  c«  +  c? :  6* +/*  =  cd :  «/ 

44.  a"4-c'H-e»:6*  +  cP4-/*  =  c':cP. 

46.   (a»  +  c«  +  e^(ft*  +  <P+/^  =  (a6  +  cd  +  6/)«. 

46.  VW  +  V(«0  +  V(«/)=V[(«  +  c  +  «)(^  +  ^+/)]- 

47.  If  (a.+5+c+d)(a— 6— c+d)=(a-6+C'-d)(a-|-6— c— d), 
prove  that  a,  b,  Cj  d  are  proportional. 

*^  ^'  ^-; — r-¥ = ^TTi — TSi  *^®°  ^>  ^*  ^f  ^  2,re  proportional, 
oa*  — 4<r      ocr  —  ^ar 

49.  If -Jt =  — ; = ^,tneD.x:a  =  y:b^z:c, 

c  b  a 

Solve  each  of  the  following  equations : 
VCl  +  a!)-V(l-«)  V(2a'+l)+V(5-«)     2 
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54.  Find  three  numbers  in  a  continued  proportion  whose 
sura  is  39,  and  whose  product  is  721. 

55.  Find  two  numbers  such  that  if  1  be  added  to  the  first 
and  8  to  the  second,  the  sums  will  be  in  the  ratio  1 : 2,  and 
if  1  be  subtracted  from  each  number,  the  remainders  will  be  in 
the  ratio  2  :  3. 

56.  What  is  the  ratio  of  the  numerator  of  a  fraction  to  its 
denominator,  if  the  fraction  be  unchanged  when  a  is  added  to 
its  numerator  and  b  to  its  denominator  ? 

57.  The  sum  of  the  means  of  a  proportion  is  7,  the  sum  of 
the  extremes  is  8,  and  the  sum  of  the  squares  of  all  the  terms 
is  65.     What  is  the  proportion  ? 

§3.  VARIATION. 

1.  Frequently  two  numbers  or  quantities  are  so  related  to 
each  other  that  a  change  in  the  value  of  one  produces  a  corre- 
sponding change  in  the  value  of  the  other. 

Thus,  the  distance  a  train  runs  in  one  hour  depends  upon 
its  speed,  and  increases  or  decreases  when  its  speed  increases 
or  decreases. 

The  illumination  made  by  a  light  depends  upon  the  intensity 
of  the  light,  and  varies  when  the  intensity  varies. 

The  value  of  y  given  by  the  equation  y=2x  —  3  depends 
upon  the  value  of  x  and  varies  when  the  value  of  x  varies. 

Thus,  if  »  =  1,  y  =  —  1 ;  if  a;  =  2,  y  =  1,  etc. 

We  shall  in  this  chapter  consider  only  the  simplest  kinds  of 
variation. 

2.  Direct  Variation.  — Two  quantities  are  said  to  vary  directly, 
one  as  the  other,  when  their  ratio  is  constant. 

Thus,  if  X  varies  directly  as  y,  then  -  =  A:,  a  constant. 

For  example,  if  a  train  runs  at  a  uniform  speed,  the  number 
of  miles  it  runs  varies  directly  as  the  number  of  hours.  If  it 
runs  at  the  rate  of  30  miles  an  hour,  in  1  hour  it  will  run  30 
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miles,  in  2  hours  60  miles,  in  3  hours  90  miles,  and  so  on ;  and 
the  ratios  1 :  30,  2  :  60,  3 :  90,  etc.,  are  equal. 

The  symbol  of  direct  variation,  oc,  is  read  varies  directly  as. 

The  word  directly  is  frequently  omitted. 

If  y=i3x,  then  yocx  (read  y  varies  cw  x),  since  -  =  3,  a 
constant.  '  * 

3.  Inyerse  Varintion.  —  One  quantity  is  said  to  vary  inversely 
as  another  when  the  first  varies  as  the  reciprocal  of  the  second. 

Thus,  if  X  varies  inversely  as  y,  then  a?oc  -. 

y 

Therefore,  j  =  A;,  a  constant. 

y 

Whence,  xy  =  k. 

That  is,  if  one  quantity  varies  inversely  as  another,  the 
product  of  the  quantities  is  constant. 

For  example,  if  a  train  runs  120  miles,  the  number  of  hours 
it  takes  will  vary  inversely  as  the  number  of  miles  it  runs  an 
hour.  If  it  runs  at  the  rate  of  30  miles  an  hour,  it  will  take  4 
hours ;  if  it  runs  at  the  rate  of  40  miles  an  hour,  it  will  take  3 
hours,  and  so  on ;  and  the  products  30  x  4,  40  x  3,  60  x  2,  etc., 
are  equal. 

If  6  men  can  do  a  piece  of  work  in  12  hours,  3  men  can  do 
the  same  work  in  24  hours,  and  1  man  in  72  hours,  and  the 
products  6  X  12,  3  X  24, 1  X  72  are  equal.  That  is,  the  num- 
ber of  hours  varies  inversely  as  the  number  of  men  working. 

If  y  =  -,  y  varies  inversely  as  x,  since  xy  =  S. 

X 

4.  Joint  Variation.  —  One  quantity  is  said  to  vary  as  two 
others  jointly,  when  it  varies  as  the  product  of  the  others. 

Thus,  if  X  varies  as  y  and  z  jointly,  then  —  =  A;,  a  constant 

yz 

For  example,  the  number  of  miles  a  train  runs  varies  as  the 

number  of  hours  and  the  number  of  miles  it  runs  an  hour 

jointly.    It  will  run  40  miles  in  2  hours  at  a  rate  of  20  miles 
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an  hour,  90  miles  in  3  hours  at  the  rate  of  30  miles  an  hour, 
120  miles  in  5  hours  at  the  rate  of  24  miles  an  hour ;  and 

40    ^     90     ^    120 
2x20     3x30     6x24" 

5.  One  quantity  is  said  to  vary  directly  as  a  second  and  in- 
versely as  a  third,  when  it  varies  as  the  first  and  the  reciprocal 
of  the  third  jointly. 

Thus,  if  X  varies  directly  as  y  and  inversely  as  z,  then 

X  xz 

— T=^Je,  a  constant;  or  —  =  k. 
1  y 

z 

6,  J^x  depend  only  any  and  z,  and  if  x  varies  as  y  when  s  is  consUint, 
and  as  z  lohen  y  is  constant^  then  x  varies  as  y  and  z  jointly  when  y  and  z 
both  vary. 

Let  x,ytz;  x',  y',  z  ;  x",  y\  «'  be  three  sets  of  corresponding  values. 
Then  since  z  has  the  same  value  for  x  and  x\  we  have 

(1) 


x_ 
V 

'7 

And  since 

I  y'  has  the  same 

value  for : 

x'  and  x", 

we 

have 

5.'  = 

1 

z  ~ 

«' 

From 

(1) 

and  (2), 

we  have 

jx' 

x'x'f 

•     •  1 

or 

x__ 

x" 

yz 

y'z' 

yz 

y'z' 

(2) 


which  proves  the  principle  enunciated. 

7.  In  all  the  preceding  cases  of  variation,  the  constant  can 
be  determined  when  any  set  of  corresponding  values  of  the 
quantities  is  known. 

Ex.  1.  li  xccy,  and  x  =  3  when  y  =  5,  what  is  the  value  of 
the  constant  ? 

We  have  -  =  A;,  or  a?  =  Aw. 

y 

Therefore,  when  a;  =  3  and  y  =  6, 

3  =  6  A;,  whence  A;  =  |. 
Consequently  »  =  |  y. 
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Ex.  2.  If  X  varies  inversely  as  y,  and  if  y  =  4  when  » =  T, 
find  the  value  of  x  when  y  =  12. 

From  xy=  ky  we  obtain  A;  =  28. 

Tlieref  ore  xy  =  2S, 

Consequently,  when      y  =  12, 12  a?  =  28 ;  whence  x  =  2J. 

Ex.  3.  The  area  of  a  circle  varies  directly  as  the  square  of 
its  radius.  If  the  area  be  1256.64  when  the  radius  is  20,  what 
is  the  area  when  the  radius  is  30  ? 

Let  A  stand  for  the  area,  and  r  for  the  radius. 

Then  from  ^  =  At»,  we  obtain  k  =  ^^^^'^  =  3.1416. 

400 

Therefore  A  =  3.1416  r*. 

Consequently,  when       r  =  30,  ^  =  3.1416  x  30*=  2827.44. 

Ex.  4.  The  volume  of  a  gas  varies  inversely  as  the  pressure 
when  the  temperature  is  constant.  When  the  pressure  is  15, 
the  volume  is  20 ;  what  is  the  volume  when  the  pressure  is  20  ? 

Let  V  stand  for  the  volume  and  p  for  the  pressure. 

Then  from  pv  =  &  we  obtain  A:  =  300. 
Therefore  pv  =  300. 

Consequently,  when  p  =  20,  20  v  =  300 ;  whence  v  =  16. 

EXERCISES  m. 

If  xccy,  what  is  the  expression  for  x  in  terms  of  y, 

1.   If  a;  =  10  when  y  =  f?  2.  If  a;=2|  when  2/=2J? 

3.   If  a;  =  a  when  y  =  2 a  ?  4.  If  aj=3 a%  when  y=5a6'? 

5.  If  ic  Qc  y",  and  x  =  5  when  y  =  7,  what  is  the  expression 
for  X  in  terms  of  y  ? 

6.  U  x<xy/yya,Yid  a;  =  3(a'  +  &')  wheny  =  25(a*  +  2a6  +  y), 
what  is  the  expression  for  y  in  terms  of  x  ? 

If  X  oc  -,  what  is  the  expression  for  x  in  terms  of  y, 

if 

7.  If  a;=10  wheny  =  |?  a  If  x  =  3J  when  y  =  ^? 
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9.  If  xoc— ,  and  x  =  4J^  when  y  =  i,  what  is  the  expression 
for  y  in  terms  of  «  ? 
10.  If  a;  oc  -y-,  and  a?  =  4  when  y  =  25,  what  is  the  expression 

for  X  in  terms  of  y  ? 

U.  If  xccy,  and  a;  =  10  when  y  =  5y  what  is  the  value  of  x 
when  y  =  12^  ? 

12.  If  a?  Qcy,  and  x  =  a  when  y  =  |  a*,  what  is  the  value  of  y 
when  x  =  a^b? 

la  If  a;  oc  y',  and  a?  =  5  when  y  =  —  3,  what  is  the  value  of  x 
when  y  =  15  ? 

14.  If  X  QC-y/y,  and  aj  =  a  -f  w  when  y  =  (a  —  m)*,  what  is  the 
value  of  X  when  y  =  (a  +  m)*  ? 

15.  If  XQc-y  and  ar  =  3  when  y  =  f,  what  is  the  value  of  x 

when  y  =  4|? 

1 

16.  If  a;  oc  — — ,  and  a5  =  15  when  y  =  36,  what  is  the  value  of 

X  when  y  =  12^  ? 

1  4  a*  96 

17.  If  a;oc — r,  and  «  =  — -— -when  y  =  - — ,  what  is  the 

y*  3b^  2ac 

value  of  y  when  a?  =  —  2  a6  ? 

la  The  area  of  a  circle  whose  radius  is  20  feet  is  1257 
square  feet.  What  is  the  area  of  a  circle  whose  radius  is  30 
feet,  if  it  be  known  that  the  area  varies  as  the  square  of  the 
radius  ? 

19.  The  circumference  of  a  circle  whose  radius  is  6  feet  is 
37.7  feet.  What  is  the  circumference  of  a  circle  whose  radius 
is  9.5  feet,  if  it  be  known  that  the  circumference  varies  as  the 
radius? 

20.  An  ox  is  tied  by  a  rope  20  yards  long  in  the  center  of  a 
field,  and  eats  all  the  grass  within  his  reach  in  2^  days.  How 
many  days  would  it  have  taken  the  ox  to  eat  all  the  grass 
within  his  reach  if  the  rope  had  been  10  yards  longer  ? 
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21.  The  volume  of  a  sphere  whose  radius  is  7  inches  is 
1437.3  cubic  inches.  What  is  the  volume  of  a  sphere  whose 
radius  is  10  inches,  if  it  be  known  that  the  volume  varies  as 
the  cube  of  the  radius  ? 

22.  The  surface  of  a  sphere  whose  radius  is  10  feet  is 
1257.14  square  feet.  What  is  the  surface  of  a  sphere  whose 
radius  is  7  feet,  if  it  be  known  that  the  surface  varies  as  the 
square  of  the  radius  ? 

It  has  been  found  by  experiment  that  the  distance  a  body 
falls  from  rest  varies  as  the  square  of  the  time. 

23.  If  a  body  falls  256  feet  in  4  seconds,  how  far  will  it  fall 
in  10  seconds  ? 

24.  From  what  height  must  a  body  fall  to  reach  the  earth 
after  15  seconds  ? 

It  has  been  found  by  experiment  that  the  velocity  acquired 
by  a  body  falling  from  rest  varies  as  the  time. 

25.  If  the  velocity  of  a  falling  body  is  160  feet  after  5  sec- 
onds, what  will  be  the  velocity  after  8  seconds  ? 

26.  How  long  must  a  body  have  been  falling  to  have  acquired 
a  velocity  of  266  feet  ? 

27.  The  volume  of  a  cylinder  of  revolution,  the  radius  of 
whose  base  is  7  inches  and  whose  altitude  is  10  inches,  is  1540 
cubic  inches.  What  is  the  volume  of  a  cylinder  of  revolution, 
the  radius  of  whose  base  is  8  inches  and  whose  altitude  is  12 
inches,  if  it  be  known  that  the  volume  varies  as  the  square  of 
the  radius  of  the  base  and  the  altitude  jointly  ? 

2a  The  lateral  surface  of  a  cylinder  of  revolution,  the  radius 
of  whose  base  is  6  inches  and  whose  altitude  is  14  inches,  is 
528  square  inches.  What  is  the  lateral  surface  of  a  cylinder 
of  revolution,  the  radius  of  whose  base  is  5  inches  and  whose 
altitude  is  11  inches,  if  it  be  known  that  the  surface  varies  as 
the  altitude  and  the  radius  jointly  ? 

29.  The  surface  of  a  cube  whose  edge  is  5  inches  is  150 
square  inches.    What  is  the  surface  of  a  cube  whose  edge  is 
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9  inches,  if  it  be  known  that  the  surface  varies  as  the  square  of 
its  edge  ? 

90.  It  has  been  found  by  experiment  that  the  weight  of  a 
body  varies  inversely  as  the  square  of  its  distance  from  the 
center  of  the  earth.  If  a  body  weighs  30  pounds  on  the  sur- 
face of  the  earth  (approximately  4000  miles  from  the  center), 
what  would  be  its  weight  at  a  distance  of  24,000  miles  from 
the  surface  of  the  earth  ? 

It  has  been  found  by  experiment  that  the  illumination  of  an 
object  varies  inversely  as  the  square  of  its  distance  from  the 
source  of  light. 

31.  If  the  illumination  of  an  object  at  a  distance  of  10  feet 
from  a  source  of  light  is  2,  what  is  the  illumination  at  a  dis- 
tance of  40  feet  ? 

32.  To  what  distance  must  an  object  which  is  now  10  feet 
from  a  source  of  light  be  removed  in  order  that  it  shall  receive 
only  one-half  as  much  light  ? 

33.  At  what  distance  will  a  light  of  intensity  10  give  the 
same  illumination  as  a  light  of  intensity  8  gives  at  a  distance 
of  50  feet  ? 


CHAPTER  XXV. 

doctrhtb  of  bzponbnts. 

1.  We  have  already  abbreviated  such  products  as 

aa,  aaa,  aaaa,  •••,  aaa  •••  n  factors, 

by  a^,  a',  a\  •••,  a",  respectively,  and  called  them  the  second, 
thirdy  fourth,  •••,  nth  powers  of  a. 

This  definition  of  the  symbol  a*  requires  the  exponent  n  to 
be  a  positive  integer. 

Thus,  2*  means  the  product  of  5  factors,  each  equal  to  2. 
But  2*^  has,  as  yet,  no  meaning,  since  2  cannot  be  taken  0  times 
as  a  factor ;  likewise  2~*  has,  as  yet,  no  meaning,  since  2  can- 
not be  taken  —  5  times  as  a  factor.  For  a  similar  reason  2> 
and  2""'^  are,  as  yet,  meaningless. 

2.  Nevertheless,  having  introduced  into  Algebra  the  symbol 
a",  it  is  natural  to  inquire  what  it  may  mean  when  n  is  0,  a 
rational  negative  or  fractional  number,  or  an  irralional  number. 

We  shall  find  that,  by  enlarging  our  conception  of  povoers, 
quite  clear  and  definite  meanings  can  be  given  to  such  expres- 
sions as  2«,  3-*,  4*,  5^^. 

3.  The  discussion  of  powers,  in  general,  therefore  naturally 
divides  itself  into  five  cases : 

(1)  Powers  with  positive  integral  exponents. 

(2)  Powers  with  zero  exponents. 

(3)  Powers  with  negative  integral  exponents. 

(4)  Powers  with  fractional  (positive  or  negative)  esq>onents. 

(o)  Powers  with  irrational  exponents. 

The  consideration  of  powers  with  imaginary  exponents  is 
reserved  for  Part  II. 
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Positive  Integral  Powers. 

4.  The  principles  upon  which  operations  with  positive  inte- 
gral powers  depend  have  been  proved  in  the  preceding  chapters. 

For  the  sake  of  emphasis,  and  for  convenience  of  reference 
in  enlarging  our  conceptions  of  powers,  we  restate  them  here : 


(i-) 

QmQn  ^  (gm+n^ 

(ii.) 

^  =  a'"  ",  when  m>n; 
a" 

—  =  1,  when  m  =  n. 
flit 

a*"       1         t 

—  = ,  when  m  <  n. 

(iii.) 

(flw)"  =  a*"". 

(iv.) 

(ab)'"  =  a^b". 

(V.) 

Zeroth  Powers. 

5.  In  discussing  positive  integral  powers,  the  symbol  a*  was 
introduced  only  for  convenience,  as  an  abbreviation  for  the 
result  of  a  definite  operation. 

The  operation  came  first,  the  symbol  afterwards  for  the  sake 
of  brevity  in  writing. 

The  symbol  a^,  as  has  been  stated,  has  no  meaning  under 
the  definition  of  a  power  already  given. 

Consequently  we  must  either  discard  this  symbol  altogether, 
or  attach  to  it  a  definite  meaning  which  will  be  consistent 
with  the  laws  of  positive  exponents. 

Now  the  meaning  of  a  symbol  may  be  defined  by  assuming 

that  it  stands  for  the  result  of  a  definite  operation,  as  was  done 

in  letting 

a'^sia*  a*  a'  •••  n  factors ; 

or  by  enlarging  the  meaning  of  some  operation  or  law  which 
was  previously  restricted  in  its  application. 
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In  the  latter  way,  negative  numbers  were  introduced  by 
extending  the  meaning  of  subtraction. 

6.  We  now  enlarge  the  meaning  of  powers  by  assuming  that 
the  principle 


a* 

holds  also  when  m=zn. 

We  then  have  ~  =  a*"*  =  a®. 

a* 

But  since  —  =  1. 

a* 

it  follows  that  a®  =  1. 

That  is,  tfie  zeroth  power  of  any  base  whatever^  except  0,  is 
equal  to  1. 

E,g,,      1^  =  1,  6^  =  1,  9^  =  1,  (a  +  6)'  =  l,  etc. 

7.  Thus,  by  the  assumption  that  the  stated  law  holds 
when  m  =  n,  a  definite  value  of  the  zeroth  power  of  a  number 
is  obtained.  Nevertheless,  it  will  doubtless  seem  strange  to 
the  student  that  all  numbers  to  the  zeroth  power  have  one  and 
the  same  value,  namely  1. 

But  it  should  be  distinctly  noted  that  cf  is  by  definition 

a  symbol  for  —  j  fe.,  for  the  quotient  of  two  like  powers  of 

a* 

the  same  base.    Thus, 

oo ^ 2^ 2^ 1 

It  is  no  more  sorprisiDg  that 

o*  =  6«  =  ci»  =  l, 

than  that  ?=y  =  ^=l, 

or  than  that  9-8  =  6-6  =  3-2  =  1. 

Thus,  aP  is  a  convenient  symbol  for  the  result  of  a  perfectly 
clear  and  definite  operation. 
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8.    The  zeroth  power  of  0  is  indeterminate. 

An        Q 

For      (f  =  0""*  =  —  =  ~,  an  indeterminate  number. 

0*     0 


Negative  Integral  Powers. 

9.  We  now  still  further  enlarge  the  meaning  of  powers  by 
assuming  that  the  principle 

a*       -_- 
a* 

holds  not  only  when  m  >  n  and  m  =  n,  but  also  when  m<n. 
In  this  case,  m  —  n  is  a  negative  number. 
Since  m  <  n,  we  may  assume  n  =  m-\-k. 

* 

Then 


a*" 
a" 

a"* 

_.  ^m-(iiH-i) 

=  o" 

• 

a* 

1 

1 

:  — • 

a"^*"* 

a- 

a* 

But 


Therefore 

That  is,  a  power  with  a  negative  exponent  is  equal  to  1  divided 
by  a  power  of  the  same  base  with  a  positive  exponerU  of  the  same 
absolute  value  as  the  givers  exponent, 

^9'y  2-»  =  l.  =  |. 

Observe  that  the  words  negative  integral  refer  only  to  the 
exponent.  The  base  may  be  either  positive  or  negative,  inte- 
gral or  fractional,  and  consequently  a  negative  integral  power 
may  sometimes  have  a  positive  or  fractional  value. 


E,g,, 


(-3)-*  =  (r3Ji  =  -9'   (-*r='(4i=l«- 


We  are  thus  led  to  a  quite  definite  and  intelligible  meaning 
of  negative  powers  by  extending  still  further  the  application 
of  the  stated  law  to  the  case  in  which  m<in. 
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10.  From  the  result  of  the  preceding  article  we  derive  the 
following : 

^a\-*       1        1      &*      /6^* 


\bj      6* 

That  is,  a  negative  integral  power  of  any  base  is  equal  to  a 
positive  power  of  the  reciprocal  of  the  base,  the  exponents 
of  the  powers  having  the  same  absolute  values;  and  vice 
versa. 

This  reciprocal  relation  between  positive  and  negative 
powers  is  very  useful  in  reductions  which  involve  negative 
powers. 

^■9;  ar* = (f )' = *. 

U.  We  also  have  — -  =  --  =  a*. 

a-*     £ 

a* 
This  relation  and  the  relation  which  defined  a  negative 
integral  power  may  be  stated  thus : 

Any  power  of  a  number  may  be  transferred  from  the  denomr 
inator  to  the  numerator,  or  from  the  numerator  to  the  denominor 
tor,  of  a  fraction,  if  the  sign  of  its  expo7ient  he  reversed. 


n — 5  n 


a~*  a  a(—  ay     a* 

12.  A  negative  integral  power  of  zero  is  equal  to  infinity. 

For  0-»  =  ;^  =  ^=:«). 

0"     0 

13.  A  principle  for  negative  integral  powers  corresponding  to  the 
principle  proved  in  Ch.  XVI.,  Art.  16,  for  positive  integral  powers  ia  the 
following : 

The  value  of  a  negative  integral  power  decreases  as  its  exponent  in- 
creases in  absolute  value^  if  its  base  be  greater  than  1;  and  increases  as 
its  exponent  increases  in  absolute  value,  if  its  base  b€  positive  and  less  than 
1 ;  i.e.,  if  its  has$  be  a  positive  proper  fraction. 

Thus,  the  powers     2-i«i-,    2-«a=-Kl,    2-»  =  i-«l,  •to: 

decrease  as  the  exponents 

—  1,  —  2,  —  8j  ••• 


-» •••» 
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increase  in  absolute  value ;  while  the  powers 

(i)--f'  (!)■'= (i)'=i-  (r=(i)'=?. 

increase  as  the  exponents 

—  1,  ~~  2,  —  3  •••, 
increase  in  absolute  value. 

In  general, 

(f)-^''"'<(f)-"- -•>-«>*' 

and  (2)-<"+S(f)-",when«<6; 

wherein  a,  b,  and  n  are  positive  integers. 
For,  by  Ch.  XVI.,  Art.  16, 


(fr>{!)>^-''>*- 


Therefore,  by  Ch.  XVI.,  Art.  9  (v.), 


(!)"'  (?)■' 


(fr"<(f) 


—It 


or  ^^     '<^      ,whena>6. 


In  like  manner  the  second  part  of  the  principle  can  be  proved. 

We  therefore  conclude  that  a  negative  integral  power  whose  base  is 
greater  than  1  decreases  without  limit,  te,,  becomes  less  than  any  as- 
signed positive  number,  however  small,  when  the  absolute  value  of  its 
exponent  increases  without  limit ;  and  that  a  negative  integral  power 
whose  base  is  less  than  1  increases  without  limit,  i.e.,  becomes  greater 
than  any  assigned  positive  number,  however  great,  when  the  absolute 
value  of  its  exponent  increases  without  limit. 

These  conclusions  may  be  stated  symbolically  thus : 


(f)-= 
a) 


=  0,  when  a  >  6 ; 
=  Qo,  when  a  <  6. 


BXEBOI8BS  I. 

Find  the  value  of  eaxjh  of  the  following  expressions : 
1.  2-*  2.  3-».  3.   (i)-\  4.   (3f)-». 
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Change  each  of  the  following  expressions  into  an  equivalent 
expression  in  which  all  the  exponents  are  positive : 

9.  aj»y-^.  10.  2  c-*d.  U.  3"  Vn-«.  12.  6  a?- V'. 

13.2^.  14.-^.  15.  A^.  16.^f^^ 

17.  7  X  3-«a6-Vd-«.  la  9  X  10-«(|)-»aa?-*. 

19.  (f)-«2-^a«6-«a:-y.        20.  2-«6(a  4- l)(a  -  l)-V-»n-<-+« 

21.   (1^)- V-*c-*(a;  -f  «)"(«  +  6)-*"*. 

In  each  of  the  following  expressions  transfer  the  factors 
from  the  denominator  to  the  numerator : 

22.^.  23.1^.  24.  1^'.  25.^. 

V  5y-^  2-V  ab 

26.  -^-.  27.  ^(E±J!l.  2a      ^^(^  +  ^). 

(a  +  &)  («  -  yy  3  a-\aj»  - 1)» 

29-35.  In  the  examples  22-28  transfer  the  factors  from  the 
numerator  to  the  denominator. 


Fraotioiial  (PoBltive  or  Negative)  Powers. 

14.  The  meaning  of  a  fractional  power  in  which  the  ex- 
ponent is  the  reciprocal  of  a  positive  integer  will  be  determined 
first,  then  that  of  any  fractional  power. 

Notice  again  that  the  word  fractioncU  refers  to  the  exponent 
of  the  power  and  not  to  its  value. 

15.  We  will  define,  i.e.,  fix  the  meaning  of,  thje  power  a*,  in 
which  g  is  a  positive  integer,  by  assuming  that  it  must  obey 
the  first  law  of  exponents,  namely, 

1 
In  other  words,   whatever  meaning  a*  may  have  must  be 

derived  by  an  application  of  this  law. 


By  this  law,  a^  -  a'  =  a^"*^'  =  a^z=a. 
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But,  since  a^  >  c^  =  (a*)*,  by  definition  of  positive  integral 
power  of  any  base,  we  have 

(a*)«  =  a. 
That  is,  a*  is  a  number  whose  square  is  a,  or  a*  =  ^a. 

In  like  manner,    afi  '(^  'a^  =:^  a**"*"*"'  =  a^  =  a. 

But,  since  a^  •  a^  •  a^  =  (a^*, 

we  have  (a»)'  =  a. 

That  is,  a'  is  a  number  whose  cube  is  a,  or  a'  =  -y/o. 
In  general, 

a^ 'a* '  a' -"g factors  =  a*  »  •  '"* 

=  a  *  =  a. 

Ill  1 

But,  since  a^  •  a^  -  a*  •••g  factors  =  (a^)*,  by  definition  of 

positive  integral  power,  we  have 

1 

(a»)«  =  a. 
1  1 

That  is,  a*  is  a  number  whose  g<A  power  is  a,  or  a'  =  ^o. 
We  are  thus  led,  by  the  definition  of  the  fractional  power, 

a%  to  the  operation  that  is  inverse  to  that  of  raising  a  number 
to  a  positive  integral  power,  i.6.,  to  the  operation  of  finding  a 
root. 

Thus,  9*  and  ^%  (-  243)*  and  ^-  243,  a*  and  ^a,  are 
only  different  ways  of  representing  the  same  numbers. 

Notice  that  the  index  of  the  root  is  the  denominator  of  the 
exponent  of  the  fractional  power,  and  the  radicand  is  the  hose, 

16.  From  the  definition  of  a  fractional  power  we  have 

(9l)'=(V9)*  =  9, 
[(-26)*]«  =  «/-26)»=-26. 

1 

In  general,  (a»)«  =  (^a)«  =  a.  (1) 
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Also,  from  Ch.  XV.,  §  1,  Art.  10, 

if  only  principal  roots  be  considered. 

1  1 

Therefore  (a')»  =  (a»)%  for  the  principal  root. 

v/ 

17.  Meaning  of  a',  wherein  -  is  a  positive  or  a  negative 

fraction.    We  may  always  assume  g  to  be  positive  and  p  to 
have  the  sign  of  the  fraction. 

Whatever  meaning  a*  may  have  must  be  derived  by  an 
application  of  the  law 

a^  '  a^  =  a"'*'". 

By  this  law,         b^.^^^S^^ 5*^*+*  =  ff. 

But,  since  5»  •  5»  •  6»  =  (5»)*, 

we  have  (5*)'  =  5*. 

That  is,  5*  is  a  number  whose  cube  is  5*;  or  6»  =  -^5*. 
In  general, 

a»  •  a*  •  a'  •••  q  factors  =  a'  *  ' 

p 


=  a    » 


4. 
V 
9 


t     p     p  p 

But,  since         a^ '  d' »  a''  ••-  q  factors  =  (a*)', 

p 
we  have  (a»)*  =  a". 

«  f 

That  is,  a«  is  a  number  whose  qth  power  is  (ff ;  or  a?  =  ^a'. 

Notice  that  a  fractional  power  is  a  root  of  an  integral  power. 
The  numerator  of  the  fractional  exponent  is  the  index  of  the 
root,  and  the  denominator  is  the  exponent  of  the  power. 

^.y.,23*=</23^  (-19)*=^(-19)«;  2-*=^2-«=</}. 

IS.  Since  fractional  powers  simply  afford  another  way  of 
indicating  roots,  all  the  principles  relating  to  roots  which  were 
proved  in  Chapters  XV.  and  XVII.-XIX.  hold  for  such  powers. 
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For  the  sake  of  emphasis,  the  following  properties  are 
restated : 

(i.)  The  fractional  power  a»,  wherein  a  is  negative^  q  is  an 

P 
even  number ,  and  -  is  in  Us  lowest  terms,  is  an  imaginary  or 

complex  number, 
E.g.,  (-2)»=</(-2)»  =  </-8i 

but  (_2)*  =  </(-2)»=^4  =  v2. 

Such  powers  should  be  expressed  as  roots  and  be  treated  as 
imaginary  or  complex  numbers,  and  will  not  be  further  con- 
sidered in  this  chapter. 

(ii.)  If  a  fractional  power  of  a  negative  base  have  a  real  value, 
and  if  the  meaning  of  the  power  be  limited  to  this  value,  it  can  be 
expressed  as  a  fractional  power  of  a  positive  base, 

E.g.,  (-6)*=^-6  =  -^6=-.6* 

We  shall,  therefore,  in  the  theory  of  fractional  powers, 
assume  that  the  bases  are  positive,  and  limit  the  meaning  of 
a  fractional  power  to  the  principal  value  of  the  corresponding 
root. 

(iii.)  a»=(af)«=(a«)'. 

^•g.  (4*)4=(4Jy. 

(iv.)  a«  =  a*»,  and  conversely,  a*«  =  a«. 

E.g.,  8*  =  8* 

Observe  that  these  principles  do  not  always  hold  if  other 
than  principal  roots  are  considered. 

Thus,  (4*)*  =  V4*  =  V256  =  ±  16 ; 

whUe  (4*)*  =  ( V4/  =  (  ±  2)*  =  16. 

Also  8*  =^8  =  2; 

while  8* =</8«  =  ^64  =  ±  2. 
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19.  Principles  for  fractional  powers  corresponding  to  the  principles 
proved  in  Ch.  XVL,  Art.  15,  and  this  chapter,  Art.  13,  for  positive  and 
negative  integral  powers  are  the  following : 

(i. )  A  positive  fractional  power  of  a  positive  hose  which  is  greater  than 
1  increases  as  the  exponent  increases,  and  vice  versa ;  while  a  positive 
fractional  potoer  of  a  positive  base  which  is  less  than  1  decreases  as  the 
exponent  increases,  and  vice  versa. 

m 

Let  a^  be  a  fractional  power,  in  which  ^  and  a  are  positive.     And 

m  p  n 

let   a'^  be  a  fractional  power  whose  exponent  exceeds  the  exponent 

!?by^ 
n        q 

m  p         m        m     p 

Then  a»^«  -  a»=  a*  (a«  -  1). 

But,  if  a  >  1,  a'  is  greater  than  1,  by  Ch.  XVL,  Art  8  (iv.)  and  (1.). 

p  *    ? 

Therefore  (^  —  1  Is  positive,  and  hence  a"  (of  —  1)  is  also  positive. 

Consequently  a**  '  is  greater  than  a",  when  a  >  1. 

p  

If  a  <  1,  then  cfi  is  less  than  1,  by  Ch.  XYL,  Art.  8  (iv.)  and  (i.). 

Therefore  a«  —  1,  and  hence  a"(a>  —  1),  is  negative.  Consequently 
o"  i  is  less  than  o",  when  a  <  1. 

(ii.)  A  negative  fractional  power  of  a  positive  base  which  is  greater 
than  1  decreases  as  the  exponent  increases  in  absolute  vaXue^  and  vice 
versa;  while  a  negative  power  of  a  positive  base  which  is  less  than  1  in- 
creases as  the  exponent  increases  in  cLbsolute  value. 

Wehave  a'^sfM*. 


-'H^ 


When  a  >  1,  then  1<  1. 

a 

- y,  and  hence  a  *,  decreases  as  --•  increases. 

When  a  <  1,  then  ->  1. 

a 

•-  ]»,  and  hence  a  ",  increases  as  -—  increases. 

20L  The  following  principle  will  be  useful  in  subsequent  work : 

1 

The  fractional  power  a",  wherein  a  is  greater  than  1,  can  be  made  to 
differ  from  1  by  less  than  any  assigned  number,  however  smaU^  by  increa$' 
ing  n  ind^nitely. 
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1 
Let  0"-  1  =  d;  (1) 

wherein  d  is  podtiye,  sinoe  a^>  1,  by  Ch.  XVI.,  Art  8  (!▼.). 

We  are  then  to  prove  that  d  can  be  made  leas  than  any  aasigned  num- 
ber, however  smsdl,  by  increasing  n  indefinitely. 

From  (1)  we  have  a*  =  1  +  d, 

or  a  =  (1  +  d)\ 

But,  by  Ch.  XVL,  Art.  17, 

1  +  wd<  (1  +  d)^. 
Therefore  1  +  nd  <  a, 

or  (I<5Lzl1. 

n 

Therefore'  as  n  Increases  indefinitely,  ^~   i  and  hence  also  d,  de- 

n 

creases  indefinitely,  and  can  be  made  less  than  any  assigned  number, 
however  small. 

BXBBOISBS  n. 

Write  each  of  the  following  expressions  as  an  equivalent 
expression  with  radical  signs : 

1.  ai  2.  6"*.  a  a?*  4.  3y*. 

5.  4aj"^y*.  6.  2a6"*c  7.  2Wy*  a  2a^6"?. 


fiJ  \^yJ  3n» 


n 


9.  ,'5^*  la  /^n        11.  i™?.  la.  «?L 


p 


Find  the  value  of  each  of  the  following  expressions : 

la  4*.  14.  169*  15.  16"*.  la  144"*. 

17.  27*.  la  27"*.  19.  16*.  2a  81"*. 

21.  49*.  22.  512*.  2a  216"*.  24.  32"*. 

25.  64*.  2a  64*.  27.  .09*.  2a  (3f)"*. 

Write  each  of  the  following  expressions  as  an  equivalent 
expression  with  fractional  exponents : 

29.  v«-        ^  V«*-  31.  V(«"*^0-      3a  v(2«y"0- 

3a    -^al         34.   ^(2ar^3^.     35.    -^(Bx-y).     36,   </(3a-'6«). 
37.   ^(Sa^.   3a   ^(3  a-).       39.   ^[(a  +  6)*(aj  -  y)"*]. 
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Simplify  each  of  the  following  expressions : 

40.  36*  +  8*  -  626".  CL  .16-«-(lfj^)*  +  64"*. 

42.  2 a"*  -  .4ai  +  2.5 a"  -  5  a» 

2L  Having  thus  determined  definite  meanings  for  zeroth, 
negative,  and  fractional  powers,  it  remains  to  prove  that  they 
obey  all  the  principles  of  positive  integral  powers. 

(I.)  a^fl"  = !!«+'», 

for  all  rational  values  of  m  and  n. 

Ex.  1.  iB*aj-^  =  iB»-' =  «-» =  i. 

Ex.  2.  ah'i  X  a-'b'  =  a^fe-*^*  =  a^b"^  =  ^. 

a* 
(i.)  w  =  0,  and  n  a  negative  integer. 

Let  n  =  —  ni,  so  that  ni  is  positive. 

Then  a^o*  =  a°a"-"i  =  a-»i,  since  cfi  =  1. 

But  aO+(-S>  =  a-»i,  since  0  +  (-  ni)  =  -  m. 

Therefore  a^a-»i  =  a^^+^-^i^, 

or  a^a*  =  0"+", 

when  m  is  0,  and  n  is  negative. 

(ii.)  m  positive  and  n  negative,  and  the  absolate  value  of  m  less  than 
the  absolute  value  of  n. 

Let  n  =  —  ni,  so  that  m  is  positive. 

Then  a^a'^  =  a*a-«i 

1 


1 


a~C"»+(— «i)3 

Therefore  a'^a*'  =  0"+", 

when  n  is  negative  and  the  absolute  value  of  m  is  less  than  the  absolute 
value  of  n. 

In  a  similar  way  the  principle  can  be  proved  for  other  casefi  in  which 
the  exponents  are  0  or  negative. 

That  the  principle  holds  when  the  exponents,  either  or  both,  are  frac- 
tions, follows  from  the  definition  of  a  fractional  power. 
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BXXBOISBS  in. 
Simplify  each  of  the  following  expressions : 
1.  7?ixP,  2.  x-V.  a  a-V.  4.  m-^-*. 

5.  a^a^,  6.  a*a*.  7.   &"*6*  a  c"V*. 

9.  5a-«x3a*.  10.   -^6-«xl|6-». 

11.  3faj«x2Ja;-"l  12.  a»6-*xa*6*. 

13.  3a?-Vx2a?  V*-  1*-  2a-*6-V  x  5aV* 


j» 


15.  a^ft-*  X  a-^6«.  16.  ccy'  x  a?"3(  «. 

17.  ar-^'h^  X  a^+^ft  «.  "•  ~^=r  ^  g^s' 

7c-3     35cr^  a-«5-»         ^-^ 

3  a'        6  c*  |c        a"*»6->" 

21.  (a*  +  aj-^(a*-fl;-«).  22.   (a*  +  a"*)  (a*  -  a"*). 

23.  (a*  -  a*6* -f  6*)  (a*  +  &*).      2*-   (a5*y"*+ay"*+l)(a?y"*-l). 

25.  (a*  +  a*6^  +  6*)  (a*  -  a*6*  +  2>*). 

26.  (a*  +  &*  +  a~*6)  (a6"i  -  a*  +  6*). 

27.  (a-^  +  a-*  -  a-^  (a^  4-  a*  -h  a»). 

2a  (a^~a-3-2x-«  +  5)(10fl;-^+aj-^-5aj-*). 

29.  (I  a-«a;-"  +  f  «-*•  -  a-'a;-«")  (f  a V  -  4  a-V+*'*  +  a-\B'+»). 

30.  (aj*  —  a^* -f  a;*y  —  y*)  (a?  +  a? V  +  y)- 

31.  (a*  +  a~*-a*-a"*)(a*  +  a"*  +  l). 

32.  (»*-h2«-«  +  3aj*  +  2aj*  +  l)(a?*-2ic*-fl). 
3a  (a-^-*  +  6-^« - a-"6-^ (a"»  +  ft"*). 

34.  (l^a««^*4-2a*  +  fiB^*  +  6a»*)(a*-3aj*  +  |aj^*a-*). 
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(n.) 

gam 

for  all  rational  values  of  m  and  n. 

Ex.  1. 

Ex.2. 

J  =  16  *  =  16*  =  (  ^6/  =  32. 

Ex.  a 

Ex.4. 

ah-i                                         a* 

We  have 

BXBBOI8B8   IV. 

Simplify  each  of  the  following  expressions : 

1.  "_.• 

a  * 

a*' 

5.    ^". 

or* 

e  4-           7.  ^.          a 

a* 

a-* 

9. 

la  ''^^.         11.   *"*..         12. 

ah* 

35"*  ar*  05""*  x^ 

la    li6-»-!-36*.     14.    l-h^a6-\       15.    -I a-* 6* -+-4  a V^ 

le    3Ja"6-*-h|a*6-«.  17.    2a*a:»-h  IJa"^  a?"*. 


"  »     "  f 


,^    2a!«y~*     6a-*6* 

22.    (a!-y)+(a!*-y*).  2&    (ar>  +  y-»)+(«-*  +  y-*). 

24.  (ar*  -  jr«)  +  (ar»  +  r*)- 

25.  (x  +  asV  +»)  +  («*  +  *V  +  »*)• 


r 
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aa    [(a-l)-«-l]H.[(a-l)-^-l]. 

27.    (a*  —a  ')-H(a*  — a  *). 

2a    (3a-i«+a*-4a-«)-!-(2a-«+a*  +  3a-«). 

29.  (2«-»-3ar«-2aj-^+2-aj)+(ar'+l). 

30.  (a:-i  -  3  a:"*  4-  3  -  3  aj*  -  2  a:)  -h  («"*  -  2  a?-*  +  «"*  -  2). 

31.  (2  a'  -  3  a?»  -  23  a-i  H- 15  a-«  -|-  9  a"")  -f-  (a*  +  2  -  3  a"^) . 

32.  (6a?*  +  9aj'*-2aj-i-13)-8-(3a:*  +  2a?"*-6). 

33.  (aj*  —  ajy* -f  «V  —  y*)  "*■  (^*  —  y^- 

34.  (a:*  +  «*»*  +  a*)  H-  (aj*  +  a*aj*  +  o*). 

35.  (a4-a%*-a*6*  +  &*)-*-(a*-a6t  +  ai6-6l). 

36.  (6a;*-7aj-19»*  +  2x*  +  8aj*)-!-(2a?*-3a?*-4ai). 

(III.)  (O"  =  «*^ 

for  all  rational  values  of  m  and  n. 

Ex.1.  (aj«)-»=a5»<-»>=ar«=i. 

Ex.2.  (1024M==1024-A==-— 1-^ 

^         ^  (^1024)»     8 

Ex.  a  (a-*a:«y-*)-*=  (a-*)"*(aj«)-*(y-^)~*  =  aVy  =  5LJ^- 

(i.)  m  and  n  both  negative  integers. 

Let  m  =  —  mi  and  n  =  —  tii,  so  that  f»i  and  m  are  positive. 

We  have  (a*)*  =  (o-"i)-*i 

=  (a*i)^ 
=  a"H*i 


Therefore  (a*)»  =  cp», 

when  m  and  n  are  both  negative  integers. 

In  a  similar  manner  the  principle  can  be  proved  for  other  cases  in 
I  which  the  exponents  are  0  or  negative  integers. 
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(ii.)   m  a  fraction,  and  n  a  positive  or  a  negative  integer,  or  0. 

Let  m  =:  - ,  wherein  9  is  a  positive  integer  and  p  is  a  positive  or  a 

negative  integer. 

f 

We  Uien  hav*       (a*)"  =«  (a«;" 

1 

=  [(a»)J»]-,  byArt.  18  (ilL), 

1 

=  (a')"",  by  (i.), 

=  aff,  by  Art  18  (iii.), 

=  a*  =  «•**. 

In  a  similar  manner  the  principle  can  be  proved  when  m  is  an  integer 
and  n  is  a  fraction. 

(iii.)  m  and  n  both  fractions. 

Let  m  =  £  and  n  = !!,  wherein  a  and  8  are  positive  integers,  and  p  and 

q  8 

r  are  positive  or  negative  integers. 

If  (a<)'  be  raised  to  the  qsth,  =  sqth  power,  we  have 

=  [(a')-]',  by  (u.), 
£  r 

Consequently  (a^)'  is  the  9«  root  of  a'^ ;  or,  by  definition  of  a  frac- 
tional power, 

P  r  pr         p^r 

Therefore  (a")»  =  (a*)*, 

when  m  and  n  are  both  fractions. 


BXEBOISBS  V. 
Simplify  each  of  the  following  expressions : 

1.   (a^-»  2.   (a»)*  a   l(-x)iy.  4.  (ar»)* 

5.    (a:^)«  6.   (a-»)*  7.   (V)"*  a   (a?-»)-*. 
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P      m 


9.  (a?"*)"*        10.  (a'')-*.        U.   (a-"*)-'.  X2.   (oT^)'^, 

la  (^a-y.     14.  (V^t)"*-     15.  «/»*)-*  le  (-^a-~)-«. 

17.  (a* -a"*)*    '  la  (1 -»■*)«.  19.  (a*  +  a~l)«. 

(IV.)  (aft)"  =  a'"*"',  for  all  rational  values  of  m. 

1 


x" 


Ex.  1.  (2  a;)-*  =  2-«a;-«  =  ^   . 

Ex.2.  (3aj-*2/0-^  =  3-^ajV-*  =  g^ 

(i.)    ma  negative  integer.    Let  m  =  —  mi,  so  that  mi  is  positive. 
Then  (a6)"»  =  (ab)  -"h 

__      1 
(rt6)"h 
1 


(ii.)    ma  fraction. 


.    Let  m  =  - ,  wherein  p  is  a  positive  or  negative  integer,  and  9  is  a  posi- 
tive integer. 

If  (aby  be  raised  to  the  qth  power,  we  have 

p 
[(a6)»]«  =  (a6)i»,  since  g  is  an  integer, 

=  a^bp,  by  (i.). 

But  (a«6«)ff=(a«)«(6«)« 

=  oPbP,  by  (IIL). 
p  p  p 

Therefore  [(a6)']'  =  (a«6«)f ; 

whence  («&)*  =  «'&'. 

Consequently,         (a&)«  =  a"»6"»,  when  m  is  a  fraction. 

(V.)  f  ^  j    =  ?jjj,  for  all  rational  values  of  m. 

Ex.1.  ff)-'  =  4  =  ^.       Ex.2.  f^^-*=-i?-  =  8i 
We  have  (?^"  =  (a6->)"'  =  a"6— =  ^ 
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BXBBOISBS  VL 

Simplify  each  of  the  following  expressions.: 

1.  (aV^)-l  2.  (ia)"*.  a  (8a-«)* 

4.   (a-*6-»)-*.  5.   (2a*a?)*  a  (A"*)"'*. 

7-  (Ti*ja^'"0"*-  a  (a-«6*c"*)-«.  9.  (2a-^a?)-«. 


la 


$r-    "(^--  "C*^"- 


-(i^r-  "(s^r-  -(^r- 

-(^T-  »c^)'  -(^r- 

29.  (aV'-l)«         aa  (a~*6-*  +  a6*)«         3L  (a-»6*-c"J)» 

Inattonal  Powen. 

22,  An  Irrational  Power  is  a  power  whose  exponent  is  an  irrational 
number;  asa^. 

23.  Let  a  be  any  real  positive  number  greater  than  1,  and  /be  a  posi- 
tive  irrational  number  defined  by  the  relation  (Ch.  XYIL,  Art  6) : 


n  n 

Then  the  two  roZionaX  powers  a^  and  a~*~  have  the  properties  (i.)  and 
(ii.),  Art.  6,  Ch.  XVIL 
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For,  since  ~  increases  and  ^  "*"     decreases  as  n  increases,  therefore 

m  «      15+1  «  m         w+l 

a"  increases  and  a  **  decreases  as  n  increases  [Art.  19(i.)]i  and  a^  <^a  ^  . 

The  difference  a  *   —  o*  =  a"(a»  —  1)  is  positive  and  can  be  made  less 

than  any  assigned  number,  however  small. 

1 

For,  by  Art  20,  a*  —  1  is  positive  and  can  be  made  less  than  any 

assigned  number,  say  d.     Moreover,  since  a*<a  **  ,  therefore  a**  is 
always  less  than  some  positive  finite  number,  say  B. 

Therefore  the  given  difference  can  be  made  less  than  Bd.  But  Bd 
can  be  made  less  than  any  assigned  number,  say  5,  by  taking  d  less  than 
«^ 

B  m  m+1 

Therefore  the  two  series  of  powers  a"  and  a  ^  define  a  positive  num- 
ber which  lies  between  them.    This  number  is  defined  as  a'.    That  is, 

In  the  proofs  of  the  principles  which  follow  we  shall  assume  that  the 
base  is  greater  than  1. 

24.  In  like  manner  it  can  be  shown  that  if  —  /  be  an  irrational  num- 
ber, defined  by  the  relation 

-.»L±l<_/<-^, 
n  n 

then  the  two  series  of  powers,  a    "    and  a  *,  define  a  positive  number 
which  lies  between  them.    This  number  is  defined  as  a-^.    That  is, 

2Si  It  follows  directly  from  thtf  definition  of  a-^,  that 

a' 

2&  It  can  now  be  proved  that  the  principles  of  rational  powers  hold 
also  for  irrational  powers. 

Let  aA  and  a^  be  two  irrational  powers  defined  by  the  relations 

a»t<aA<a  ">  . 
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(i.)  If  the  corresponding  powers  of  the  series  which  define  a^  and 
a'*  be  multiplied,  we  obtain  the  two  series  of  numbers 

a^a***  and  a  "i  a  "«  . 

The  numbers  of  these  series  have  the  properties  (i.)  and  (ii.)i  Art.  6, 
Ch.  XVII. 

For,  since  a"i  increases  as  ni  increases,  and  a*»  increases  as  n% 
increases,  therefore   a^ia**    increases  as  tii  and  n^  increase.     For  a 

1*1+1    iwrfl^ 

similar  reason  a  *t  a  "**  decreases  as  ni  and  n^  increase.    And  since 

•H  Wi+1  OTj  MH+l 

a"i<a  »*»     and  a"*<a  *^  , 

therefore  o"ta»H<a  »i  a  "«  . 

The  difEerence 

d^a***   —  Gt^id**! 

•ij-fl    iwa+l  myfl    M|  «n-H    Mf  ii    WH 

«|+1  Wf'f  1  IMl  mt  Mfl+1  Ms 

can  be  made  less  than  any  assigned  number,  however  small.     For 

IMl+l  Ml  Mf+1  Wt% 

a  *i   —  a"i  and  a  *•  —  a^  can  each  be  made  less  than  any  assigned 

number,  say  d.    Since  a  *•    decreases,  it  is  always  less  than  some  posi- 

tive  finite  number,  say  ^i ;  and  since  a*i<.a  "i  ,  therefore  a***  Is  always 
less  than  some  positive  finite  number,  say  R^,  Therefore  the  given  differ- 
ence can  be  made  less  than  dRi  +  dBj ,  =  d(£i  +  B^)- 

But  d(Ri  +  R2)  can  be  made  less  than  any  assigned  number,  say  d, 

by  taking  d  less  than . 

Therefore  the  two  series 

a*ha**s  and  a  "^  a  *** 

define  a  positive  number  which  lies  between  them.  This  number  is 
defined  as  the  product  a'ui'*. 

That  is,  a'^io^^  a'm^*  <  a~^ a  "t  . 
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In  like  manner  it  can  be  shown  that  the  two  seriei 

o"i   "t  and  a  "1      "« 

define  a  positive  number  which  lies  between  them.     This  number  is 
defined  as  a^i+'*. 

That  is,  a»»»  "•  <  a^+^i  <  a~*i      ^. 

But  since   a^  a"«  =  a"»   "«  and  a  »i    a  *»•  =  a  *i     "«  , 

the  two  numbers  a^i-^'*  and  a'ia^*  are  determined  by  the  same  relation, 
and  are  therefore  equal. 

That  is,  flAa^t  =  aA+/«. 

In  a  similar  manner  the  principle  can  be  proved  when  the  exponents, 
either  or  both,  are  negative  Irrational  numbers. 

(ii. )   We  have  ^^*  =  a^ia'^*  =  a'^+(-^*)  =  a'*-*, 

wherein  ly  and  /s,  either  or  both,  are  negative. 

Principles  (ni.)-(V.)  can  be  proved  in  a  similar  manner. 

27.  In  the  proofs  of  the  preening  principles,  the  base  was  assumed 
to  be  greater  than  1. 

Similar  reasoning  will,  however,  apply  when  the  base  is  less  than  1 
and  positive. 

For,  if  a  <  1  and  positive,  it  can  be  shown  that  the  irrational  power 
is  defined  by  the  relation 

It  will  be  proved  in  Part  II.  that  an  irrational  power  of  a  negative  base 
is  a  complex  number. 

EXERCISES  VU. 

MISCELLANEOUS   EXAMPLES. 

Simplify  each  of  the  following  expressions : 


1.   (-</«V+(-2^«'V-'«-'(^|^*- 


(1-ie*)*     (1-aO*  o^*  +  a!*     o'*-a!* 
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a  —  b      a*  —  6* 


5.   ^— :H — 7-  6l 


7. 


a  —  a:        a  4-  a  ^    a^x*  H-  a*a?"      a  —  05 


a*  —  a;*     a*  +  «•  a^  +  as^       a^  +  as^ 


9.  ^i±l_^     1^.  la     '"^-l  1 


»-f-aj*  +  l     ^  —  1  aj  — aj*-2     a?*  +  l 


oo;  2aa?  aa!^ 

11.      ^^"^.    ^ =^^=^-1- 


V(«  +  «)     (a  +  a?)*     (a  +  a?)* 
12.     ,      \        4-         ^  ^«* 


a*  +  a*  4- 1     a^  —  a*  + 1     a*  -  a*  + 1 

Find  by  inspection  the  square  root  of  each  of  the  following 
expressions : 

la  a:*4-«"*  +  2.  14.  9a-*-6a~*  +  a* 

15.  26ar«-30ar^*  +  9y.  16.  a"^  +  2 a"*aj"*  +  oar*. 

Find  the  square  root  of  each  of  the  following  expressions : 
17.  4a-^-12aj-»4-13ar«-6ari  +  l. 
la  9a:»4-10ar«-4ar*  +  ar«-12. 

19.  a"-|a*-|a*+fja-hl. 

20.  Jaj^-5ajV  +  W«^-t«V  +  Aa^- 

21.  256aj*-612aj  +  640aj*~612aj*  +  304-128a?"*-f  40»"* 

-8ar*4-«"*. 
Find  the  cube  root  of  each  of  the  following  expressions : 

22.  a;-«-6a;-«-|-12aj-*-8aj-». 
2a  8a;-36a;*-27aj*  +  64aj* 

24.  27a^-64aj  +  63aj-^-44aj-«H-21ar*-6ar'4-ar» 

25.  8a;-»  +  12a;-»-30aj-*-35  +  46a?  +  27aj»-27aj». 

26.  aj*-3a?*  +  3aj*H-2a;  +  3a;*-3aj*-6aj**4-3att  +  a*. 

27.  8a«y~*4-13a;*  +  y*  +  12ajV*  +  13«V"*-f9ajy*+3xV 
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Solve  each  of  the  following  equations : 

2a  2a;-*- a?-* -1=0.  29.  ar«  +  5 a?-*  -  Jf  =  0. 

aa  3ar«-2ar»-l  =  0.  aL  5aj- 2aj*- 16  =  0. 

32.  3aj*-2aj*-4  =  0.  33.  5aj~* - 2a;"*-3  =  0. 

34.  a*-|-3aj*-10  =  0.  35.  7a?"*-3aj"*-4  =  0. 

aa  5aj*-3a?*-14  =  0.  37.  2a;"* +  6a?"*- 7  =  0. 


CHAPTER  XXVI. 

PROaRBSSIONS. 

§1. 

1.  A  Series  is  a  succession  of  numbers,  each  formed  accord- 
ing to  some  definite  law.  The  separate  numbers  are  called  the 
Terms  of  the  series. 

The  law  may  specify  that  each  term  shall  be  formed  from 
the  immediately  preceding  term  in  a  prescribed  way. 
E.g.,  in  the  series 

1-f  3-h5-h7-h9+...  •  (1) 

each  term  after  the  first  is  formed  by  adding  2  to  the  preced- 
ing term. 
In  the  series         l-h2  +  4-H8H (2) 

each  term  after  the  first  is  formed  by  multiplying  the  preced- 
ing term  by  2. 

Or  the  law  may  state  a  definite  relation  between  each  term 
and  the  number  of  its  place  in  the  series. 

^.gf.,  in  the  series  ^^^^.^^.^^  ...  (3) 

each  term  is  the  reciprocal  of  its  number. 

In  the  series  i«  ^_  2*  -|-  3'  -f  •  •  •  (4) 

each  term  is  the  square  of  its  number. 

2.  The  number  of  terms  in  a  series  may  be  either  limited  or 
unlimited, 

A  Finite  series  is  one  of  a  limited  number  of  tertns. 
An  Infinite  series  is  one  of  an  unlimited  number  of  terms. 
In  this  chapter  a  few  simple  and  yet  very  important  series 
will  be  discussed 
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§  2.   ARITHMETICAL  PROGRESSION. 

1.  An  Arithmetical  Series,  or  as  it  is  more  commonly  called 
an  Arithmetical  Progression,  is  a  series  in  which  each  term,  after 
the  first,  is  formed  by  adding  a  constant  number  to  the  preced- 
ing term.     See  §  1,  Art.  1,  Ex.  1. 

Evidently  this  definition  is  equivalent  to  the  statement,  that 
the  difference  between  any  two  consecutive  terms  is  constant. 
E.g.,  in  the  series 

1  -f-3H-6-|-7H 

we  have  3  —  1  =  6  —  3  =  7  —  6=«'- 

For  this  reason  the  constant  number  of  the  iirst  definition  is 
called  the  Common  Difference  of  the  series. 

2.  Let        Oi  stand  for  the  first  term  of  the  series, 

a»  for  the  nth  (any)  term  of  the  series, 
d  for  the  common  difference, 
and  S^  for  the  sum  of  n  terms  of  the  series. 

The  five  numbers  a^  a^  d,  n,  S^  are  called  the  Elements  of 
the  progression. 

3.  The  common  difference  may  be  either  positive  or  negative. 
If  d  be  positive,  each  term  is  greater  than  the  preceding,  and 

the  series  is  called  a  rising,  or  an  increasing  progression. 

E.g.,  1-1-24-3+4+  •••  is  an  increasing  progression,  wherein 
d  =  l. 

If  d  be  negative,  each  term  is  less  than  the  preceding,  and 
the  series  is  called  a  falling,  or  a  decreasing  progression. 

E.g.,  1— 1  —  3  —  5—  •••is  a  decreasing  progression,  wherein 
d=-2. 

4.  In  an  arithmetical  progression  any  term  is  equal  to  the  first 
term  plus  the  product  of  the  common  difference  and  a  number 
one  less  than  the  number  of  the  required  term,  i.e., 

a«  =  fli+(i»-l)rf.  (I.) 
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By  the  definition  of  an  axithmetical  progression 

a,  =  Qj  +  d, 

ai  =  ai  +  d  =  ai+2dy 

a^  =  Os  -\-  d  =  Oi  -{S  dy  etc. 

The  law  expressed  by  the  formulae  for  these  first  four  terms 
is  evidently  general,  and  since  the  coefficient  of  d  in  each  is 
one  less  than  the  number  of  the  corresponding  term,  we  have 

a„  =  ai  +  (ri  — l)d 
Ex.  1.  Find  the  15th  term  of  the  progression 

l-|-3  +  5-f7+  •- 
we  have  Oi  =  1,  d  =  2,  n  =  15 ; 

therefore  a„  =  1  4-  (15  - 1)2  =  1  +  28  =  29. 

This  formula  may  be  used  not  only  to  find  a„,  when  Oi,  d, 
and  n  are  given,  but  also  to  find  any  one  of  the  four  numbers 
involved  when  the  other  three  are  given. 

Ex.2.  If  a5  =  3(n  =  5),  and  ai  =  l,  we  have  3  =  1  4- 4d; 
whence  d  =  ^. 

5.  In  any  arithmeticcU  progression,  the  sum  ofn  terms  is  equal 
to  one-half  the  product  of  the  number  of  terms  and  the  sum  of 
the  first  and  the  nth  term,  i,e., 

««  =  |(ax  +  a,).  (II-) 

Since  the  successive  terms  in  an  arithmetical  progression, 
from  the  first  to  the  nth  inclusive,  may  be  obtained  either  by 
repeated  additions  of  the  common  difference  beginning  with 
the  first  terra,  or  by  repeated  subtractions  of  the  common  dif- 
ference beginning  with  the  nth  term,  we  may  express  the  sum 
of  n  terms  in  two  equivalent  ways : 


5„=ai4-(ai+d)+(aj+2d)H ^-(ai+n-2.d)  +  (ai4-n-l-d), 


^«=a«-|-(aH-^  +  (a«-2d)-f--+(a„-n-2.d)+(a„-n-l.d). 
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Whence,  by  addition, 
2iS„  =  (a,  H-  a„)  +  (a^  +  a,)  4-  —  +  (oi  +  a,)  +  (oi  +  a«), 
wherein  there  are  n  binomials  Oj  4-  cLn- 
Therefore,  2S^  =  n  (ai  4-  a»),  or  /S.  =  ^(«i  +  «0- 

If  the  value  of  a^  given  in  (I.),  be  substituted  for  Oi  in 
(II.),  we  obtain 

«"  =  |[2«. +  ("-!)''].  (HI.) 

Formula  (II.)  is  used  when  a,,  a^  and  n  are  given;  and 
(III.)  when  Oi,  d,  and  n  are  given. 

Ex.  1.  If  tti  =  1,  a^  =  3,  then  S^  =  f  (1  4-  3)  =  10. 

Ex.2.  If  ai  =  -4,  d  =  2,  n  =  12, 

then  ^1,  =  ¥[2(-  4)4- 11  X  2]=  84. 

Either  (II.)  or  (III.)  can  be  used  to  determine  any  one  of  the 
five  elements  Oj,  a,„  d,  n,  5'^  when  the  three  others  involved 
in  the  formula  are  known. 

Ex.  a  Given  ai  =  1,  a^  =  11,  S^  =  36,  to  find  n. 

From  (II.),  36  =  ^(1  4-  H),  whence  n  =  6. 

Ex.  4.  Given  d  =  -  3,  d  =  2,  5,  =  12,  to  find  n. 
From  (III.),  12  =  2[_  6  +  2(n  - 1)], 

or  n'  —  4  n  =  12 ; 

whence  n  =  6  and  —  2. 

The  result  6  gives  the  series 

-3-1  +  14-34-5-^7,  =12. 

Since  the  number  of  terms  must  be  positive,  the  negative 
result,  —  2,  is  not  admissible.  But  its  meaning  may  be 
assumed  to  be  that  two  terms,  beginning  with  the  last  and 
counting  toward  the  first,  are  to  be  taken. 

6.  Formulae  (I.)  and  (II.)  may  be  used  simultaneously  to 
determine  any  two  of  the  five  numbers  Ui,  a^  d,  S^  »,  when 
the  three  others  are  given.  In  like  manner  (I.)  and  (III.) 
may  be  used. 
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Ex.  1.  Given  d  =  ^,  n  =  9,  09  =  5,  to  find  a,  and  Sf. 
From  (I.),  5  =  a,  4-  8  •  I,  whence  ai  =  1. 
From  (II.))  using  the  value  of  ai  just  found, 

5j=  1(1-1-6)=  27. 

Ex.  2.  Given  ai  =  3,  n  =  13,  S^  =s  13,  to  find  d  and  a^p 
From  (II.),  13  =  ^^(3  +  a^),  whence  Ou  =  —  1. 
From  (I.),  —  1  =  3  -f  12  d,  whence  d  =  —  i- 

Ex.  a  Given  d  =  —  2,  a„  =  — 16,  fl^^  =  —  60,  to  find  Oi  and  n. 
From  (I.),  - 16  =  Oi  -  2(n  - 1),  (1) 

and  from  (II.),  -  60  =  5  (oi  - 16).  (2) 

Solving  (1)  and  (2),  we  obtain  91=  12,  ai  =  6;  and  n=5, 
ai  =  —  8. 
The  two  series  are : 

6-1-4 +  2 +  0-2-4-6-8- 10 -12 -14- 16, 
and  -8-10-12-14-16, 

both  of  which  have  d  =  —  2,  a^  =  — 16,  5„  =  —  60. 

Notice  that  in  this  example  the  sum  of  the  terms  which  are 
not  common  to  the  two  series  is  0. 

Ex.  4.  Given  Oi  =  2,  d  =  3,  iS^  =  40,  to  find  n  and  o^. 
From  (HI.),  40  =  ^  [4  +  3(n  - 1)]. 

The  roots  of  this  equation  are  5,  —  5^. 

When  n  =  5,  we  have  from  (I.),  a,  =  aa  =  2  -|-  4  x  3  =  14. 

The  result  —5^  is  evidently  not  admissible,  since  n  must 
always  be  a  positive  integer. 

In  general,  since  the  equation  which  gives  the  value  of  n, 
in  such  examples  as  the  last  two,  is  quadratic,  it  may  evidently 
have  not  only  negative  or  fractional  roots,  but  also  surd  or 
imaginary. 

Moreover,  even  when  the  value  of  the  unknown  number  is 
obtained  from  a  linear  equation,  it  is  sometimes  inadmissible. 
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Ex.  5.  Given  ai  =  1,  d  =  2,  a^  =  18,  to  find  n. 

From  (I.),  18  =  1  -f  2(n  —  1),  whence  n  =  -yt. 

This  result  is  inadmissible. 

A  glance  at  the  equation  will  reveal  the  meaning  of  this 
result.  Since  the  first  term  is  odd  and  the  common  difference 
even,  the  last  term  cannot  be  even. 

This  example  also  illustrates  the  fact  that,  although  one  of 
the  formulae  determines  one  of  the  elements  when  the  other 
three  elements  are  given,  yet  these  three  elements  cannot  be 
arbitrarily  assumed. 

7.  In  many  examples  the  elements  necessary  for  determin- 
ing the  required  element  or  elements  directly  from  (I.)-(I1I.) 
are  not  given,  but  in  their  place  equivalent  data. 

Ex.  1.  Given  a«  =  17,  an  =  32,  to  find  a^  and  d. 

From  (I.),  17  =  Oi  +  6  d, 

and  32  =  ai4-10d. 

Solving  these  equations,  ai  =  2,  d  =  3. 

Or,  we  could  have  regarded  17  as  the  first  term  and  32  as 
the  last  term  of  a  progression  of  6  terms.  Then,  by  (I.), 
•32  =  17  4-  5  d,  whence  d  =  3. 

By  (I.)  again,  17  =  ai  -|-  6  x  3 ;  whence  Oi  =  2,  as  above. 

Ex  2.  Given  S^  =  80,  /S^s  =  168 ;  find  a^  and  d. 
From  (III;),  80  =  f  (2  a^  +  7  d), 

and  168  =  ^(2 «!  -f  H  d). 

From  these  equations,  Oi  =  3,  d  =  2. 

BXBBOISBS  I. 

Find  the  last  term  and  the  sum  of  the  terms  of  each  of  the 
following  arithmetical  progressions : 

1.  2  +  6  H to  10  terms.  2.  1  -h  6  -f  —  to  15  terms. 

a  3  + 1  —  •••  to  13  terms.  4.  4  —  1  —  •••  to  17  terms. 

5.  —  5  —  2  4- •••  to  21  terms.  6.  —11  —  7 to  30  terms. 

7.  13  + 11  +  —  to  26  terms.  a  14  -f  9  +  •••  to  23  terms. 
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9.  1  +  If  +  ...  to  12  terms.      10.  IJ  +  IJ  +  ...  to  27  terms. 

U.  3  -♦- 1|  H to  40  terms.      12.  4  4-  If to  31  terms. 

13.  9  4- 11  4- ...  to  n  terms.        14.  1  -f  f  -f  ...  to  n  terms. 

15.  w  4-  2  n  H to  16  terms,  to  m  terms. 

16.  a  4-(o  4-  6)4-  .••  to  20  terms,  to  n  terms. 

17.  a?  4"(3 «  —  2 y) 4- ...  to  15  terms,  to  n  terms. 

la  (m  4-  2)4-(4m  4-  6)4- ...  to  40  terms,  to  n  terms. 

19.  ^""    4- ""    4 to  30  terms,  to  n  terirfs. 

a  a 

20.  55^^ -|_ ^^""^^ 4- ...  to  32  terms,  to  n  terms. 
a4-  6        a-f  6 


21. 


(^  ~  -Vf-  -  - — ^V  —  to  18  terms,  to  n  terms. 
\a     x)    \a        X    J 


22.  n  4-  ^!^^ — —^  H —  to  32  terms,  to  a  terms. 
»—  1 

n'4- 1 
2a  n  —  1  H -J--  4- ...  to  11  terms,  to  a?  terms. 

n  —  1 

24.  (a  4-  6)* 4- (a*  4-  6*)4-  ••.  20  terms,  to  n  terms. 

25.  Find  the  sum  of  the  series 

(e«+i  -  e-  + 1) 4-(e'+i  +  g-  - 1)4.  ...  4.(e«+i  4- 19 e»  - 19). 

In  each  of  the  following  arithmetical  progressions  find  the 
values  of  the  two  elements  not  given : 

26.  ai  =  4,  d  =  5,  n  =  10.  27.  a,  =  1.2,  d  =  —  3,  n  =  16. 
2a  ai  =  2^,  d  =  I,  n  =  8.  29.  a,  =  16,  d  =  2,  n  =  9. 
30.  a.  =  — 4,  d  =  .3,  n  =  10.  31.  a,  =  8^,  d  =  f,  n=  19. 
32.  ai=  -5, 71=72,  a„=37f.  33.  a^  =  2f ,  n  =  6,  a^  =  -  1.9. 
34.  ai  =  12.7,  n  =  14,  a,  =  1.  35.  d  =  6,  n  =  10,  S^  =  340. 
3a  d=  -4.8, 7t=3,  iS„=28.5.  37.  d  =  2f ^,  71  =  9,  aS,  =  30. 
3a  ai  =  3, 71  =15,  S^  =  90.  39.  ai=0, 7i=100,  5,=  -54450. 
40.  ai=4J,  n=10,  /S'«=73^.  41.  a,  =  13, 7i  =  8,  8^  =  100. 

42.  a,  =  -  36^,  7»  =  16,  5«  =  -  247f 
4a  a^=2^,  71=12,  ^^=  -  7.      44.  ai  =  9,  d  =  -  1,  a.  =  6. 
45.  o,  =  7,d  =  5,a„  =  227.        46.  a,  =  t»j,  d  =  f f ,  a,  =  12f 
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47.  tti  =  —  7.6,  a^  =  10.5,  S^  =  16. 

4a  a,  =  22i,a.  =  -19i,^,  =  20. 

49.  oi  =  3J,  a^  =  -  146f^,  5^  =  - 12840. 
5a  ai  =  2,  d  =  6, /S'^  =  245.       51.  Ox  =  -  J,  d  =  |,  5^  =  282f 
5Z  ai  =  7,  d  =  i,  aS'^=142.       53.  a„  =  66,d  =  5,/S^  =  324. 

54.  a.  =  -l|,d  =  -i,.S.  =  -13|. 

55.  a.=  4|,d  =  -i,^„  =  69f 

Arithmetical  Means. 

&  The  Arithmetical  Mean  between  two  numbers  is  a  third 
number,  in  value  between  the  two,  which  forms  with  them  an 
arithmetical  progression. 

E,g,,  2  is  an  arithmetical  mean  between  1  and  3,  between 
—  3  and  7,  etc. 

Let  A  stand  for  the  arithmetical  mean  between  a  and  b ; 
then  by  the  definition  of  an  arithmetical  progression^ 

A  —  a  =  b  —  A, 
whence  Jl  =  ^  T*    - 

That  18,  Hie  arithmetical  mean  between  two  numhere  is  half 
their  sum, 

9.  Arithmetical  Means  between  two  numbers  are  numbers,  in 
value  between  the  two,  which  form  with  them  an  arithmetical 
progression. 

E.g,y  2,  3,  and  4  are  three  arithmetical  means  between  1  and 
^ ;  f  >  ^9  h  ^f  h  ^9  f  ^^  seven  arithmetical  means  between  1 
and  6. 

If  n  arithmetical  means  be  inserted  between  a  and  5,  we 
have  an  arithmetical  progression  of  n  -f  2  terms,  the  first  term 
being  a  and  the  last  b. 

Therefore,  from  (I.),  6  =  a  +(w  +  2  —  l)d, 

whence  d  =  ^ 

n  +  1 
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The  resulting  series  is  therefore 

w+1  n+1  n+r 

/,   na-\-^   (n-l)a  +  2b   (n-2)o  +  36  . 

'   n  +  1'  71  +  1         '  n  +  1        '       ' 


Ex.  1.  Insert  four  arithmetical  means  between  —  2  and  9. 
It  is  better  to  work  the  example  independently  of  the 
general  results  given  above.     We  have 

n  =  6,  ai  =  — 2,  a,  =  9. 

From  (I.),  9  =  —  2  +  5  d,  whence  d  =  Y- 
The  required  means  are  \,  ^,  ^,  ^. 

BXEBCI8B8  II. 

Insert  an  arithmetical  mean  between 

1.  45  and  31.  2.  17|  and  14f  a  2a  and— 26. 

4.  4a-36  and  b  -2a.  5.   (a-h26)'  and  (a-2b)\ 

e.  ^  and  ^  7.  ^  and  -^±1. 

a -h  0  a  — 0  a:  — 1  oj*  — 1 

a  Insert  6  arithmetical  means  between  7  and  35. 

9.  Insert  12  arithmetical  means  between  37  and  —  28. 

10.  Insert  8  arithmetical  means  between  7  and  13. 

11.  Insert  9  arithmetical  means  between  \  and  12. 

12.  Insert  5  arithmetical  means  between  17|  and  1^. 
la  Insert  20  arithmetical  means  between  —  16  and  26. 

14.  Insert  38  arithmetical  means  between  15  and  2. 

15.  Insert  6  arithmetical  means  between  a  +  b  and  8  a  — 13  6. 

la  Insert  8  arithmetical  means  between  — ^^—  and  — ^ — 

Problems. 

10.  Pr.  1.  The  sum  of  four  numbers  in  arithmetical  pro- 
gression is  16,  and  their  product  is  105.  What  are  the 
numbers? 
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We  can  express  the  four  required  numbers  in  terms  of  two 
unknown  numbers. 

Let  «  —  3d,  a;  —  d,  a-hd,  aj-h3dbe  the  four  required  num- 
bers. 

Then,  by  the  first  condition, 

(oj  -  3  d)  -f  (a?  -  d)  -h  (a?  +  d)  +  (oj  +  3  d)  =  16  5 

whence  oj  =  4. 

By  the  second  condition, 

(a;  -  3d)(aj  -  d)(a?  +  d)(a?  +  3d)  =  106, 

or  (a:«  -  9  d»)  (aj«  -  d^  =:  105. 

Substituting  4  for  x  and  reducing,  9  d*  — 160  d*  =  — 161. 
From  this  equation  we  obtain  d  =  ±  1,  and  ±  ^^161. 
The  corresponding  numbers  are, 

when  d  =  1 :  1,  3,  5,  7 ;  when  d  =  —  1 :  7,  6,  3, 1 ; 

when  d  =  |  V^51 : 

4-V151,  4-iV151.  4  +  iV151,  4  4-V151; 
when  d  =  —  ^-y/151 : 

4  4-Vl^l.  4  +  iVlSl.  4-|Vl51»  4-V161. 
Notice  the  advantage  of  assuming  the  required  numbers  as 
in  the  above  example.  Had  we  assumed  a;,  a;  +  d,  a;4-2d, 
a; -f- 3d  as  the  required  numbers,  the  solution  would  have 
involved  an  equation  of  the  fourth  degree  which  could  not 
have  been  solved  as  a  quadratic. 

Pr.  2.  The  sum  of  the  fifth  and  sixth  terms  of  an  arithmet- 
ical progression  is  49,  and  the  product  of  the  first  and  eighth 
terms  is  74.    Find  the  series. 

By  the  first  condition,  05  +  a«  =  49, 

or  (oi  +  4d)  -f-  (oj  -f  5d)  =  49, 

or  2ai  +  9d  =  49.  (1) 

By  the  second  condition,  OiOg  =  74, 

or  01(01  4- 7  d)  =74, 

or  Oi*  4-  7  Old  =  74.  (2) 

Solving  (1)  and  (2),  Oi  =  2,  d=^6\  and  Oi  =  66f ,  d  =  -  9if . 
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The  two  series  are : 

2,7,12,17,22,27,32,37,  ...; 

66t,  67H,  47f,  38^^,  29^,  19^,  10^,  1|,  .... 

Pr.  3.  Find  the  sum  of  all  the  numbers  of  three  digits  which 
are  multiples  of  7. 
The  numbers  of  three  digits  which  are  multiples  of  7  are 

7  X  15,  7  X  16,  7  X  17,  ...,  7  x  142. 
Their  sum  is         7  (15  + 16  +  •  ••  -f  142). 
The  series  within  the  parentheses  is  an  arithmetical  progres- 
sion, in  which  o^  =  15,  d  =  1,  n  =  128,  and  o^g  =  142. 

Therefore  5i«  =  10,048. 

The  required  sum  is  therefore  7  x  10,048,  =  70,336. 

Pr.  4.  Two  persons  starting  at  the  same  time  from  two  places 
A  and  jB,  which  are  170  miles  apart,  travel  toward  each  other. 
The  one  starting  from  A  travels  4  miles  an  hour ;  the  one  start- 
ing from  B  travels  2  miles  the  first  hour,  and  each  succeeding 
hour  \  mile  more  than  the  preceding  hour.  At  what  distance 
from  A  will  they  meet,  and  after  how  many  hours  ? 

Let  X  stand  for  the  number  of  miles  from  A  to  their  place  of 
meeting  P,  and  y  for  the  number  of  hours  after  which  they 
meet. 

Then,  by  the  first  condition, 

a?  =  4y.  (1) 

The  number  of  miles  traveled  in  y  hours  by  the  man  starting 
from  B  will  be  the  sum  of  an  arithmetical  progression  of  which 
the  first  term  is  2,  the  common  difference  is  ^,  and  the  number 
of  terms  is  y. 

From  (III.)>  this  number  is 


4  + 


(y-l)^]  = 


4 

But  this  number  must  be  equal  to  170  —  «. 


Therefore  t±^  =  170  - ».  (1 

From  (1)  and(2),  aj  =  68,  y  =  17;  and  a?  =  -160,  y  =  - 40. 
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The  solution  a:;  =  68,  2^  =  17  satisfies  the  condition  of  the 
problem,  as  shown  in  Fig.  16. 

^68  B 


-O  o 


170 
Fig.  16. 

The  second  solution  does  not  satisfy  the  conditions  of  the 
problem,  but  it  is  consistent  with  a  modified  problem.  The 
interpretation  of  this  solution  is  left  as  an  exercise  for 
the  student. 

BXBBOISBS  ni. 

1.  Find  the  sixth  term  and  the  sum  of  eleven  terms  of  an 
A.  P.  whose  eighth  term  is  11  and  whose  fourth  term  is  —  1. 

2.  The  seventh  term  of  an  A.  P.  is  20,  and  the  thirteenth 
term  is  28.    What  is  the  first  term,  and  the  twentieth  term  ? 

3.  The  sixteenth  term  of  an  A.  P.  is  —  5,  and  the  forty-first 
term  is  45.  What  is  the  first  term,  and  the  sum  of  twenty 
terms  ? 

4.  The  thirteenth  term  of  an  A.  P.  is  1,  and  the  twentieth 
term  is  — 13.  What  is  the  thirtieth  term,  and  the  sum  of  fif- 
teen terms  ? 

5.  Find  the  sum  of  all  the  even  numbers  from  2  to  60  in- 
clusive. 

S,  Find  the  sum  of  thirty  consecutive  odd  numbers,  of 
which  the  last  is  127. 

7.  The  sum  of  the  eighth  and  fourth  terms  of  an  A.  P.  of 
twenty  terms  is  24,  and  the  sum  of  the  fifteenth  and  nine- 
teenth terms  is  ^.    What  are  the  elements  of  the  progression  ? 

a  The  sum  of  the  terms  of  an  A.  P.  of  seven  terms  is  147, 
and  the  product  of  the  first  term  by  the  last  is  297.  What  are 
the  elements  of  the  progression  ? 

9.  The  product  of  the  first  and  fifth  terms  of  an  A.  P.  of 
ten  terms  is  85,  and  the  product  of  the  first  and  third  terms 
is  B^.    What  are  the  elements  of  the  progression  ? 
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10.  The  first  term  of  an  A.  P.  of  thirty  terms  is  100,  and 
the  sum  of  the  first  six  terms  is  five  times  the  sum  of  the  six 
following  terms.     What  are  the  elements  of  the  progression  ? 

11.  The  sum  of  the  first  and  fifth  terms  of  an  A.  P.  of  twelve 
terms  is  6,  and  the  sum  of  the  squares  of  the  second  and  fourth 
terms  is  20.     What  are  the  elements  of  the  progression  ? 

12.  The  sum  of  the  second  and  twentieth  terms  of  an  A.  P. 
is  10,  and  their  product  is  23f  J.  What  is  the  sum  of  sixteen 
terms? 

13.  The  sixth  term  of  an  A.  P.  is  30,  and  the  sum  of  the 
first  thirteen  terms  is  455.  What  is  the  sum  of  the  first  thirty 
terms? 

14.  The  sum  of  the  fifth  and  eighth  terms  of  an  A.  P.  is 
37,  and  the  sum  of  the  first  ten  terms  is  155.  What  is  the 
twentieth  term  ? 

15.  What  value  of  x  will  make  the  arithmetical  mean 
between  a?»  and  x*  equal  to  6? 

16.  Find  the  sum  of  all  even  numbers  of  two  digits. 

17.  How  many  consecutive  odd  numbers  beginning  with  7 
must  be  taken  to  give  a  sum  775  ? 

la  How  many  terms  of  the  series  12, 10,  •••  must  be  taken 
to  give  a  sum  30  ? 

19.  Insert  between  0  and  6  a  number  of  arithmetical  means 
so  that  the  sura  of  the  terms  of  the  resulting  A.  P.  shall  be  39. 

2a  Find  the  number  of  arithmetical  means  between  1  and 
19,  if  the  second  mean  is  to  the  last  mean  as  1  to  7. 

21.  The  fifth  term  of  a  progression  is  three  times  the  first 
term.  If  the  thirteenth  term  be  divided  by  the  third,  the 
quotient  and  the  remainder  will  each  be  3.  What  is  the  first 
term,  and  the  common  difference  ? 

22.  The  sum  of  the  terms  of  an  A.  P.  of  six  terms  is  66,  and 
the  sum  of  the  squares  of  the  terms  is  1006.  What  are  the 
elements  of  the  progression  ? 
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23.  The  sum  of  three  terms  in  arithmetical  progression  is  a, 
and  the  sum  of  their  squares  is  6^.  What  is  the  first  term^  and 
the  common  difference  ? 

24.  The  sum  of  the  terms  of  an  A.  P.  of  five  terms  is  75, 
and  the  ratio  of  the  first  term  to  the  last  is  5.  What  are 
the  elements  of  the  progression  ? 

25.  The  sum  of  the  terms  of  an  A.  P.  of  twelve  terms  is  S64, 
and  the  sum  of  the  even  terms  is  to  the  sum  of  the  odd  terms 
as  32  to  27.     What  is  the  common  difference  ? 

26.  How  many  positive  integers'  of  three  digits  are  there 
which  are  divisible  by  9  ?    Find  their  sum. 

27.  What  is  the  sum  of  all  positive  odd  numbers  of  four 
digits  which  are  multiples  of  29? 

2a  If  the  sum  of  m  terms  of  an  A.  P.  is  n,  and  the  sum  of  n 
terms  is  m,  what  is  the  sum  of  m-|-n  terms  ?    Of  m—n  terms  ? 

29.  Show  that  the  sum  of  2  n  -f  1  consecutive  integers  is 
divisible  by  2  n  + 1. 

aa  Show  that  the  sum  of  n  consecutive  integers  beginning 
with  a  is  one-third  of  the  sum  of  n  consecutive  integers 
beginning  with  3  a  -f  w  —  1. 

31.  Prove  that  if  the  same  number  be  added  to  each  term  of 
an  A.  P.,  the  resulting  series  will  be  an  A.  P. 

32.  Prove  that  if  each  term  of  an  A.  P.  be  multiplied  by 
the  same  number,  the  resulting  series  will  be  an  A.  P. 

33.  Prove  that  if  the  corresponding  terms  of  two  arith- 
metical progressions  be  added,  the  resulting  series  wiU  be  an 
A.  P.     What  is  the  common  difference  of  the  last  series  ? 

34.  Prove  that  if  in  the  equation  y  =  aa;  -h  6,  we  substitute 
c,  c  -f  d,  c  -f  2  d,  •••,  in  turn  for  x,  the  resulting  values  of  y  will 

j  form  an  A.  P. 

35.  Prove  that  if  a*,  6^  c*  form  an  A.  P.,  then 

; 9       i form  an  A.  P. 

6  +  c        c  +  a        a-^-h 
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36^  If  a,  b,  c  form  an  A.  P.,  then 

I  (a  +  6  -f  c)«  =  a\b  4-  c)  +  6«  (a  +  c)  +  c"  (a  +  5). 

37.  A  man  agreed  to  pay  a  debt  of  919,950  by  monthly 
installments,  paying  each  month  after  the  first  9  50  more  than 
the  preceding  month,  and  the  last  month  paying  9  2220.  How 
much  did  he  pay  the  first  month,  and  how  many  months  did  it 
take  him  to  pay  the  debt  ? 

sa  A  laborer  agreed  to  dig  a  well  on  the  following  condi- 
tions :  for  the  first  yard  he  was  to  receive  9  2,  for  the  second 
92.50,  for  the  third  9  3,  and  so  on.  If  he  received  $42.50  for 
his  work,  how  deep  was  the  well  ? 

39.  On  a  certain  day  the  temperature  rose  ^^  hourly  from  5 
to  11  A.M.,  and  the  average  temperature  for  that  period  was 
8^    What  was  the  temperature  at  8  a.m.  ? 

4a  Twenty-five  trees  are  planted  in  a  straight  line  at  inter- 
vals of  5  feet.  To  water  them,  the  gardener  must  bring  water 
for  each  tree  separately  from  a  well  which  is  10  feet  from  the 
first  tree  and  in  line  with  the  trees.  How  far  has  the  gardener 
walked  when  he  has  watered  all  the  trees  ? 

41.  Two  bodies,  A  and  6,  start  at  the  same  time  from  two 
points,  C  and  Z>,  which  are  75  feet  apart,  and  move  in  the 
same  direction.  'A  moves  1  foot  the  first  second,  3  feet  the 
second,  and  5  feet  the  third ;  B  moves  3  feet  the  first  second, 
4  feet  the  second,  and  5  feet  the  third.  How  long  will  it  take 
A  to  overtake  B  ? 

42.  A  man  bought  an  estate  which  yielded  $  1500  profit  the 
first  year.  His  personal  expenses  for  the  first  year  were 
9 1250.  His  income  from  the  estate  increased  $  100  yearly, 
and  his  personal  expenses  increased  $  125  yearly.  After  how 
many  years  were  his  personal  expenses  equal  to  his  income  ? 

4a  Two  men  started  at  the  same  time  from  two  cities  which 
are  1265  miles  apart.  After  the  first  day,  the  first  increased 
his  rate  10  miles  daily,  and  the  second  his  rate  3  miles  daily. 
If  they  met  after  5  days,  and  if  the  first  traveled  55  miles 
further  than  the  second,  what  was  the  rate  of  each  the  first 
day  and  the  last  day  ? 
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44.  A  number  of  equal  balls  are  placed  in  the  form  of  a 
solid  equilateral  triangle  in  the  following  way:  one  ball  is 
placed  at  the  vertex,  under  this  are  placed  two  balls,  under 
these  two  are  placed  three  balls,  and  so  on.  If  the  number  of 
balls  is  increased  by  4,  they  can  be  placed  in  the  form  of  a 
solid  rectangle  whose  base  is  equal  to  the  base  of  the  triangle, 
and  whose  altitude  is  3  balls  shorter  than  the  base.  How  many 
balls  are  in  the  triangle  ? 

45.  A  tank  which  contains  57  gallons  can  be  filled  by  four 
pipes.  If  all  the  pipes  are  opened,  the  tank  will  be  emptied 
in  40  minutes.  The  number  of  minutes  in  which  one  gallon  is 
discharged  by  the  pipes  separately  form  an  A.  P.  whose  sum  is 
12.    How  long  does  it  take  each  pipe  to  discharge  one  gallon? 

§3.    GEOMETRICAL  PROGRESSION. 

1.  A  Geometrical  Series,  or  as  it  is  more  commonly  called,  a 
Geometrical  Progression,  is  a  series  in  which  each  term  after 
the  first  is  formed  by  multiplying  the  preceding  term  by  a  con- 
stant number.     See  §  1,  Art.  1,  Ex.  2. 

Evidently  this  definition  is  equivalent  to  the  statement  that 
the  ratio  of  any  term  to  the  preceding  is  constant. 

For  this  reason  the  constant  multiplier  of  the  first  defini- 
tion is  called  the  Ratio  of  the  progression. 

Let  Oi  stand  for  the  first  term  of  the  series, 

a.  for  the  nth  {any)  term, 

r  for  the  ratio, 

and  8^  for  the  sum  of  n  terms. 

The  five  numbers  Oi,  a^  r,  8^  n,  are  called  the  Blements  of 
the  progression. 

2.  The  ratio  may  be  either  larger  or  smaller  than  1 ;  in  the 
former  case  the  progression  is  called  a  rising  or  ascending  pro- 
gression ;  in  the  latter  a  foUling  or  descending  progression. 

E.g.,  1  +  1  +  1  +  ^+  ...,  in  which  r  =  f, 

and  I  - 1  -I-  2  -  4  4-  8 ...,  in  which  r  =  -  2, 
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are  ascending  progressions ;  while 

1  +  ^  +  J  -f  t  H ,  in  which  r  =  J, 

and  1  — i  +  |— ^tH >  i^  which  r  =  —  |, 

are  descending  progressions. 

3,  In  a  geometrical  progression  any  term  is  equal  to  the  first 
term  mvUiplied  by  a  power  of  the  ratio  whose  exponent  is  one  less 
than  the  number  of  the  required  term^  i.e., 

a„  =  a,f^'\  (I.) 

By  the  definition  of  a  geometrical  progression 

aj  =  air, 

a^  =  air  =  ai/^, 

a4  =  air  =  a^r^y 
etc. 

The  law  expressed  by  the  relations  for  these  first  four  terms 
is  evidently  general,  and  since  the  exponent  of  r  is  one  less 
than  the  number  of  the  corresponding  term,  we  have 

a,  =  air*~^. 

Ex.  1.  If  ai  =  ^,  r  =  3,  n  =  5,  then  a,  =  |  •  3*  =  ^. 

This  relation  may  also  be  used  to  find  not  only  a,  when  Oj, 
r,  and  n  are  given,  but  also  to  find  the  value  of  any  one  of  the 
four  numbers  when  the  other  three  are  given. 

Ex.  2.  If        Oi  =  4,  Oa  =  ^,  w  =  6,  then  ^  =  4  r*, 
whence  >*  =  ^• 

It  is  important  to  notice  that,  while  Oj,  a„,  and  r  may  be  posi- 
tive or  negative,  integral  or  fractional,  n  must  be  a  positive 
integer.     Consequently  Oi,  a^  r  cannot  be  assumed  arbitrarily. 

As  yet  the  value  of  n  can  be  determined  from  (I.)  only  by 
inspection. 
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4i  Jn  a  geometrical  progression 

or  s„  =  ?LZi£i£=?»^L:zj&.  (III.) 

1  — r         r  — 1 

We  have  /S»  =  Oj  +  c^r  -f  air"  +  —  4-  Ojf^*  +  aii^\  (1) 

and  rS^=air+ai7^'] hai»*"*+air*~*+air*.      (2) 

Consequently,  subtracting  (2)  from  (1), 

S^(l  -  r)=  Oy  -  OjT, 

whence  ^,  =  ?i§Lz:i!i  =  Si:^^ 

1— r  r— 1 

Substituting  a^  for  Oi?^^^  in  (II.),  we  have 

S  — ^  — ^»*r_anr-ai 
1— r         r— 1 

The  first  forms  of  (II.)  and  (III.)  are  to  be  used  when  r  <  1, 
the  second  when  r  >  1. 

Ex.  1.  Given  o^  =  3,  r  =  2,  n  =  6,  to  find  S^ 
Using  the  second  form  of  (II.), 


^  —  X 


Formulae  (II.)  and  (III.)  may  be  used  not  only  to  find  S^ 
when  tti,  r,  and  n,  or  ai,  a^  and  r  are  given,  but  also  to  find  the 
value  of  any  one  of  the  four  elements  when  the  other  three 
are  given. 

Ex.2.  Given5^  =  -63J,  ai  =  -|,  a«  =  -32,  tofindr. 
By  (HI.),      -631=""^^^^^    whence  r=:  2. 

&  Formulae  (I.)  and  (II.)  may  be  used  simultaneously  to 
determine  any  two  of  the  five  elements,  ai,  a^  r,  S^  n,  when 
the  three  other  elements  are  given.  In  like  manner  (I.)  and 
(III.)  may  be  used. 
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Ex.  1.   Given  r  =  —  ^,  n  =  5,  a,  =  —  J,  to  find  Oi  and  S^. 
From  (I.),         —  i  =  ^ (—  i)*>   whence  ai  =  —  4  j 
ind  from  (11.),  using  the  value  of  ai  just  found, 

-4[1 -(-!)»]         11 

^' l-(-i)      — T- 

Ex.  a.  Given  a,  =  9,  r  =  I,  5,  =  13f^,  to  find  n  and  a,. 
From(n.),   ISif  =  i^^:=-^,  whence  n  =  6, 
From(L),  a,  =  90*  =  ^. 

Ex.  a  Given  r  =  2,  a.  =  16,  5.  =  31|,  to  find  a,  and  n. 
From(nL),  31|  =  ^^0^7  °'>  whence  Oi  =  f. 
From  (I.),  16  =  1 .  2**^  whence  n  =  6. 

Ex.  4.  Given  n  =  7,  Oy  =  16,  Sj  =  31J,  to  find  r  and  Oi. 
From  (L),  16  =  Oi?^, 

and  from  (II.),  31f  =  ^^^^~^' 

1  —  7" 

Eliminating  Oi  between  these  two  equations,  we  obtain 

637^- 127 7^  =  - 64. 

Thus  this  example  leads  to  an  equation  of  the  seventh 
degree,  which  cannot  be  solved. 

The  value  of  r  in  such  equations  can  often  be  determined 
by  inspection.  Let  the  student  verify  the  value  r  =  2  in  the 
above  equation.    We  then  have  Oj  =  \. 

6.  In  many  examples  the  elements  necessary  for  determin- 
ing the  element  or  elements  directly  from  (L)-(IIL)  are  not 
given,  but  in  their  place  equivalent  data. 

Ex.  1.  Given  a«  =  48,  Og  =  384,  to  find  Oi  and  r. 
From  (L),  48  =  Oii^,  and  384  =  air' ; 

whence  t*  =  8,  or  r  =  2.    Therefore  Oi  s  3. 


GEOMETRICAL  PROGRESSION.  659 

Or,  we  could  have  regarded  48  as  the  first  term  and  384  as 
the  last  term  of  a  progression  of  four  terms.  Then  by  (I.), 
384  =  48  r*,  whence  r  =  2,  as  before. 

Ex.  2.  Given  Se  =  63,  89  =s  511,  to  find  Oi  and  r. 

From  (IL),    63  =  ^l^?^^,  and  611  =  ^(^"/)  ;  (1) 

T  —  1  T  —  1 

Whence  !!zil  =  611,  or  ^  +  ^4-1^511, 

r^-1      63'  r»4-l  63 

Therefore  63T*-448r*==448; 

whence     r*  =  8,  and  —  f ;  and  r  =  2,  and  —  ^-^3. 

We  then  have  from  (1) :  ai  =  1,  when  r  =  2 ;  and 

Oi  =  100^  (2-^3  +  3),  when  r  =  - 1^3. 

Such  examples  as  the  last  in  general  lead  to  equations  of 
a  higher  degree  than  the  second. 

t 

BXBBOISB8  IV. 

Find  the  last  term  and  the  sum  of  the  terms  of  each  of  the 
following  geometrical  progressions : 

1.  3  +  6+ **- to  6  terms.  2.  5  +  2+ ••- to  4  terms. 

a  2 —  4  + •••to  10  terms.  4.  1  —  3+ •••  to  9  terms. 

5.  32  — 16  H to  7  terms.  6.  3  +  2  H to  8  terms. 

7.  If  +  2|  H to  6  terms.  a  |  +  i  H to  5  terms. 

9.  2  —  2*  +  •••  to  11  terms.  10.  |  —VI  +  *••  ^  ^^  terms. 

11.  -=-  +  -+ •••ton  terms.       12.  2+V3H ton  terms. 

-y/2     2 

la  1  +  (1  +  a)  +  •••  to  4  terms,  to  n  terms. 

14.  a'  +  a^«  +  •••  to  7  termSj  to  n  terms. 

15.  (05  — y)  +  [  —  — ^]  +  ^'^  to  10  terms,  ton  terms. 
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In  each  of  the  following  geometrical  progressions  find  the 
values  of  the  elements  not  given : 

le.  ai  =  l,  r  =  4,  n  =  6.  17.  ai  =  2^,  r  =  — 2,  n=6. 

la  a,  =  10,  r  =  2,  n  =  4  19.  a^  =  1.2,  r  =  — .2,  n  =  5. 

20.  r  =  2,  ?*  =  5,  5.  =  62.  21.  r=10,  n=7,  ^8,= 3,333,333. 

22.  ai=6,  n=9,  0^=327,680.  2a  Oi  =  74f  n  =  6,  a^  =  2f 

24.  a,  =  96,  n  =  4,  iS^  =  127.5.  25.  a.  =  7,  n  =  9, /S«  =  68,887. 

26.  Oi  =  1,  r  =  2,  a^  =  64.  27.  Oi  =  7,  r  =  10,  a.  =  700. 

2a  ai=74i,  a^=2i,5«=147.  29.  04=1,  a,=512,  i8.=1023. 

30.  a.  =  44,  r  =  4,  5^  =  65.  aL  a,=3126,  r=6,  5^=3905. 

3a  Oi=40,  r  =  i, /S^^  =  76.  3a  Oi  =  4,  r  =  3,  5.  =  118,096. 

34.  Oi  =  3,  n  =  3,  5^  =  1953.  35.  Oi  =  100,  n  =  3,  ^.  =  700. 

811m  of  an  Infinite  Oeometrloal  Progreoilon. 

7.   Whei\  r  is  leas  than  1,  the  term  ait*  in  the  formula 

^_gi  —  qi** 
1  — r 

decreases  as  n  increases.    As  n  grows  indefinitely  large,  aif"  beoomes 
indefinitely  small.    That  is,  when  n  =  00,  air**  =  0. 
We  therefore  have,  when  r  <  1  and  n  =  oo, 


1-r 
Ex.  1.  Find  the  som  of  the  infinite  series 

in  which  r  =  i- 

We  have  ^=_1— =  2. 

The  meaning  of  this  result  is  that  the  sum  of  the  given  series  approaches 
the  finite  value  2  more  and  more  nearly  as  more  and  more  terms  are  in- 
cluded in  the  sum,  and  that  the  sum  can  be  made  to  differ  from  2  by  as 
little  as  we  please,  by  taking  a  sufficient  number  of  terms.  The  exact 
sum  2,  however,  can  never  be  obtained. 

This  theory  can  be  applied  to  find  the  value  of  a  repeating  (recurring) 
decimal. 
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Ex.  2.   Verify  that  .6  =  }. 

We  have  .666...  =  A  +  lir  +  tAv  +  -» 

a  geometrical  progression  whose  first  term  is  ^  and  whose  ratio  is  ^, 
Conseqaently 

BXBBOISBS  V. 

Find  the  sum  of  the  following  infinite  geometrical  progressions : 
1.   6  +  4  +  ....  2.  60  +  16+....  3.    10-6+.... 

4.   J  +  J  +  ....  5.    1-J  +  ....  6.   6-J+.... 

7.   1-}+....  8.    l+i+....  9.   4  +  V  +  — . 

10.    Vi  +  Vf+--  ^-   2^1  + 1  +  --  12.    V-2  +  VTi5  +  -. 

13.   1 +  x  +  x*+ ...,  whenx<l.  14.   1 +i  +  i  + ...,  when  x>l. 

X      X* 

15.   — — —  +  — — — ^—  +  •••,  lo*    ^-^— ^—  +    ■  +  ... 

»  +  l^(n+l)a  a»-r  (a«  +  a  +  l)9^ 

Find  the  yalue  of  each  of  the  following  repeating  decimaLs : 

17.    .44....  18.    .99....  19.   .2727  •.-.  20.    .016016..*. 

21.  .199....        22.   1.0909....        23.   .122323....       24.   .201476476.... 

Verify  each  of  the  following  identities : 
25.   V*4^...  =  .66....  26.    V-^944...  =  .833.... 

Oeometxlcal  Moans. 

&  A  Geometrical  Mean  between  two  numbers  is  a  number,  in 
value  between  the  two,  which  forms  with  them  a  geometrical 
progression. 

E.g.,  +  2,  or  —  2,  is  a  geometrical  mean  between  1  and  4, 
between  \  and  8. 
Let  G  be  the  geometrical  mean  between  a  and  b. 
Then  by  definition  of  a  geometrical  progression, 

—  =  —  ;  whence  G=n^(ab). 
a      G 

That  is,  the  geometrical  mean  between  two  numbers  is  (he  square 

root  of  their  product. 
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Ex.  1.  Find  the  geometrical  mean  between  1  and  ^.  We 
have 

9.  Oeometrical  Means  between  two  numbers  are  numbers,  in 
value  between  the  two^  which  form  with  them  a  geometrical 
progression.  E,g,,  4  and  16  are  two  geometrical  means  between 
1  and  64 ;  and  2, 4^  8^  16, 32  are  five  geometrical  means  between 
1  and  64. 

If  n  geometrical  means  be  inserted  between  a  and  b,  we  have 
a  geometrical  progression  of  n  +  2  terms. 

Consequently,  by  (L), 

b  =  a7^\  or  r  =  r^^. 
The  progression  is  therefore, 

"  <•  »tD '■  'iO'-  - '- 

or  a,  *-t^(a*6),  "■t^Ca'^^ft*),  *^(a-*y),     -  b. 

Ex.  2.  Insert  five  geometrical  means  between  2  and  11. 
We  have  11  =  2  r*,  whence  r  =  -y/^. 

The  required  means  are 

2^¥,  2^m^  2-^(W,  2^(W.  2^(W- 

BXEBCISB8  VI. 

Insert  a  geometrical  mean  between 

1.  2  and  8.  2.  12  and  3.  a  |  and  yf^ . 

P         Q 
4.  V^andV(2a).         5.  75m*and3m»*.         a  -and-* 

7.  (a-6)«and(a  +  6)«      a  (a«-hl)(a*- 1)"^  and  i(a*- 1). 

a  Insert  5  geometrical  means  between  2  and  1458. 

la  Insert  7  geometrical  means  between  2  and  512. 

11.  Insert  6  geometrical  means  between  3  and  ~  384. 

12.  Insert  6  geometrical  means  between  5  and  —  640. 
la  Insert  8  geometrical  means  between  4  and  —  -^P- 
14.  Insert  9  geometrical  means  between  1  and  -^f^* 


GEOMETRICAL  PROGRESSION.  668 

15.  Insert  4  geometrical  means  between  —— -  and  --^ — r— 

5  w  16  m' 

16.  Insert  3  geometrical  means  between         ,  and  (    "^  ,  ] . 

*  a  -  6         Va  +  6y 

10.  The  arithmetical  mean  of  two  unequal  numbers  is  greater  than 
their  geometrical  mean. 

Let  a  and  h  be  the  given  numbers. 
We  are  to  prove 

or  K«  +  ^)>>/(«^)- 

Since  ( V<*  -  V^)'  ^^  always  positive,  if  a  :?£:  &, 
we  have  a  —  2  V(<»^)  +  &  >  0, 

or  a  +  6>2V(a6), 

or  i±^<V(a6). 

Consequently  ^  —  6^  is  always  positive,  and  ^  >(?. 

Problems. 

11.  Pr.  1.  In  a  geometrical  progression  of  four  terms,  the 
sum  of  the  first  and  fourth  terms  is  455,  and  the  sum  of  the 
second  and  third  terms  is  140.     What  are  the  terms  ? 

By  the  first  condition,  ai  -f  ait^  =  455, 
or  ai(l  +  r»)=455.  (1) 

By  the  second  condition,  Oir  +  Oir"  =  140, 
or  air(l  +  r)=140.  (2) 

Dividing  (1)  by  (2),         l:=I±jl  =  13^  (3) 

T  4 

whence  r  =  4,  and  \, 
Therefore,  from  (2),  Oj  =  7,  and  448. 
Consequently,  the  two  series  are 

7,  28,  112,  448; 

and  448,  112,  28,  7. 

Pr.  2.  The  sum  of  the  terms  of  a  geometrical  progression  of 
five  terms  is  484 ;  the  sum  of  the  second  and  fourth  terms  is 
120.    What  is  the  progression  ? 
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Let  %,  -,  0?,  icr,  xr^  be  the  required  terms, 
r   r 

By  the  first  condition,       ^^-5^-aJ  +  aJr  +  aJr»  =  484        (1) 

By  the  second  condition,    ^  +  xr  =  120.  (2) 

r 

Subtracting  (2)  from  (1),  ^  +  a?  +  a?r«  =  364.  (3) 

IT 

Dividing  by  x,  and  adding  1  to  both  members, 

3  +  2  +  r«=?^  +  l.  (4) 

r  X 

Squaring  (2),       a;*^^  +  2  +  A= 14400,  (6) 

l  +  2H-r«  =  lf2.  (6) 

Equating  second  members  of  (4)  and  (6), 

X  QET 

or  aj«  +  364a;  =  14400.  (8) 

From  (8),  x  =  36,  and  -  400. 
Substituting  36  for  x  in  (2),  we  obtain 

r  =  3,  and  \. 

The  value,  —  400,  of  x  gives  imaginary  values  of  r,  and  there- 
fore must  be  rejected. 

When  a  =  36  and  r  =  3,  the  series  is  4,  12,  36,  108,  324 ; 
when  a  =  36  and  r  =  |,  the  series  is  324, 108,  36, 12,  4. 

Pr.  a  If  the  numbers  5,  6,  9,  and  15,  respectively,  be  added 
to  the  terms  of  an  arithmetical  progression  of  four  terms,  the 
resulting  series  will  be  a  geometrical  progression.  What  is  the 
arithmetical  progression  ? 

Let  a  —  3d,  a  —  d,  a  +  d,  a  +  3d  represent  the  required 
numbers. 
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Then;  by  the  condition  of  the  problem, 

a-3d  +  5,  a-(f  +  6,  a4-c«  +  9,  a  +  3d  +  16 
is  a  geometrical  progression. 

Therefore,  a^d^e  ^a^d  +  9 

'  a-3d  +  6     a-d4-6' 

or  4(?-2a-t-10(«  =  9;  (1) 

^^  a-f-d  +  9_a4-3d-f-16 

a  — d-f  6        a-i-d  +  9  ' 

or  4(P-3a  +  16d  =  9.  (2) 

Solving  (1)  and  (2),  we  obtain 

a  =  ^f  ^  =  f ;  and  a  =  — J^,  d  =  — |^ 
Consequently,  the  two  series  are 

3,  6,  9,  12; 
and  -3,   -6,   -9,    -12. 

EXBBOISES  VII. 

1.  The  first  term  of  a  6.  P.  of  six  terms  is  768,  and  the  last 
term  is  one-sixteenth  of  the  fourth  term.  What  is  the  sum  of 
the  six  terms  of  the  progression? 

2.  The  first  term  of  a  G-.  P.  of  ten  terms  is  3,  and  the  sum 
of  the  first  three  terms  is  one-eighth  of  the  sum  of  the  next 
three  terms.    Find  the  elements  of  the  progression. 

3.  The  twelfth  term  of  a  G.  P.  is  1536,  and  the  fourth  term 
is  6.    What  is  the  ratio,  and  the  sum  of  the  first  eleven  terms? 

4.  The  seventh  term  of  a  G.  P.  is  192,  and  the  tenth  term 
is  —1536.  What  is  the  twelfth  term,  and  the  sum  of  the 
first  five  terms  ? 

5.  The  tenth  term  of  a  G.  P.  is  —  3^,  and  the  fifth  term  is 
^4f •  What  is  the  first  term,  and  the  sum  of  the  first  fifteen 
terms  ? 

6l  The  sum  of  the  first  and  fourth  terms  of  a  G.  P.  of  ten 
terms  is  455,  and  the  sum  of  the  second  and  third  terms  is 
140.    What  are  the  elements  of  the  progression  ? 
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7.  In  a  G.  P.  of  eight  terms,  the  sum  of  the  first  seven 
terms  is  444^,  and  is  to  the  sum  of  the  last  seven  terms  as  1 
to  2.    Find  the  elements  of  the  progression. 

a  The  sum  of  the  first  and  third  terms  of  a  G.  P.  of  four 
terms  is  a,  and  the  sum  of  the  second  *and  fourth  terms  is  b. 
What  are  the  elements  of  the  progression  ? 

a  The  sum  of  the  first  three  terms  of  a  G.  P.  of  six  terms 
is  117,  and  the  sum  of  the  last  three  terms  is  -^/.  What 
are  the  elements  of  the  progression  ? 

10.  The  sum  of  the  first  six  terms  of  a  G.  P.  of  seven  terms 
is  157^,  and  the  sum  of  the  last  six  terms  is  315.  What  are 
the  elements  of  the  progression  ? 

U.  The  sum  of  the  first  four  terms  of  a  G.  P.  is  15,  and  the 
sum  of  the  terms  from  the  second  to  the  fifth  inclusive  is  30. 
What  is  the  first  term,  and  the  ratio  ? 

12.  Find  the  elements  of  a  G.  P.  of  six  terms  whose  first 
term  is  1,  and  the  sum  of  whose  first  six  terms  is  twenty-eight 
times  the  sum  of  the  first  three  terms. 

la  The  sum  of  the  first  three  terms  of  a  G.  P.  is  21,  and 
the  sum  of  their  squares  is  189.     What  is  the  first  term  ? 

14.  The  sum  of  the  terms  of  a  G.  P.  of  four  terms  is  30,  and 
the  ratio  of  the  last  term  to  the  sum  of  the  second  and  third 
terms  is  f .    What  are  the  elements  of  the  progression  ? 

15.  The  product  of  the  first  and  third  terms  of  a  G.  P.  of 
seven  terms  is  64,  and  the  sum  of  the  fourth  and  sixth  terms  is 
6.    What  are  the  elements  of  the  progression  ? 

16.  The  product  of  the  first  three  terms  of  a  G.  P.  is  216, 
and  the  sum  of  their  cubes  is  1971.  What  is  the  first  term, 
and  the  ratio  ? 

17.  Find  the  mth  and  the  nth  term  of  a  geometrical  progres- 
sion whose  (m  -f  n)th  term  is  k,  and  (m  —  n)th  term  is  L 

la  If  the  numbers  1, 1, 3, 9  be  added  to  the  first  four  terms 
of  an  A.  P.,  respectively,  the  resulting  terms  will  be  a  G.  P. 
What  is  the  first  term,  and  the  common  difference  of  the  A.  P.  ? 


GEOMETRICAL  PROGRESSION.  667 

19.  A  G.  P.  and  an  A.  P.  have  a  common  first  term  3,  the 
difference  between  their  second  terms  is  6,  and  their  third 
terms  are  equal.  What  is  the  ratio  of  the  G.  P.^  and  the  com- 
mon difference  of  the  A.  P.  ? 

20.  If  from  each  term  of  a  G.  P.  of  four  terms  the  corre- 
sponding term  of  an  A.  P.  of  four  terms  be  subtracted^  the 
remainders  will  be  1,  5,  19,  53  respectively.  What  are  the 
elements  of  each  progression  ? 

2L  The  sum  of  the  eight  terms  of  an  A.  P.,  whose  first  term 
is  1,  is  3,294,176.  The  first  and  last  terms  of  a  Q.  P.  of  eight 
terms  are  equal  to  the  corresponding  terms  of  the  A.  P.  Find 
the  fifth  term  of  the  G.  P. 

22.  The  first  and  last  terms  of  an  A.  P.  of  fifteen  terms  are 
equal  to  the  corresponding  terms  of  a  G.  P.  of  fifteen  terms, 
and  the  ninth  term  of  the  A.  P.  is  equal  to  the  eighth  term  of 
the  G.  P.    What  is  the  ratio  of  the  G.  P.  ? 

23.  The  sum  of  the  products  of  the  corresponding  terms  of 
two  geometrical  progressions  having  the  same  number  of  terms 
is  547.28.  In  the  first  progression  the  first  term  is  20  and 
the  ratio  is  3},  and  in  the  second  progression  the  first  term  is 
2^  and  the  ratio  is  |.  Find  the  last  term  of  the  first  progres- 
sion, and  the  sum  of  the  terms  of  the  second  progression. 

24.  The  ratios  of  two  geometrical  progressions  having  the 
same  number  of  terms  are  -^  and  ^  respectively,  and  their  first 
terms  are  equal.  The  last  term  of  the  first  progression  is  243, 
and  the  last  term  of  the  second  is  32.  Find  the  elements  of 
each  progression. 

25.  Show  that,  if  all  the  terms  of  a  G.  P.  be  multiplied  by 
the  same  number,  the  resulting  series  will  form  a  G.  P. 

26.  Show  that  the  series  whose  terms  are  the  reciprocals  of 
the  terms  of  a  G.  P.  is  a  G.  P. 

27.  Show  that  the  product  of  the  first  and  last  terms  of  a 
G.  P.  is  equal  to  the  product  of  any  two  terms  which  are 
equally  distant  from  the  first  and  last  terms  respectively. 
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2a  If  the  numbers  a,  b,  c,  d  form  a  G.  F.^  show  that 

(a  -  d)«  =  (6  -  c) *  -h  (c  -  a)«  +  (d  -  6)". 
29.  If  the  numbers  a,  by  c,  d  form  a  G.  P.^  show  that 

(a»  +  6«  +  c»)  (6«  +  c*  +  d*)  =  (a6  +  iKJ  -h  cd)\ 
aa  If  a,  5,  c  form  a  G.  P.^  show  that 

at  A  forest  now  contains  14,641  trees.  If  the  yearly  in- 
crease has  been  10  fo,  how  many  years  ago  did  the  forest  con- 
tain 10,000  trees  ? 

32.  A  cask  contains  150  gallons  of  wine.  If  4  gallons  of 
wine  are  drawn  from  the  cask  and  replaced  by  water,  and  if 
the  process  is  repeated  ten  times,  how  many  gallons  of  pure 
wine  will  remain  in  the  cask  ? 

33.  The  number  of  inhabitants  in  a  city  increased  in  five 
years  from  6120  to  12,500.  If  the  rate  of  increase  was  the 
same  from  year  to  year,  what  was  the  increase  in  the  popula- 
tion the  fourth  year  ? 

34.  A  merchant's  investment  yields  him  each  year  after  the 
first  three  times  as  much  as  the  preceding  year.  If  his  in- 
vestment paid  him  $9720  in  four  years,  how  much  did  he 
realize  the  first  year  and  the  fourth  year  ? 

35.  Shah  Sheran  commanded  the  inyentor  of  the  game  of  chess  to 
name  a  reward.  The  inventor  asked  1  grain  of  wheat  for  the  first  square 
on  the  chess  board,  2  grains  for  the  second  square,  4  grains  for  the  tiiird 
square,  8  grains  for  the  fourth  square,  and  so  on.  The  number  of  squares 
on  a  chess  board  being  64,  find  the  number  of  digits  in  the  number  of 
grains  of  wheat  which  the  inventor  of  chess  named  as  a  reward,  and  find 
the  last  six  digits  on  the  left  in  the  number. 

36.  On  one  of  the  sides  of  an  acute  angle  a  point  is  taken  a  feet  from 
the  vertex ;  from  this  point  a  perpendicular  is  let  fall  on  the  second  side, 
catting  off  h  feet  from  the  vertex.  From  the  foot  of  this  perpendicular 
a  perpendicular  is  let  fall  on  the  first  side,  and  from  the  foot  of  this  per- 
pendicular a  third  peipendicular  is  let  fall  on  the  second  side,  and  so  on 
Indefinitely.    Find  the  sum  of  all  the  perpendiculars. 
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37.  Given  a  square  whose  side  is  2  a.  The  middle  points  of  its  adja- 
cent sides  are  joined  by  lines  forming  a  second  sqoare  inscribed  in  the 
first  In  the  same  manner  a  third  square  is  inscribed  in  the  second,  a 
fourth  in  the  third,  and  so  on  indefinitely.  Find  the  sum  of  the  perimeters 
of  all  the  squares. 

§4.    HARMONICAL  PROGRESSION. 

1.  A  Harmonical  Progression  is  a  series  the  reciprocals  of 
whose  terms  form  an  arithmetical  progression. 

is  a  harmonical  progression,  since 

14-2-1-3-1-4-h-.. 

is  an  arithmetical  progression. 

Consequently  to  every  harmonical  progression  there  corre- 
sponds an  arithmetical  progression,  and  vice  versa. 

2.  If  three  numbers  be  in  harmonical  progression,  the  raiio  of 
the  difference  between  the  first  and  second  terms  to  the  difference 
between  the  second  and  third  terms  is  equal  to  the  ratio  of  the 
first  term  to  the  third  term. 

Let  the  three  numbers  a,  &,  c  be  in  harmonical  progression. 

Then  we  are  to  prove 

a  — 6     a 

b  —  c     c 

By  the  definition  of  a  harmonical  progression 

111 
a    b    c 

are  in  arithmetical  progression.    Consequently 

1-1  =  1-1, 
b     a     c     b 

a—bb—c 

or  s= 9 

ab  be 

whence  5Lz_r  —  2. 

6  —  c     c 
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3.  Any  term  of  a  harmonical  progression  is  obtained  by 
finding  the  same  term  of  the  corresponding  arithmetical  pro- 
gression and  taking  its  reciprocal. 

Ex.  Find  the  eleventh  term  of  the  harmonical  progression 
4,2,1,.... 

The  corresponding  arithmetical  progression  is 

h  h  h  "y 

and  its  eleventh  term  is  ^. 

Consequently  the  eleventh  term  of  the  given  harmonical  pro- 
gression is  -j^. 

4i  No  formula  has  been  derived  for  the  sum  of  n  terms  of 
a  harmonical  progression. 

Si  A  Harmonical  Mean  between  two  numbers  is  a  number,  in 
value  between  them,  which  forms  with  the  two  numbers  a 
harmonical  progression. 

E.g.,  f  is  a  harmonical  mean  between  ^  and  —  f . 

Let  H  stand  for  the  harmonical  mean  between  a  and  6,  then 

-—  is  an  arithmetical  mean  between  -  and  •-*    Consequently 

lab        „      2ab 

H — r-'  ""^  ^=  M^ 

Ex.   Insert  a  harmonical  mean  between  2  and  5. 

We  have  ^^2x2x5^^, 

2-1-5         7 

6.  Harmonical  Means  between  two  numbers  are  numbers,  in 
value  between  the  two,  which  form  with  them  a  harmonical 
progression. 

E.g,f  f ,  1,  f ,  f ,  \  are  five  harmonical  means  between  3  and  f ; 
1  and  \  are  two  harmonical  means  between  3  and  ^. 
To  insert  n  harmonical  means  between  a  and  6,  we  insert  n 

arithmetical  means  between  -  and  -,  and  take  their  reciprocals. 

a         b 

The  n  arithmetical  means  are 
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n^  +  J     (n-l)i  +  2^     (n^2)^^s\ 
n  +  l  n-hl  n  +  1 

or  «  +  ^^   ,    2aH-(n--l)6    3a -|-(n- 2)6  ... 

(n  +  l)ab        (n  +  l)db  (w  +  l)a6 

Consequently  the  required  harmonica!  means  are 

(n  4- 1)  ab        (n-\'l)ab  (n-f-l)aft 

a  +  nb       2a+(n-l)6    3a-f(n  — 2)6 

Ex.  2.  Insert  four  harmonical  means  between  1  and  10. 

We  have  first  to  insert  four  arithmetical  means  between  1 
and  ^f  and  obtain 

tif  Hf  iif  69' 
The  required  harmonical  means  are  therefore 

?9     .69     gg     ff9 

4T>    W*    T8>    ft* 

Relation  between  the  Aritbinetical,  Geometrical,  and  Harmoiiloal 
Means  between  Two  Oiven  Numbers. 

7.  If  the  two  numbers  be  a  and  6,  then 

^  =  «±»,  (?=V(a6),  ^=i^. 
We  evidently  have 

or  G  =  y/iAH), 

That  is,  t^e  geometrical  mean  between  two  numbers  is  also  the  geomet- 
rical mean  between  their  arithmetical  and  harmonical  means. 

Also,  from  G  =  y/(AH)t  it  follows  that  G  is  intermediate  in  value 
between  A  and  H. 

•But  since  G^  <  ^,  by  §  3,  Art.  10,  therefore  G>H. 

That  is,  the  arithmetical,  geometrical,  and  harmonical  means  are  in 
descending  order  of  magnitude. 

Problems. 

8.  Pr.  1.  The  geometrical  mean  between  two  numbers  is 
^,  and  the  harmonical  mean  is  |.    What  are  the  numbers? 

Let  X  and  y  represent  the  two  numbers. 
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Then  V(^)  =  }j  <>r  ^  ==  i  5  (X) 

and  ^  =  i.  OT  5xy  =  x-\-y.  (2) 

x  +  y     5 

Solving  (1)  and  (2),  we  obtain  a?  =s  1,  y  =  J,  and  »  =  J,  y  =  1. 

Pr.  2.  If  to  each  of  three  numbers  in  geometrical  progression 
the  second  number  be  added,  the  resulting  series  will  form 
a  harmonical  progression. 

Let  -,  a,  ar  represent  the  three  numbers. 

T 

Then  we  are  to  prove  that 

T 

is  a  harmonical  progression ;  that  is,  that 

r  1  1 


a(l  +  r)'   2a'   a(X  +  T) 
is  an  arithmetical  progression. 
We  have  ^       _i_       ^ 


a(lH-r)     a(l+r)       1 
2  "2a 

That  is,  --—  is  an  arithmetical  mean  between  --r^ and 

^  2a  a(l  +  r) 

— — T-    Consequently,  -  +  a,2a,ar-}-aisa harmonical pro- 

a  (1  +  r)  r 

gression. 

mcBBOisBS  vni. 

Find  the  last  term  of  each  of  the  following  harmonical 
progressions : 

1.  1  +  i  +  i  +  —  to  8  terms. 

2.  — ^  —  -A^  —  •^— •••tolO  terms, 
a  I  + 1  -I-  ^  H to  16  terms. 

4.  -2  +  4  +  1+ —  to  18  terms. 

5.  2-2-1 to  11  terms. 

6.  8  — f  —  il^— •••  to  16  terms. 
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7.  i  +  — -|-;r^H — to  26  terms, 
a     2a     3a 

-^     ^   H h^  ''•   ^H to  30  terms. 


V2     1  +  V2     2+V2 
9. i 1 h— ^^ — ^ — T-\ —  to  19  terms. 

Find  the  harmonical  mean  between 

10.  2  and  4.  U.    —  3  and  4.  12.  \  and  ^ 

la  ^  and L-.  14.  5L=4  and  5L±|. 

aj  — 1  05  +  1  a  +  6  a  — 6 

15.  Insert  5  harmonical  means  between  5  and  \, 

la  Insert  10  harmonical  means  between  3  and  \, 

17.  Insert  4  harmonical  means  between  ^  and  ^, 

la  Insert  4  harmonical  means  between  —  7  and  ^. 

19.  Insert  6  harmonical  means  between and 


a  +  b  a  — 116 

2a  Insert  3  harmonical  means  between and 

21.  If  05^,  y",  2*  be  in  A.  P.,  prove  that  y  +  z^z  +«,  and  a;  -|-  y 
are  in  H.  P. 

If  y  be  the  harmonical  mean  between  x  and  z^  prove  that 

+  r — !  =  -  +  -•    ' 


y  — as     y  — 2     05     z 

23.  The  arithmetical  mean  between  two  numbers  is  6,  and 
the  harmonical  mean  is  ^.    What  are  the  numbers  ? 

24.  If  one  number  exceeds  another  bj  two,  and  if  the  arith- 
metical mean  exceeds  the  harmonical  mean  by  ^y  what  are 
the  numbers  ? 

25.  The  seventh  term  of  a  harmonical  progression  is  -j^,  and 
the  twelfth  term  is  ^.    What  is  the  twentieth  term  ? 

2ii  The  tenth  term  of  a  harmonical  progression  is  \y  and 
the  twentieth  term  is  ^.    What  is  the  first  term  ? 


CHAPTER  XXVII. 


THE  BINOMIAI.  THEOREM  FOR  POSITIVE  INTBQRAL 

EXPONENTS. 

1.  The  expansion  of  the  powers  of  a  binomial,  from  the  first 
to  the  sixth  inclusive,  were  given  in  Ch.  VI.,  §  1,  Art.  10,  and 
the  laws  governing  the  expansion  of  these  powers  were  there 
stated. 

We  will  now  first  show  that  these  laws  hold  for  the  expan- 
sion of  the  seventh  power  by  multiplying  both  members  of  the 
identity 

(a-|-6)«=a*H-6  a«6H-16  aW-h20  a«6«-|-15  aW+6a6*+&* 
by  a-^b. 

We  then  have 


(a-f6y=a^-|-6 
+1 


a^b-\-15 
6 


aV+20 
15 


a*6»+15 
20 


aW-l-  6 
16 


aV+1 
6 


ab* 


+V 


=a^+7  a«6+21  cfV+S5  aV-|-35  a86*+21  aV+7  a6«+y. 

This  result  shows  that  tlife*^4^;WS  (i.)-(vi.)  hold  for  the 
expansion  of  (a  +  by.  As  yet,  hd^ver,  we  cannot  infer 
that  these  laws  hold  for  the  eighth  poVer  without  multiply- 
ing the  expansion  of  the  seventh  power  by^o  -h  b ;  nor  for  the 
ninth  power  without  next  multiplying  thevexpansion  of  the 
eighth  power  by  a  -h  & ;  and  so  on.  ^ 

If,  however,  we  prove  that,  provided  the  law.«  hold  for  any 
particular  power,  they  hold  for  the  next  higher  power,  we  can 
infer,  without  further  proof,  that  because  the  law^  liold  for  the 
sixth  power,  they  hold  also  for  the  seventh ;  then  ^^t  because 
they  hold  for  the  seventh,  they  hold  also  for  the  ^iglith,  and 
so  on  to  any  higher  power.  \ 

674 
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2.  If  the  laws  (i.)-(vi.)  hold  for  the  rth  power,  we  have 

Notice  that  only  the  first  four  terms  of  the  expansion  are 
written.  But  it  is  often  necessary  to  write  any  term  (the  kth, 
say)  without  having  written  all  the  preceding  terms. 

To  derive  the  kth.  (any)  term,  observe  that  the  following  laws 
hold  for  each  term  of  the  expansion : 

(i.)  The  exponent  of  h  is  one  less  than  the  number  of  the  term 
(counting  from  the  left). 

Thus,  in  the  first  term  we  have  6*"^  =  6®  =  1 ;  in  the  second, 
6*-*  =  6 ;  in  the  tenth  term,  V^^  =  &•;  and  in  the  Arth  term,  &*"*. 

(ii.)  The  exponent  of  a  is  equal  to  the  binomial  exponent  less 
the  exponent  of  b. 

Thus,  in  the  first  term  we  have  a'~°  =  a*';  in  the  second 
term  a*^*;  in  the  tenth  term  a*^*;  and  in  the  Arth  term  a*""^*"*^, 

(iii.)  Ths  number  of  factors  {beginning  with  1  and  increasing 
by  1)  in  the  denominator  of  each  coefficient,  and  the  numl>er  of 
factors  {begirming  with  r  and  decreasing  by  1)  in  the  numerator 
of  each  coefficient^  is  equal  to  the  exponent  of  b  in  that  term,. 

Thus,  in  the  coefficient  of  the  second  term  the  denominator 
is  1  and  the  numerator  is  r;  in  that  of  the  second  term  the 
denominator  is  1  •  2  and  the  numerator  is  r(r~l) ;  in  the 
tenth  term  the  denominator  is  1  •2«--9  and  the  numerator  is 
r(r  —  1)  •••  (r  —  8);  and  in  the  A±h  term  the  denominator  is 
1 .  2  •  3  •••  (A;  —  1),  and  the  numerator  is 

.    r(r-l)  ...  [r  -  (A:  -  2)],  =  r{r  -  l)...(r  -  *  +  2). 

Therefore  the  Arth  term  in  the  expansion  of  (a  +  by  is 

r(r-l)(r-2)...(r~fe  +  2)  ^.-»+i.»-i 
1.2.3...  (fc-1) 

In  like  manner,  any  other  term  can  be  written* 
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Thus,  the  (k  —  l)th  term  is 

r(r  -  l)(r  -  2)  ■>.  (r  -  fe  +  3),,^^^^ 
1.2.3...(A;-2) 

3.  We  can  now  prove  that,  if  the  laws  (i.)-(vi.)  hold  for 
(a  -h  by,  they  hold  also  for  (a  +  b)'^^ ;  that  is,  if  they  hold  for 
any  power  they  hold  for  the  next  higher  power.  Assuming, 
then,  that  the  laws  hold  for  (a  +  by,  we  have 

(a  +  by±z  or  +  m^^b  +  '^^^"J'^arV  +  — 

1  •  2 

r(r  ^  l)(r  -  2) ...  (r  -  fe  -f  3)^^^,;^, 
1.2.3...(A;-2) 

r(r-l)(r~2)...(r-fe.f3)(r-A:  +  2)  ^^^ 

■^  1.2.3...(A:-2)(A;-1)  a       cr    +     . 

Observe  that  the  first  three  terms  of  the  expansion  are 
written,  then  all  terms  are  omitted,  except  the  (k  —  l)th  and 
the  Arth. 

Multiplying  the  expansion  of  (a  +  by  by  (a  +  6),  we  obtain 

(a  +  6)^^  =  ar+^  +  rarb  4-  ^%=;^a'"V  -h  - 

1  •  2 

,  r(r-l)-(r-fc  +  3) _r-»+«ft»-f 
^       1.2-(*-2) 

r(r-l)...(r-A;  +  2)  ^_^,y_,       ,. 
^        1-2. ..(&-!)  ^ 

^       1 . 2  ...(*-  2)  ^ 

= «r>  +  (r + 1)  flcft + r^^^Y~T^ "''  '"1"^***  +  "• 

rr(r-l)...(r-fc  +  2) 
L       1.2...(Jfc-l) 

r(r-l)...(r-A;  +  3)-T^y_.     ... 
l-2-..(ft-2)       J 
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But  K^-1)  I  ^^r'~r-h2r^(r-f  l)r 

1.2     ^  1.2  1.2    ' 

r(r-l)...(r~A:  +  2)     r(r--l).>>(r-fc  +  3) 
1.2...(A;-1)        ^        1.2...(A;-2) 

^  r(r  - 1)  ...  (r  ^  fe  -I-  2)  +  r  (r  -  1)  ».  (r  -  A;  +  3)  (A;  - 1) 

1.2...(A;-1) 

^r(r - 1)  ...  (r  -  A;  +  3)(r -  A;  +  2  -f  fe  - 1) 

1.2...  (A; -1) 

^  (r  H-  l)r(r  - 1)  ...  (r  -  A;  +  3) 
1.2. ..(*-!) 
Therefore, 

(a  +  b)^"^  =  oH-i  +  (r  +  l)arb  +  ^^^lil^a'^W  +  - 

1*2 

(r-fl)r(r-l)...(r^fe  +  3)  ^,y.^       f 
^  1.2...(A:-1)  ^ 

Observe  that  the  laws  (i.)-(vi.)  hold  for  the  above  expan- 
sion of  (a  +  b)'^\  We  therefore  conclude  that  if  the  expan- 
sion holds  for  (a  -f-  by,  it  also  holds  for  (a  +  b)'^\ 

We  know  that  the  binomial  formula  holds  for  the  seventh 
power,  therefore  it  holds  for  the  eighth ;  then,  since  it  holds  for 
the  eighth,  it  holds  for  the  ninth ;  and  since  it  then  holds  for  the 
ninth,  it  holds  for  the  tenth;  and  so  on  for  any  succeeding 
j)ower. 

4.  We  may  now  write  the  expansion  of  (a  +  by,  wherein  n 
is  any  positive  integer : 

(a  +  by  =  a«  +  nar-^  b  +  ^i2ziDa»-V  -f  .- 

1*2 

n(n-l) ...  (.n-k+2)  „^^_i 

^       1.2...(fc-l)  ^ 

In  particular,  if  a  =  1, 

(1  +  6)"  =  1"  +  n  l«-»6  +  "^"  ~  ^H-'y  +  ... 

1  *  2 
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&  The  expansion  of  (0  —  6)*  can  be  at  once  written  from 
that  of  (a  +  by. 
We  have  (a  -  by  =  [a  -|-  (-  6)]- 

=  a*  H- wa»"^ (- 6)+ ^^^-=iia-*(- 6)*  +  ... 

1*2 

^n(n-l)...(n-fe  +  2)^^,,,(_  ^  „. 

1  •  Z  •  •  •  (^AC  —  1^ 

=  a"  -  na-^6  +  '^i'^~''^)a^-*V  +  ... 

1  •  2 

n(n  -  1)  ...  (n  -  A;  -h  2)      ,^,^^,      _ 
1.2...(A;-1)  ^     • 

^Observe  that  the  signs  of  the  terms  alternate,  +  and  — ,  be- 
ginning with  the  first,  or  that  the  terms  containing  even  powers 
of  b  are  positive,  and  those  containing  odd  powers  of  b  are 
negative. 

6,  The  coefficients  in  the  expansion  of  (a  +  by  are  called 
Binomial  Coefficients.  They  may  be  represented  by  the  follow- 
ing abbreviations : 


n 

n^ 

=("> 

n(n' 
1. 

-1)  = 
2 

-(;} 

n(n 

-l)(n- 

-2). 

-/"""i 

1.2.3 

l3> 

n(n  —  1) ...  (n  —  fc  -f  2)  _  /    n    \ 
1.2.3...(A;-1)      ~\k-^lj 

Observe  that  the  binomial  coefficients  have  the  same  number 
of  factors  in  numerator  and  denominator ;  that  in  the  symbolic 
notation  the  upper  number  is  the  binomial  exponent  and  the 
lower  number  is  the  number  of  factors  in  numerator  and 
denominator ;  the  numerator  beginning  with  the  binomial  ex- 
ponent and  each  succeeding  factor  decreasing  by  1,  the  denom- 
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inator  beginning  with  1  and  each  succeeding  factor  increasing 
byl. 

The  binomial  expansion  may  now  be  written 
(a  +  by  =  a"  -\-f^ar-^b  +  (^V*"'^  +  - 

The  terms  beginning  at  the  right-hand  end  of  the  expansion 
are  determined  from  the  principle  that  the  lower  number  in 
any  binomial  coefficient  is  equal  to  the  exponent  of  b  in  that 
term. 

7.  The  binomial  coefficients  equally  distant  from  the  be- 
ginning and  end  of  the  expansion  are  equal. 

The  coefficient  of  the  first  term  is  1,  and  that  of  the  last 

term  is 

/w\ __    n(n  ~1)'"1    __- 

\nj     l-2«"(w  — l)n 
The  coefficient  of  the  second  term  is  (^j=5^  and  that  of 
the  second  from  the  end  is 


/    n    \_  n(n  — 1)"»2  _n 

The  coefficient  of  the  fifth  term  is 

/n\     n(n-l)(n-2)(n-3) 

UJ  1.2.3.4       ' 


and  that  of  the  fifth  term  from  the  end  is 


K«-4) 


^n(n-l)(n--2)(n-3)(n~4)(n-5)  ■».  [n-(n -6)1  Cn-(n-5)] 

1.2.3.4.5... (n-6)(n-4) 

_n(n-l)(n-2)(n-3)(7i-4)(7i-5)...6.5 
1.2.3.4.5...(n-6)(n-4) 

_n(n-l)(n-2)(n~3) 
1.2.3.4 
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In  general,  the  coefficient  of  tlie  kth.  term  is 

/    n    V  n(n-l)(n~2)-»Cn~(fe-3)irn-(fe-2)1 
\k-lj  1.2.3...(A;-2)(A;-1) 

_n(n-l)(n~2)»«>(n-A:  +  3)(n-A;-h2) 
1.2.3...(A:-2)(ifc-l) 

Multiplying  both  numerator  and  denominator  of  the  last 
fraction  by  (n  —  fe  -f  1) (n  —  A;)  •••  3  •  2  •  1,  so  that  the  numera- 
tor becomes  the  continued  product  of  all  the  numbers  from 

1  to  n  inclusive,  we  obtain  ( ,  **  ^  ) 

_  n(yi-l)  >«»  (n~A;+3) (n-A:H-2)  x  (n-fe+1) (n-fe)  «■» 3  -  2  ■  1 
1.2...  (A;-2)  (A;-l)  x  (n-A;+l)  (n-k)  ...3.2.1 

The  coefficient  of  the  kOi  term  from  the  end  is 

/       n       \     n(n  - 1)  (n  -  2)  ...  [n  -(n  -  A;  - 1)1  [n  -(n  -  A;)1 
\^n-A;  +  V  l-2.3-..(n-A;)(n-A;-|-l) 

^  n(n-l)(n~2)...(fc4-l)fe 
1 . 2  . 3  ...  (w  -  A:)  (n  -  A;  -I- 1) 

^n(n-l)(n-2)...(A;-h2)(A;4-l)A;x(A;-l)(A;~2).>.3.2-l 
1.2.3...  (n- A;)(n-A;+1)  x  (A:~l)(A:-2)  ...3.2-1 

Th».f.„     G:i)-(.j+i) 

8.  Ex.  1.  Find  the  seventh  term  in  the  expansion  of 
(2a:  +  3y)". 

In  the  seventh  term  the  exponent  of  3y(=b)  is  6;  the 
exponent  of  2x(s=a)  is  11—6,  =5.  The  denominator  of 
the  coefficient  contains  six  factors  beginning  with  1,  and  the 
numerator  contains  six  factors  beginning  with  11.  Therefore 
the  seventh  term  is 
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Ex.  2.  Find  the  first  ./fve  terms  of  the  expansion  of 

(a-*  -26-»)» 
We  have  (o"*-26-«)" 

=  (a-i)"  - 11  (a-i)"»(2  ft-^  +  ^Y^(a-*)»(2  ft-*)* 

=  a" V--  22  a-«6-«+  220  a"*  ft"*  - 1320  a'*b'^+  5280  a"*6-«4-  •  •  •• 


Ex.  3.  Write  the  term  containing  »**  in  the  expansion  of 


Let  k  stand  for  the  number  of  the  required  term.    Then, 

/Q\»-l 

neglecting  the  coefficient,  we  have  (2  aj*)'*"*^"*f  --  j    • 

The  power  of  x  obtained  from  this  expansion  is 

(aj)i5-»+i(a.-i)»-i^  =aj«»-«**. 

In  order  that  this  power  of  x  may  be  equal  to  af^,  we  must 
have 

32^-2^  A;  =  10; 

whence  A;  =  9,  the  number  of  the  required  term. 

We  now  have 

-^'^''"■''V.".".:::t!'s'<^'^'Q)' 

=  13.11.5.9.27.3«iB^«. 


Write  the  expansion  of  each  of  the  following  powers : 
1.   (cc»  +  3V.  2.  (6a6-3a*)*.         3.  (l|ar*4-lj  oa;)*. 

4,   (a*  +  2  a*a?-^)*.        5.  (2a-V3&)*.         S.  (x^^-3y)\ 
7.   (a? --by.  a  (aJ  +  2by.  9.  (4a-»-5aj)*. 

10.  aa*  +  fa^'.       11.  (Va+V&/.        12.  (4^,-^J' 
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la  (a^-3  +  yV-2/.        14.  (n-^/.        15.   (a?  +  2  a-»aj/. 

19.  [3a*-V(-26«)]«.        2a  (a  +  a^'.       21.  (J6  »4-26ajy. 
22.   (3n»-|nV-«).        2a  ^  +  ^J.        24.   (Va-V^/ 

25.  ( V-2+2  a"*)^    26.  (a»  -f  »)«.  27.  (a-»  + 1)» 

2a  (iaj*-2a?y)»        29.  (^a+^6)».         ao.   (a--V-«)'- 
31.   (aj-^-a?/.  32.  (J-hoxy.  3a   (a6-"-Va;)» 

34.   0-^6)'.         35.   (a?-V-«)'-        3a   (V^+^^J- 

37.    (aj"-l)^.  3a   (a%  +  &-^'«.  39.   (a^-^T' 

4a  [  V(«  + 1)  -  V(a^  - 1)]'-  *!•  [</(«  +  ^)  +  </(<^  -  ^)]* 

Simplify  each  of  the  following  expressions : 

4a  [aj +v(a5" -!)]•  +  [» -VC**-!)]' 

4a   (l  +  ^-aj)84.(l-V-a?)«.       44.  (a;-.y-3)*-(aj-V-8y- 

Write  the  expansion  of  each  of  the  following  powers : 
45.  (l-aj  +  a?^>.  4a   (H-a*-a-«)» 

47.   (2-3aj  +  aj^*.  4a  (1  -  a;  V^  +  aJ*  V^)*- 

Write  the 

49.  3d  term  of  (a  -f  b)^.  SO,  6th  term  of  (o  -  6)". 

51.  3d  term  of  {a?  +  \y\  5a  8th  term  of  (a»  -  &*)". 

5a  6th  term  of  (aT^  +  6*)".  54.  7th  term  of  (a*  -  a—)". 

55.  nth  term  of  (a*- oo*)".      5a  16th  term  of  (a»  + -j  • 

57.  12th  term  of  (a:— V""®)"     ^  ^^  t^^m  of  (V«— a«*)" 
59.  6th  term  of  f^m  -  -^^  • 

ea  10th  term  of  fx'i^:^Y. 
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61.  9th  term  of  [1  -^(1  -  V^)]". 

62.  Write  the  middle  term  of  {x-y/x  —  1)*. 

63.  Write  the  middle  term  of  f-^x^]  • 

64.  Write  the  middle  terms  of  (a*  -f  x^\ 

65.  Write  the  middle  terms  of  ( Va  -  ^6)". 

66.  Write  the  term  of  f  5  «*  —  — —  j   which  contains  oj". 

67.  Write  the  term  of  (2  a* j    which  contains  o^. 

6a  Write  the  term  of  (2  a"*  —  27  a*)"  which  contains  a"**. 


A 


/ 


